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Abstract

We study the computational complexity of counting problems defined over graphs. Complexity
dichotomies are proved for various sets of problems, which classify the complexity of each problem
in the set as either computable in polynomial time or #P-hard. These problems are expressible
in the frameworks of counting graph homomorphisms, counting constraint satisfaction problems,
or Holant problems. However, the proofs are always expressed within the framework of Holant
problems, which contains the other two frameworks as special cases. Holographic transformations
are naturally expressed using this framework. They represent proofs that two different-looking
problems are actually the same. We use them to prove both hardness and tractability. Moreover,
the tractable cases are often stated using a holographic transformation.

The uniting theme in the proofs of every dichotomy is the technical advances achieved in order to
prove the hardness. Specifically, polynomial interpolation appears prominently and is indispensable.
We repeatedly strengthen and extend this technique and are rewarded with dichotomies for larger
and larger classes of problems. We now have a thorough understanding of its power as well as
its ultimate limitations. However, fundamental questions remain since polynomial interpolation is
intimately connected with integer solutions of algebraic curves and determinations of Galois groups,
subjects that remain active areas of research in pure mathematics.

Our motivation for this work is to understand the limits of efficient computation. Without
settling the P versus #P question, the best hope is to achieve such complexity classifications.
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Chapter 1

Introduction

The class #P is the counting version of NP. A problem in NP corresponds to a problem in #P by
changing the question from “does a solution exist?” to “how many solutions exist?”. It was defined
by Valiant [125] in order to show that counting perfect matchings is #P-hard over bipartite graphs.
Since then, many more problems have been shown to be #P-hard.

Although counting perfect matchings is #P-hard over bipartite graphs, the problem is com-
putable in polynomial time over planar graphs. This was proven by Kasteleyn [89, 88]. Years later,
Valiant [128] realized that a nontrivial fraction of quantum computation can be efficiently simulated
on a classical computer by reduction to Kasteleyn’s algorithm. The graph gadgets in this reduction
are called matchgates. Immediately afterwards, he [132, 131] introduced holographic transfor-
mations to further extend the reach of Kasteleyn’s algorithm. This produced polynomial-time
algorithms for a number of counting problems over planar graphs for which only exponential-time
algorithms were previously known.

These developments generated much excitement [77]. The new polynomial-time algorithms
appear so exotic and unexpected, and they solve problems that appear so close to being #P-hard.
Could it be that these new algorithmic techniques can efficiently solve everything in #P7 Quoting

Valiant [131]:

“The objects enumerated are sets of polynomial systems such that the solvability of

any one member would give a polynomial time algorithm for a specific problem.



the situation with the P = NP question is not dissimilar to that of other unresolved
enumerative conjectures in mathematics. The possibility that accidental or freak objects
in the enumeration exist cannot be discounted if the objects in the enumeration have

not been studied systematically.

Indeed, if any “freak” object exists in this framework, it would collapse #P to P.”

Therefore, over the past 10 to 15 years, these algorithm techniques been intensely studied
in order to gain a systematic understanding to the limit of the trio of holographic reductions,
matchgates, and Kasteleyn’s algorithm [127, 24, 26, 42, 133, 43, 95, 106, 107]. Without settling
the P versus #P question, the best hope is to achieve a complexity classification. This program
finds its sharpest expression in a complexity dichotomy theorem, which classifies every problem
expressible in a framework as either solvable in P or #P-hard, with nothing in between.

The study of these algorithm techniques has taken place in the counting framework of Holant
problems [47]. The framework naturally encodes and expresses the problem of counting perfect
matchings as well as Valiant’s matchgates and holographic reductions. It is a refinement of count-
ing Constraint Satisfaction Problems (#CSP)—a complete complexity classification for Holant
problems implies one for #CSP. Another important special case is counting weighted graph homo-
morphisms.

We prove dichotomy theorems for various sets of counting problems. The problems in one set can
be expressed as counting weighted graph homomorphisms (Chapter 5). The problems in another
set can be expressed as #CSP (Chapter 8). The problems in the remaining sets are expressed as
Holant problems (Chapters 6, 7, 10, and 11). However, the proofs are always expressed within the
framework of Holant problems.

A common theme among the proofs of these dichotomy theorems is the use of polynomial
interpolation to prove the hardness. The advances we achieve in strengthening and extending this
technique ultimately lead to dichotomy theorems for larger and larger classes of Holant problems.
In the context of Holant problems, we now have a thorough understanding of the possible reductions
using polynomial interpolation. We also develop many new tools to show that a given interpolation

will succeed. However, many questions remain. For some interpolations, success is intimately



connected with the number and location of integer solutions of an algebraic curve; still others require
the determination of Galois groups. Thus, a complete understanding of polynomial interpolation
in the context of Holant problems depends on results in these active areas of research in pure
mathematics.

In Chapter 2, we define the framework of Holant problems as well as the two special cases of
#CSP and counting graph homomorphisms. In Chapter 3, we explain the most common reductions
we use between Holant problems. Some of these reductions are used to prove both hardness and
tractability. In Chapter 4, we introduce the known tractable cases and ask many unanswered

questions regarding them.



Chapter 2

Definitions and Classes of Counting

Problems

Let N = {1,2,3,...,} be the set of natural numbers, Z the set of integers, Z" the set of positive
integers, and C the set of complex numbers. For n € Z*, let [n] = {1,...,n} be the set of integers
from 1 to n. We use GL,(C) to denote the set of invertible k-by-x matrices over C. We use O, (C)
to denote the set of matrices in GL,(C) that are orthogonal (i.e. 77T = I,,).

We typically use polynomial-time Turing reductions to reduce between counting problems. For
counting problems P; and P,, we use P; <7 P to denote this type of reduction from P; to P,. If
P, <7 Py and P, <7 P;, we write P, =7 P». Some of our reductions are of a more restricted form
(such as mapping reductions instead of Turing reductions), but we only point these out in special
cases. In such cases, we use < or = (without the subscript 7') to indicate that something is special
about the reduction.

The inputs to our counting problems are graphs, which may have self-loops and parallel edges.
A graph without self-loops or parallel edges is called a simple graph. A plane graph is a planar
embedding of a planar graph.

All tensor products, which are denoted by ®, refer to the Kronecker product (of matrices).



2.1 Holant Problems

The framework of Holant problems is defined for functions mapping tuples of length n > 1 over a
domain of finite size x to a commutative semiring R. We consider the computational complexity
of complex-weighted Holant problems (i.e. R = C). For consideration of models of computation,
functions take complex algebraic numbers.

Let F be a set of functions, which are called signatures or local constraint functions. A signature
grid Q = (G, ) over F consists of a graph G = (V| E) with a linear order of the incident edges at
each vertex and a function 7 that assigns to each vertex v € V some f, € F. A Holant problem is

parametrized by a set of signatures.

Definition 2.1.1. For a set F of signatures over a domain D of size k, we define Holant, (F) as:
Input: A signature grid Q = (G, 7) over F;
Output:

Holant, (Q; F) = 2 H folo |E(v))a

o:E—=DveV
where
e FE(v) denotes the incident edges of v and

® 0 |p(y) denotes the restriction of o to E(v) in the linear order at v.

We use Holant(F) to denote Holants(F). We use G in place of Q when 7 is clear from context.
We also omit F in the expression Holant, (§2; F) when F is clear from context. When F is a finite
set of signatures, we sometimes omit the curly braces and just list the signatures it contains. For
example, if F = {f, g}, then instead of writing Holant,({f,g}), we may also write Holant,(f, g).
This is especially true when F is a singleton set.

A signature f of arity n over a domain D of size x can be denoted by (fo, f1,..., fxn—1), where
fi is the output of f on the ith lexicographical input based on an ordering of the elements in D.
This is a listing of its outputs in lexicographical order as in a truth table. It is a vector in C*",
or a tensor (with a basis) in (C*)®". A symmetric signature f of arity n over the Boolean domain
can be expressed as [fo, f1,. .., fn], Where f,, is the value of f on inputs of Hamming weight w. An

example is the EQUALITY signature (=,) = [1,0,...,0,1] of arity n.



We give examples of Holant problems using a symmetric signature f of arity n. Since f is the
only available signature and its arity is n, every vertex of the graph G must be of degree n. Here

are four examples over the Boolean domain.

matchings in G when f = AT-MOST-ONE,;

perfect matchings in G when f = EXACT-ONE,;
Holanty(G; f) counts

cycle covers in G when f = EXACT-TwWO,;

edge covers in G when f = OR,,.

An example for any domain of size k is that Holant,(G; ALL-DISTINCT,,) counts edge colorings
in G using a most k colors. Each of these five examples are expressed as Holant problem in a
straightforward manner. A less obvious example is that Holanty(G; %[3, 0,1,0,3]) counts Eulerian
orientations of a 4-regular graph G.

As stated above, one can view a signature as a tensor along with a basis. When doing so, a
signature grid is equivalent to a tensor network, and the Holant of the signature grid is equal to
the scalar that remains after contracting all edges in the corresponding tensor network. Tensors
provide a way to express basis-free representations and are useful when the concepts being studied
are invariant under a change of basis. However, one must chose a basis when considering the
computational complexity of contracting tensor networks because the complexity depends on the
choice of basis. An important special case of Definition 2.1.1 is evaluating the partition function
of the edge coloring model, which is a graph polynomial. For more about the partition function of
the edge coloring model and the contraction of tensor networks, see [114, Chapter 3].

A planar signature grid is a signature grid such that its underlying graph is planar and for
some planar embedding, for every vertex v, the linear order of the incident edges at v agrees with
the counterclockwise order of the incident edge at v in the embedding. We use Pl-Holant, (F)
to denote the restriction of Holant,(F) to planar signature grids. For signature sets F and G, a
bipartite signature grid over (F | G) is a signature grid Q = (H, 7) over FUG, where H = (V, E) is a

bipartite graph with bipartition V' = (V1, V5) such that w(V;) C F and 7(V3) C G. Signatures in F



are considered as row vectors (or covariant tensors); signatures in G are considered as column vectors
(or contravariant tensors) [57]. We use Holant, (F | G) to denote the restriction of Holant, (F U G)
to bipartite signature grids over (F | G). A planar bipartite signature grid is one that is both planar
and bipartite. We use Pl-Holant,(F | G) to denote the restriction to these signature grids.

A signature f of arity n is degenerate if there exist unary signatures u; € C* (1 < j < n)
such that f = u; ® --- ® u,. A symmetric degenerate signature has the form u®". Replacing
such signatures by n copies of the corresponding unary signature does not change the Holant value.
Replacing a signature f € F by a constant multiple c¢f, where ¢ # 0, does not change the complexity
of Holant, (F). It introduces a nonzero factor to Holant, (£2; F).

We allow F to be an infinite set. For Holant,(F) to be tractable, the problem must be com-
putable in polynomial time even when the description of the signatures in the input €2 are included
in the input size. In contrast, we say Holant,(F) is #P-hard if there exists a finite subset of F
for which the problem is #P-hard. We say a signature set F is tractable (resp. #P-hard) if the
corresponding counting problem Holant, (F) is tractable (resp. #P-hard). Similarly for a signature
f, we say f is tractable (resp. #P-hard) if {f} is. We also speak of a signature or signature set
as being tractable or #P-hard for the Holant problem defined over planar, bipartite, or planar and

bipartite graphs. The class of graphs should be clear from context.

2.2 Constraint Satisfaction Problems

Like a Holant problem, a counting Constraint Satisfaction Problem (#CSP) [55] is parametrized
by a set of local constraint functions F that we also call signatures. It is denoted by #CSP,. (F)
when the signatures in F are defined over a domain D of size k. An instance of #CSP, (F) is a
set C of clauses. Each clause is a constraint f. € F of some arity m together with its m inputs

variables x;,, ..., x;, . The output is

> 11 fe(@is o o, @i,). (2.2.1)

Tly.wsTn eD(f61$i11--'7xim) eC

The canonical example of a #CSP is #SAT, or Boolean satisfiability, the problem of counting



satisfying assignments to a given Boolean (i.e. kK = 2) formula. As a #CSP, it is denoted by
#CSPy(F) with F = {ORr,, | n > 1} U {#2}, where OR,, is the OR function of arity n and
(#2) = [0,1,0] is the binary DISEQUALITY function. Here are several more well-known examples

of CSPs over the Boolean domain and their corresponding constraint set F:

SAT has F ={OR, |n>1}U{#2}
3SAT has F = {ORg, #2}
1-IN-3SAT  has F = {EXACT-ONE3, #2}
NAE-3SAT has F = {NoT-ALL-EQUAL3,#>}

MoN-SAT has F ={Or, |n>1}
MoN-3SAT has F = {Ors}
MON-1-IN-3SAT has F = {EXACT-ONE3}
MON-NAE-3SAT has F = {NoT-ALL-EQuAL3}

Notice that prefixes like “3” and “MON” (for monotone) are used to say which constraints are not
present in F.

By #CSPY(F), we denote the special case of #CSP,.(F) in which every variable must appear
some multiple of d times. Note that #CSP, (F) is the same as #CSP%(F) with d = 1. We can
express #CSPY(F) as a Holant problem. An instance of #CSP%(F) has the following bipartite
view. Create a node for each variable and each clause. Connect a variable node to a clause node if
the variable appears in the clause. This bipartite graph is also known as the constraint graph. To
each variable vertex, we assign the EQUALITY signature of the appropriate arity. To each clause

vertex, we assign the constraint used in that clause. Under this view, we see that

#CSPY(F) =7 Holant,(£Q, | F), (2.2.2)

where £Qy = {=4x | k > 1} is the set of EQUALITY signatures of whose arities are a multiple of

d. We denote by P1-#CSPY(F) the restriction of #CSP%(F) to inputs with a planar constraint



graph. The construction above also shows that

Pl-#CSP%(F) = Pl-Holant,.(£Qq | F). (2.2.3)

If d € {1, 2}, then more is true.

Lemma 2.2.1. Let F be a set of signatures over a domain of size k. If d € {1,2}, then

#CSPY(F) =7 Holant,(EQqUF)  and  PL#CSPY(F) = Pl-Holant,(£Q4 U F).

Proof. By (2.2.2) and (2.2.3), it suffices to show

Holant,,(£Qq | F) =r Holant,(EQ4UF) and Pl-Holant,(£Qg | F) = Pl-Holant,(£Q UF).

In both cases, the reduction from left to right in the second equivalence is trivial; just ignore the
bipartite restriction. For the other direction, we take a signature grid for the problem on the right
and create a bipartite signature grid for the problem on the left such that both signature grids have
the same Holant value up to an easily computable factor. If the initial graph is planar, then the
final graph will also be planar, so this will prove both equivalences.

If two signatures in F are assigned to adjacent vertices, then we subdivide all edges between
them and assign the binary EQUALITY signature =4 € £Q to all new vertices. Suppose EQUALITY
signatures =,,,=,, € £Qq4 are assigned to adjacent vertices connected by ¢ edges. If n = m = ¢,
then we simply remove these two vertices. The Holant of the resulting signature grid differs from
the original by a factor of x. Otherwise, we contract all £ edges and assign =,,+,—or € £Qq4 to the

new vertex. O

2.3 Graph Homomorphism Problems

Given two graphs G and H, a graph homomorphism from G to H is a map o from the vertex V(QG)
to the vertex set V(H) such that the edge (u,v) € E(G) is mapped to the edge (o(u),o(v)) € E(H).

Then one can define a counting problem by asking for the number of homomorphisms from G to



10

A O

(a) #VERTEXCOVER (b) #ANTICHAIN

Figure 2.1: Target graphs H and the combinatorial counting problems they define as
# H-coloring problems.

H. One can even fix H and just consider G as the input. This variant is known as the # H-coloring
problem, and H is called the target graph. This name comes from the following fact. If H = K,
the complete graph on n vertices, then the # H-coloring problem is to compute the number of
vertex colorings of G using at most n colors (see Figure 2.2).

There are two more combinatorial problem that one can express. If H is the two-vertex graph
connected by a single edge and one vertex has one self-loop (see Figure 2.1a), then the # H-coloring
problem is to compute the number of vertex covers (or equivalently, the number of independent
sets). Suppose H is the two-vertex directed graph connected by a single directed edge and both
vertices have one directed self-loop (see Figure 2.1b). Then the # H-coloring problem takes directed
graphs as input. If the input is a directed acyclic graph, then it defines a partial order, and the
# H-coloring problem is to compute the number of antichains (or equivalently, the number of lower
sets, or equivalently, the number of upper sets) in this partial order.

More generally, we consider directed graphs with weights. Let A be a k-by-x matrix over C.

Given a directed graph G = (V, E), the graph homomorphism problem is to compute

ZaG@) = > 1] Aswow- (2.3.4)

o:V—I[k] (u,v)EE

The target graph H is now implicitly defined by the matrix A, which is the weighted adjacency
matrix of H. By convention, an ordered pair of vertices (u,v) is an edge in a directed graph G if
there is an edge directed from u to v (i.e. the tail of the directed edge is at uw and the head of the
directed edge is at v).

In statistical physics, (2.3.4) is called the partition function. For various models of particle

interactions, it represents the total energy of a system as one sums over every possible configuration
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(b) g =3 () g =1

(a) g=2

Figure 2.2: Target graph H for counting g-colorings for ¢ € {2, 3,4} as an # H-coloring
problem.

S

a)qg=2

Figure 2.3: Target graph H for counting ¢-particle Widom-Rowlinson configurations
for ¢ € {2,3,4} as an # H-coloring problem.

- W/A\@

q_2 q73 q74

Figure 2.4: Target graph H for counting g-type Beach model configurations for ¢ €
{2,3,4} as an # H-coloring problem.
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of the particles. The Ising model [83] corresponds to the partition function with matrix A = H /1\]

for a parameter A that can take any positive real number. The Ashkin-Teller Model [2] corresponds

abcd

to the partition function with matrix A = [Z g g lf} for parameters a,b,c,d that can take any

positive real numbers. The Potts model [112] dcs)rbrgsponds to the partition function with matrix
A= J,+ (A= 1)I,, where J, is the n-by-n matrix of all 1’s and I,, is the n-by-n identity matrix.
Once again, X\ is a parameter that can take any positive real number.

Counting configurations in the g-particle Widom-Rowlinson model [142] corresponds to the
# H-coloring problem in which H is the star graph on g+ 1 vertices and all vertices have self loops
(see Figure 2.3). Counting configurations in the ¢-type Beach model [18, 19] (cf. [75, Chapter 8])
corresponds to the # H-coloring problem in which H is the complete graph on ¢ vertices, each of
these ¢ vertices has a pendant vertex, and all 2¢ vertices have a self loop (see Figure 2.4). For more
on this connection with statistical physics, see [141, Chapter 4] or [121, Chapter 2| (as well as [5]).

We can express any # H-coloring problem as a counting constraint satisfaction problem. This,
in turn, allows us to express any # H-coloring problem as a Holant problem by Lemma 2.2.1. Let
A be a k-by-x matrix, which defines the target graph H with vertex set V(H) = []. Let the input
graph have n vertices. Then the exponential sum in (2.3.4) sums over all ways to assign one of
k possible values to these n vertices just as the exponential sum in (2.2.1) sums over all ways to
assign one of k possible values to the n variables. Then in the product of (2.3.4), each edge is
playing the role of a clause with a binary constraint defined by the matrix A.

We summarize this in the following lemma.

Lemma 2.3.1. Let A be a k-by-x matriz, and let f be a binary signature defined over the domain

[k] such that f(z,y) = Azy. Then

Za(:) =r #CSP(f).

If the input of Z4(+) is restricted to be planar, then

Za() =1 PL#CSP,.(f).



13

Chapter 3

Reductions

3.1 Gadget Constructions

3.1.1 Local Gadget Constructions via F-gates

A basic type of reduction is what might be generally known as a gadget construction. In the context
of Holant problems, we create “local” gadget constructions in order to realize a signature. Fix a set
F of signature over a domain D of size k. We say a signature f is realizable or obtainable from F
if there is a gadget with some dangling edges such that each vertex is assigned a signature from F,
and the resulting graph, when viewed as a black-box signature with inputs on the dangling edges,
is exactly f.

Formally, such a notion is defined by an F-gate [46]. An F-gate F' is similar to a signature grid
(G, ) for Holant(F) except that G = (V, E, E’) is a graph with regular edges in E and m dangling
edges in E’. The dangling edges define external variables for the F-gate. They are ordered by
starting at the edge marked with a diamond and proceeding counterclockwise. (See Figure 3.1 for

an example.) Then the F-gate F' defines the function
I'(y1,...,ym) = Holant, (G’ 7'),

where (y1,...,Ym) € D™ is an assignment on the dangling edges, G’ is the graph obtained from G



14

\. J

Figure 3.1: An F-gate with 5 dangling edges.

after attaching the dangling end of a dangling edge e¢; € E' (which is assigned y;) to a new vertex
Ve,;, and m(ve,;) = &y, is the function that outputs 1 when its input is y; and outputs 0 otherwise. We
call this function I' the signature of the F-gate. We also call an F-gate a gadget. If the signature
of an F-gate is invariant under cyclic permutations of inputs, then we omit the diamond since it is
unnecessary. We say that such signatures are rotationally symmetric.

An F-gate is planar if the underlying graph can be embedded in the plane without edge crossings
and the dangling edges are in the outer face. Now suppose we have two signature sets F and G in
the context of a bipartite Holant problem Holant,(F | G). Then an (F | G)-gate is an (F U G)-gate
such that the underlying graph is bipartite, the vertices in one part are assigned signatures from
F, and the vertices in the other part are assigned signatures from G. Furthermore, we say that
an (F | G)-gate is on the left (resp. on the right) if each vertex incident to a dangling edge is
assigned a signature from F (resp. G). A planar (F | G)-gate is both a planar (F U G)-gate and an
(F | G)-gate.

Using F-gates, we can reduce one Holant problem to another.

Lemma 3.1.1. Let F be a set of signatures over a domain of size k. If there exists an F-gate with
signature f, then

Holant, (F U {f}) <r Holant,(F).
Similar statements hold for gadgets that are planar, bipartite, or both for Holant problems defined
over the same class of graphs.

Proof. Let F be an F-gate with signature f. Given an instance Q of Pl-Holant,(F U {f}), we

replace every appearance of f by the F-gate F to obtain an instance ' of Pl-Holant,(F). Since
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f is the signature of the F-gate F', the Holant values for these two signature grids are identical.
Furthermore, the size of F' is a constant with respect to €, so the size Q' is only a constant factor

larger than €. O

Even for a very simple signature set JF, the signatures for all F-gates can be quite complicated
and expressive. Indeed, given a set F of signatures and another signature f, it is undecidable to
decide if there exists an F-gate with signature f [54, Theorem 2].

It is convenient to write a signature as a matrix. An immediate advantage is that a matrix
is more of a pictorial representation than a vector, which aids understanding. However, the more

important reason is to simplify the computation of a gadget’s signature.

Definition 3.1.2. Let f be a signature of arity n over a domain of size k. The signature matriz of
f with parameter £ is an k‘-by-x"~¢ matrix for some integer 0 < ¢ < n in which the first ¢ inputs
(in order) are the row index and the remaining n — ¢ inputs (in reverse order) are the column index.

If the arity of f is even, then the signature matriz of f, without specifying a parameter, is the

signature matrix of f with parameter £ = 4 and is denoted by M.

The purpose of reversing the order of the column index is so that we can use matrix product

in some of our gadget computations. If f = (w,x,y, z) of arity 2 over the Boolean domain, then

My = [y Z]. If g is a signature of arity 4 over the Boolean domain with g(w, z,y, z) = ¢g""*¥*, then

0000 0010 0001 0011
Y 9 Y 9

0100 0110 0101 0111
9 9 9 9

1000 1010 1001 1011
9 9 g 9

1100 1110 1101 1111
9 9 9 9

A signature matrix of a signature is also known as a Young flattening of a tensor [96, Section 3.4].
Let F' be an F-gate with signature f of arity n. We often depict F' with ¢ dangling edges protruding
to the left and n — ¢ dangling edges protruding to the right to aid in the mapping from F' to the
signature matrix of f with parameter £. This is unnecessary is when f is symmetric, or more

generally, when f is invariant under cyclic permutations of its inputs.
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(a) A counterclockwise rotation (b) Movement of signature matrix entries

Figure 3.2: The movement of the entries in the signature matrix of an arity 4 signature
over the Boolean domain under a counterclockwise rotation of the input edges. Entries
of Hamming weight 1 are in the dotted cycle, entries of Hamming weight 2 are in the
two solid cycles (one has length 4 and the other one is a swap), and entries of Hamming
weight 3 are in the dashed cycle.

For a signature f, a simple {f}-gate is a single vertex assigned f but with its inputs cyclically
permuted. Suppose f is of arity 4 and is defined over the Boolean domain. Consider an { f }-gate F’
with signature f. If we rotate F' counterclockwise by a quarter turn (or equivalently, if we cyclically
permute the inputs to f so that the first input becomes the last input), then we get a new {f}-gate
F' with signature f’, and the signature matrix of f’ is easily determined from the signature matrix

of f using Figure 3.2.

3.1.2 Domain Bundling

Consider the signature f = (1,2,3,4,5,6,7,8,9). I did not specify the arity of f or the domain size
over which it is defined. Is it possible to determine these two values given the fact that f has nine
outputs? It is not; this situation is ambiguous. Let n be the arity of f, and let k£ be the size of the
domain over which it is defined. What we know is that k™ = 9, but there are two (positive integer)
solutions to this: either k =9 and n=1or kK =3 and n = 2.

We can utilize this ambiguity to create a reduction that we call domain bundling.

!

Lemma 3.1.3. Suppose f is a signature of arity n over a domain of size k. If k™ = (k') and
n|n', then

Holant,,(f) <r Holant,(f’),
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incorrect correct

-0 e

Figure 3.3: Simple example of domain bundling. Both the correct as well as the naive
and incorrect way to connect the bundled edges are shown. As defined in the proof of
Lemma 3.1.3, the graph G is above and the graph G’ is below (and on the right).

where f' has the same output values as f (when sorted lexicographically by input) but is viewed as

a signature of arity n’ over a domain of size K'.

Proof. 1f (k,n) = (k’,n’), then there is nothing to prove, so assume otherwise. Then n < n’ and
k> K since n | n'.

Let G be an instance of Holant,(f), which must be an n-regular graph. We construct an
instance G’ of Holant,/(f’), which must be an n’-regular graph. The vertices in G’ are same as
the vertices in G. Each edge in GG corresponds to %/ edges in G’ between the same pair of vertices.
These %l edges, which each take one of ' possible assignments, simulate the s possible assignments
in G since k = (K’ )%/ It remains to ensure that the inputs of f’ at each vertex map correctly to
the variables on its incident edges.

By convention, the inputs of a signature map to the variables on its incident edges from first
to last (or equivalently, from most to least significant) as one traverses the edges counterclockwise
in some (not necessarily planar) embedding in the plane from specified initial edge. Consider two
incident vertices in G by an edge e. The variable on this edge takes s possible values and of course
the two copies of f assigned to the two incident vertices agree on the meaning of these k values. But
in G’, care must be taken to ensure that the two copies of f’ agree on the meaning of assignments

to the corresponding %l incident edges. If they were connected in parallel in a planar way, then the

/
n/

order that one copy of f’ would interpret the k = (x’ )% assignments to these 7 edges would be

exactly opposite to the order that the other copy of f’ would interpret them. To fix this, we connect
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the edges to these vertices in the opposite order. At each vertex, the (cyclic) order is determined

by a counterclockwise traversal of the vertex. O

Example 3.1.4. Consider the graph G at the top of Figure 3.3. Suppose the signature assigned to
both vertices is f = (fo, f1, f2, f3, fa, [5, f6, f7) of arity 1 over a domain of size 8. The Holant of
this graph is

B+A+B+B+HE+2+8+

We can also view (fo, f1, f2, f3, f1, [5, f6, f7) as a signature f' of arity 3 over a domain of size 2.

If we assign f' to both vertices in the graph in the lower left of Figure 3.3, then the Holant is

fo+ fifa+ 3+ fafe + fufi + f2 + fofs + f7.

This Holant differs from the previous Holant because the three bundled edges were connected in
the “wrong” order. In contrast, if we assign f' to both vertices in the graph in the lower right of

Figure 3.3, then the Holant is

B+R+BE+B+R+E+B+17

just as it was before applying the domain bundling reduction.

If f/ were a symmetric signature, then connecting the % edges in any order yields the same
contribution from f’ and thus the same Holant value. In particular, one can put the edges in

parallel in a planar way, which gives a planar reduction.

Corollary 3.1.5. Let the situation be as in Lemma 3.1.5. If ' is symmetric, then

Pl-Holant, (f) <7 Pl-Holant, (f’).

I introduced the idea of domain bundling in the context of a single signature. However, we
typically apply this argument to multiple signatures in a bipartite graph. The proof for the bipartite

case is essentially the same as the proof of Lemma 3.1.3 when the bipartite restriction is absent.
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Lemma 3.1.6. Suppose f (resp. g) is a signature of arity n (resp. m) over a domain of size k. If

n m’

K" = (K" and n | n' as well as ™ = (&)™ and m | m’, then

Holant,(f | g) <r Holant.(f" | ¢),

where f" (resp. g) has the same output values as [ (resp. g) (when sorted lexicographically by input)

but is viewed as a signature of arity n' (resp. m') over a domain of size k'.

3.2 Equivalent Expressions of the Same Problem

Some counting problems can be expressed as a Holant problem in more than one way. The primary
way of mapping between these expressions is with a holographic transformation. Recently, another

mapping was found, which is given in Subsection 3.2.2.

3.2.1 Holographic Transformation

A holographic transformation is the primary way of showing that two Holant problems with different
expressions are actually the same. Surely you already know the simplest example of this: in a
graph, the number of vertex covers is equal to the number of independent sets. The proof is that
the complement of one type of set is the other. At the vertex level, the complement exchanges the
assignments of 0 and 1.

A holographic transformation puts the assignments of 0 and 1 into a superposition much like
the states of a qubit in quantum computing. However, quantum computation is not required—or
even any computation at all. Just like the example with vertex covers and independent sets, we are
merely describing a mathematical proof that two different looking problems are actually the same.
We are undergoing a change of basis and viewing the problem from this new perspective.

To formally introduce the idea of holographic reductions, it is convenient to consider bipartite
graphs. For a general graph, we can always transform it into a bipartite graph while preserving the
Holant value as follows. For each edge in the graph, we replace it by a path of length two. (This

operation is called the 2-stretch of the graph and yields the edge-vertex incidence graph.) Each
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new vertex is assigned the binary EQUALITY signature (=2) = [1,0, 1].

For a k-by-x matrix T' and a signature set F, define TF = {g | 3f € F of arity n, g = T®" f},
and similarly for 7T, where the tensor product denoted by ® is the Kronecker product. Whenever
we write T®" f or TF, we view the signatures as column vectors; similarly for fT®" or FT as row
vectors.

Let T be an invertible x-by-x matrix. The holographic transformation defined by T is the
following operation: given a signature grid 2 = (H, ) of Holant(F | G), for the same bipartite
graph H, we get a new grid ' = (H,7') of Holant(FT | T~'G) by replacing each signature in F
or G with the corresponding signature in F7 or T~'G. Then by a result typically called Valiant’s
Holant Theorem [132] (see also [25]), the Holant value has not changed. His proof is for domain

size k = 2, but also holds for any domain size. We state this as a lemma and provide a proof.

Lemma 3.2.1. Let F and G be sets of complex-valued signatures over a domain of size k. Suppose

Q is a bipartite signature grid over (F | G). If T € GL,(C), then

Holant, (; F | G) = Holant,.(Q; FT | T'G),

where ' is the corresponding signature grid over (FT | T71G).

Proof. We modify © = Qq in several steps until it becomes ' = Q3. In each step, the Holant value
is unchanged. We illustrate our proof in Figure 3.4.

Let G = (U, V, E) be the graph underlying Q = €. Vertices in U are assigned signatures in F
by 7 while vertices in V are assigned signatures in G by m. We do the following operations for each
edge in E. Let e = (u,v) € F be an edge with endpoints u € U and V' € V. Initially, Figure 3.4a
depicts the neighborhood of v and v in 2 = Q. In this example, both u and v are incident to three
other edges but the vertices incident to the other ends of these edges are not shown.

We do the following operations for each edge in E. Let e = {u,v} € E be an edge with endpoints
uw € U and V € V. We subdivide e and assign =2 to the new vertex w. This increases the number
of terms in the Holant sum by a factor of 3. All original terms still appear and all new terms are 0.

Let the resulting signature grid be ;. See Figure 3.4b.
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(a) Q = Qo

(b) 2

Figure 3.4: Neighborhood around two adjacent vertices.
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(c) Q2

(d) Qs

Figure 3.4: Neighborhood around two adjacent vertices.
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Then we subdivide w to get two adjacent vertices w, and w, so that we now have a path
(w, Wy, Wy, v). Let fi, (resp fy,) be the signature whose signature matrix is T' (resp. 71). We assign
fu (resp. fy) to wy (resp. wy). If T is not a symmetric matrix, then f,, and f, are not symmetric
and it matters which edge corresponds to which input. The first input for f,, (resp. f,) corresponds
to the edge {u,wy,} (resp. {wy,w,}). Let the resulting signature grid be Q. See Figure 3.4c,
which indicates the first inputs of f, and f, by the rotation of T and T~ (instead of the standard
notation of putting a diamond on the edge corresponding to the first input). Their first input is to
their left. If we contract the edge {w,,w,} within the dashed box, then we get back ;. Thus, the
Holant value has not changed.

Now Qg3 in Figure 3.4d is actually the same as Q5. To get Q4 = ', we contract {u,w,} and
{wy,v}. After doing so, we once again have the graph G. What has changed is the assignment to
each vertex. The vertex u is now assigned fT®4, and the vertex v is now assigned (71)®4g.

In general, the new assignment to each vertex is the transformed signature in FT or TG

respectively, as claimed. ]

Therefore, an invertible holographic transformation does not change the complexity of the
Holant problem in the bipartite setting. Furthermore, there is a special kind of holographic trans-
formation, the orthogonal transformation, that preserves the binary equality and thus can be used
freely in the standard setting. For k = 2, this first appeared in [45] as Theorem 2.2. We also state

it as a lemma.
Lemma 3.2.2. Let F be a set of complex-valued signatures over a domain of size k. Suppose ) is
a signature grid over F. If H € O4(C), then

Holant, (Q2; F) = Holant, ()'; HF),

where ) is the corresponding signature grid over HF.

We use Lemma 3.2.1 and Lemma 3.2.2 to reduce between both hard problems and easy problems.

Some of our reductions between easy problems use the following definition.
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Definition 3.2.3. Let F be any set of symmetric, complex-valued signatures over a domain of
size k. We say F is €-transformable if there exists a T € GL,(C) such that (=2)7T%? € € and

FCT?.

This definition is important because if Holant, (%) is tractable over any set of graphs, then

Holant, (F) is tractable over the same set of graphs for any ¢-transformable set F.

Lemma 3.2.4. Let F be any set of symmetric, complez-valued signatures over a domain of size k.
If F is € -transformable, then
Holant, (F) <7 Holant. (%),

where both problems are defined over the same set of graphs.

3.2.2 Another Identity

Until recently, every pair of Holant problems with the same output for every input were known to
have a holographic transformation between them (except for some trivial examples). Then in [29,

Subsection 4.3], we made the following observation.

Lemma 3.2.5. Let x and y be indeterminates. Then for every (2,4)-regular bipartite graph G,

Holant,(G; [0,1,0] | [z, y,1,0,0]) = Holants(G; [0, 1,0] | [0,0,1,0,0])

as polynomials in x and y.

Proof. Consider Holanty(G; [0, 1,0] | [x,y,1,0,0]) for any (2,4)-regular bipartite graph G, which is
a polynomial p(z,y) in the indeterminates = and y. Because [0, 1,0] is the only signature on the
left, any nonzero term in the Holant sum must assign 1 to exactly half of the edges in G. On the
right side, if some copy of [x,y,1,0,0] contributes an x or y in some assignment, then less than
half of its incident edges are assigned 1. To compensate, some other copy of [z, y, 1,0, 0] must have
more than half of its incident edges assigned 0, so it contributes a factor of 0. Thus p(z,y) is a

constant, so it is equal to any evaluation, including (z,y) = (0,0) as claimed. O
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G =G G1 G2

Figure 3.5: Some graphs obtained from an initial graph G in the proof of Lemma 3.3.1.

For all z,y € C, there is no holographic transformation between these two Holant problems.
This is the first counterexample involving non-unary signatures in the Boolean domain (i.e. k = 2)
to the converse of Lemma 3.2.2, which provides a negative answer to a conjecture made by Xia
in [143, Conjecture 4.1]. This result clearly generalizes to similarly defined signatures of even arity

on the right.

3.3 Polynomial Interpolation

Valiant [125] initiated the study of counting problems by defining the class #P. Then to explain
the apparent intractability of counting perfect matchings, he proved that this problem is #P-hard
(under polynomial-time Turing reductions). Immediately after, he initiated the use of polynomial
interpolation as a technique to obtain reductions between counting problems. This is a powerful tool
in the study of counting problems that makes it possible to prove complexity dichotomy theorems.

Let me begin with an example from Valiant’s paper [125, reduction 6 in the proof of Theorem 1].
Lemma 3.3.1. #PERFECTMATCHING <7 #MATCHING

Proof. Let G = (V, E) be a graph. We want to determine the number of perfect matchings in G
assuming that we have an oracle to count matchings.

For integers 0 < £ < n, let Gy be the following modification of G. For each vertex v € V, we
add a new vertex v for all 1 < k < £. Then we add an edge between v and v for all 1 < k < /.
See Figure 3.5 for some examples of these graphs beginning with a specific graph G.

Let my, be the number of matchings in G that omit k vertices. Then we can express the number
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Evaluate
v e {1,2,3,4}
x
20 |p(z)
15\

p(x) = 203322 —17z + 10

2
~_ 1%

Interpolate

Figure 3.6: Interpolation is the inverse of evaluation.

of matchings in Gy as
n

> (14 0)Fmy, = #MATCHING(GY).
k=0

This is because a matching M of size k in G can be extended to (1 + £)¥ matchings in G,. Each
vertex that is not matched by M has 1 + ¢ possibilities: it can remain unmatched or it can be
matched with any of its new ¢ neighbors in Gy. These choices are independent for each vertex,
hence the exponent of k.

We collect these equations to form the linear system

(1400 (14+0)? -+ (140)"| |mo #MATCHING(Gy)
1+1)° @+D" - (T+1)"| [m1| | #MATCHING(G))
1+ n)? (1+n)t - (14 n)" | | mn | #MATCHING(Gy) |

Using our oracle, we know the right side. On the left, the coefficient matrix is Vandermonde. It
is invertible because the entries in the second column are distinct. Therefore, we can invert this
matrix and solve for the unknown myg’s. Then mg, the number of matchings in G that omit no

vertices, is the number of perfect matchings G as desired. O
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The word “polynomial” did not appear in this proof, so what makes it an example of polynomial
interpolation? The polynomial is implicit; it is p(z) = Y p_,mxa®. Asking our oracle for the
number of matchings in Gy is like evaluating p(x) at 1 + ¢. Polynomial interpolation is the process
of converting from points and their evaluations to the coefficients of the polynomial being evaluated
(see Figure 3.6), which is what this proof did.

Since our n+1 evaluation points are distinct, we can recover the coefficients of p(z). Given these
coefficients, our reduction can proceed by computing any polynomial-time computable function of
them. However, it is often the case that we are interested in some evaluation of the interpolated
polynomial. In the proof of Lemma 3.3.1, we evaluated the interpolated polynomial at 0 to obtain
p(0) = my.

Now for an example where the polynomial is quite explicit. The chromatic polynomial, which is
denoted by x(Gj;A), is the unique polynomial satisfying x(G;\) = #A-VERTEXCOLORING(G) for
all A € N. That is, it is the unique polynomial that evaluates to the number of vertex colorings of G
using at most A colors when A is a natural number. A nice exposition of the chromatic polynomial
can be found in [82].

The following example of polynomial interpolation is a dichotomy theorem for the chromatic
polynomial. The reduction we use comes from Linial [103] and the dichotomy was first explicitly

stated in [86]. Let x(\) be the problem of evaluating x(G; A) on an input graph G.

Theorem 3.3.2. Let A € C. Then x(X) is #P-hard unless A € {0,1,2}, in which case, the problem

18 computable in polynomial time.

Proof. If A = 0, then x(G,)\) = 0° = 1 if G has no vertices and is 0 otherwise. If A\ = 1, then
x(G, \) = 1 if G has no edges and is 0 otherwise. If A = 2, then x(G, \) = 2¥ if G is bipartite with
k connected components and is 0 otherwise.

Now suppose A ¢ {0,1,2}. We reduce from x(3), which is #P-hard (see, for example [103,
Main Theorem, Case (6)] or [4, Proposition 5]). Let G be a graph with n vertices, and let K; be

the complete graph on t vertices. We use G + K; to denote the graph obtained from G by adding
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K and all possible edges between the vertices of G and the vertices of K;. Then clearly

AN=1) - A=t + DG A — 1) = x(G + Ki; \).

when A € N. Thus, it must also hold as an equation of polynomials when considering A\ as an

indeterminate. After rearranging, we have

1
AA—1) - (A—t+1)

X(G;A—t) = X(G+ K M). (3.3.1)

If A > 3 is an integer, then by setting ¢ = A — 3, we can directly solve for x(G;3) via (3.3.1).
Otherwise, A ¢ N. Then using (3.3.1), we can compute x(G;A —t) for all 0 < ¢t < n. From these

evaluations, we can interpolate the coefficients of x(G; A) and evaluate it at A = 3. Ul

The heart of polynomial interpolation as a reduction technique is finding an equation like (3.3.1).
On the left, we have the original graph G with some different evaluation point \. On the right,
we have the original evaluation point A with some different graph G’. The main question is what
to pick for G’? It must be part of an infinite family because the degree of the polynomial being
interpolated grows with the size of G. The sizes of the graphs in this family must not grow too
quickly so that we can construct them in polynomial time. And finally, each graph in the family
must be expressible using the original graph G for some distinct evaluation point \'.

To this end, it is typically best to minimize the sizes of these graphs. Additional vertices and
edges contribute terms to an equation like (3.3.1) that restrict the usefulness of the reduction. For
example, one could say that the kth vertex and its incident edges added to GG in the construction
of G+ Ky (for 0 < k < t) contribute a factor of )\%k“ to the right side of (3.3.1). Because of these
factors, the interpolation fails when A\ € N. After adding the (A 4 1)th vertex and its edges, the
equation breaks down. The right side is no longer well defined because of a division by 0.

The proofs of both Lemma 3.3.1 and Theorem 3.3.2 involve interpolation of a single variable
polynomial. After homogenizing, they become homogeneous polynomials in two variables. For such
homogeneous polynomials of degree d, interpolation requires at least d + 1 evaluations, and d + 1

evaluations suffice iff, when viewed as length-two vectors, these d + 1 points are pairwise linearly
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G Gs

Figure 3.7: Example construction from the proof of Lemma 3.3.3 with ¢ = 3.

independent.

Of course a univariate polynomial defines a homogeneous polynomial in two variables. Some
reductions between counting problems are accomplished via interpolation of homogeneous polyno-
mials in more than two variables. An early example of this occurs in [113, Main Theorem, Case 1],

which interpolates a homogeneous polynomial in three variables.

Lemma 3.3.3. #VERTEXCOVER <7 #BIPARTITEVERTEXCOVER
Proof. Given a graph GG with n vertices, we create a graph Gy for every 1 </ < N = (”;2) in two
steps as follows. First we perform (-thickening on G to obtain a graph G/, which replaces every
edge of G with ¢ parallel copies. When we perform 4-stretching on G/ to obtain G, which replaces
each edge with a path of length 4. Since this stretch is by an even amount, the resulting graph is
bipartite. See Figure 3.7 for an example of with ¢ = 3.

Let c;;, be the number of S C V such that

e j edges have neither endpoint in .S,

e j edges have exactly endpoint in S, and

e i edges have both endpoints in S.
Also let

p(ﬂ:,y,z) = Z xiyjzkcijk-
i+j+k=n
1,5,k>0
Then #VERTEXCOVER(G) = p(0,1,1).
A path of length 4 has ten vertex covers. We partition them based on the inclusion or exclusion
of the endpoints of the path.

e There are 2 vertex covers when neither endpoint is in the vertex cover,

e there are 3 vertex covers when exactly one endpoint is in the vertex cover, and
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e there are 5 vertex covers when both endpoints are in the vertex cover.
Thus,
#VERTEXCOVER(G/) = p(2¢, 3, 5%). (3.3.2)

This gives us a Vandermonde system that has full rank iff 2i375% £ 293/'5* when i +j + k =
i+ 5 4+ K =nbut (i,5,k) # (/,5, k"), which is clearly the case. Therefore, we can interpolate

p(z,y, z) and evaluate it at p(0,1,1) to obtain the number of vertex covers of G. O

Remark. Let P, be the path graph of length n. It is straightforward to verify that the vertex
covers of Py can be partitioned into the triple (2, 3,5) as claimed in the proof. One can derive this

triple by observing that the vertex covers of path graphs satisfy the recurrence relation

#VERTEXCOVER(P,) = #VERTEXCOVER(F,,—1) + # VERTEXCOVER(P,_2),

the same recurrence relation as the Fibonacci numbers. Let F;, be the nth Fibonacci number. The
(initial) triple of vertex covers for P; is (0,1,1) = (Fp, F1, F2). Then the triple of vertex covers for
Py is (Fg—1, Fx, Fx11). The proof uses k = 4 since this is the smallest positive even number for

which the triple (Fj_1, Fj, F11) gives a Vandermonde system of full rank.

For homogeneous polynomials of degree d in n variables, there is no known useful characteriza-

d+n—1

1 ) points) can be used to interpolate

tion of when some minimum number of points (namely (
such polynomials. However, this does not prevent us from using special collections of points for
which we can prove that interpolation does succeed.

For reductions between Holant problems, we often use interpolation of homogeneous polynomials
in more than two variables. See Section 11.3 for an explanation of how this is done. In particular,

we say that a three numbers like 2, 3, and 5 satisfy the lattice condition (cf. Definition 11.3.3) if a

Vandermonde system like that in (3.3.2) is full rank.
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Chapter 4

Tractable Signatures

This chapter contains most of what is known about tractable Holant problems and the signatures
that define them. Although I would say that we have a good understanding of the tractable cases,
many questions still remain. I pose them throughout the chapter as they arise.

Given a problem P covered by a complexity dichotomy, it is natural to ask if P is easy. This
question is called the meta question or the decidability problem of the dichotomy. If P is easy, a
second question arises: what is the efficient algorithm that solves P? Some of the open problems
in this chapter are about these meta questions. In this context, we only consider finite F since it

is the input to the problem.

4.1 Product Type

As a symmetric signature in the Boolean domain, the EQUALITY signature =,, of arity n is denoted
by [1,0,...,0,1] with n—1 zeros. The Holant of a signature grid that only uses EQUALITY signatures
is easy to compute. Each connected component contributes a factor of 2. Let’s generalize these
signatures while still being able to easily compute the Holant.

One way to generalize them is to allow weights. For a,b € C, we call the signature [a,0, ... ,0,b]
a generalized EQUALITY signature. Consider a signature grid that only uses such signatures. Each
connected component of size k contributes a factor of a* + b¥ if each EQUALITY signature had the

same weights. A similar (but more complicated) expression exists if the weights were to vary.
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Consider a different generalization. In addition to all of the EQUALITY signatures, we also allow
the binary DISEQUALITY signature #2. Now what does each connected component contribute?
Well, if there is any cycle containing an odd number of #5, then the contribution is 0. Otherwise,
the contribution is again 2. Does this mean that we must inspect every cycle? No, and its a good
thing too, because that would take exponential time.

The key observation is that among the exponentially many edge assignments, there are at most
two that could contribute a nonzero value. Furthermore, we can use a propagation algorithm to
efficiently determine if these two assignments exists and find them when they do. Pick any edge
and fix its assignment to 0. Then in order for the incident signatures to contribute nonzero values,
the assignments to all adjacent edges is also fixed. We recurse on each fixed edge. If we encounter
an edge that is fixed to different assignments, then we have a contradiction and the Holant is 0.
Otherwise, we have determined a consistent assignment for the connected component containing
the edge we initially picked. The other consistent assignment is the complement of this one, but we
could also find it from first principles by fixing the assignment of the initial edge to 1 and running
the propagation algorithm again.

There are three other symmetric signatures that we could add: [0,0], [1,0], and [0, 1]. If [0, 0]
is used, then there are no assignments and the Holant is 0. If [1,0] or [0,1] is used, then any
connected component in which they appear has at most one assignment that could contribute a
nonzero value. This only makes our life easier.

The propagation algorithm also works for the following types of signatures that may have

weights and may not be symmetric.

Definition 4.1.1. Let f be a signature of arity n over the Boolean domain. Then f is a generalized

equality signature if n =1 and f is [0,0], [1,0], [0,1] (up to scale), or n > 2 and

Ixe{0,1}", vye{0,1}", f(y)=0 = y ¢ {xx}.

The last condition says that the support set of f contains precisely two complementary indices.

We generalize this once further to signatures over larger domain sizes.
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Definition 4.1.2. For any integer k > 2, let f be a signature of arity n over the domain [k]. Then

f is a generalized equality signature if n =1 and |support(f)| <1, or n > 2 and

Vieln, Voels, |support(fr—s) =1,

where f;.—, is the restriction of f to inputs with its sth input x; fixed to . We use & to denote

the set of all generalized EQUALITY signatures.

Remark. Definition 4.1.1 and Definition 4.1.2 are written so that all signatures in & are irreducible

according to Definition 5.3 in [31].

The last condition says that the support set of f contains precisely x “disjoint” indices. They
are disjoint in the sense that each index differs from all others in every position. It is easy to see
that the tensor rank of each signature in & is at most the domain size k over which it is defined.

For these signatures with a larger domain, we only need to modify the propagation algorithm
slightly. After picking the first edge, we consider fixing it each element in [x]. In each connected
component, there are at most « assignments that could contribute a nonzero value, and the prop-

agation algorithm will find any such assignment that exist. This gives the following result.

Theorem 4.1.3. Suppose k > 2 is the domain size. Then Holanty (&) is computable in polynomial

time.

We are supposed to be defining the product-type signatures, but the word “product” has yet

to occur. There is one more generalization, and it uses the term “product”.

Definition 4.1.4. A signature is of product type if it is the tensor product of signatures from &

with any ordering of inputs. We use & to denote the set of all product-type signatures.

In other words, & is the closure of & under tensor products and reordering of inputs. Tensor
products and reordering of inputs using signatures from a set F is a special case of an F-gate. Specif-
ically, it is the special case when there are no internal edges. it is the special case with no internal

edges. Thus, we obtain the following corollary by combining Theorem 4.1.3 and Lemma 3.1.1.
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Corollary 4.1.5. Suppose k > 2 is the domain size. Then Holanty () is computable in polynomial

time.
By combining Corollary 4.1.5 and Lemma 3.2.4, we obtain another corollary.

Corollary 4.1.6. Let F be any set of complex-valued signatures over a domain of size k. If F is

P-transformable, then Holanty(F) is computable in polynomial time.

Definition 3.3 in [53] contains the original definition of &7 (over the Boolean domain) and uses
a slightly different notion of the term “product”. Now we list the symmetric signatures in & over

the Boolean domain.

Proposition 4.1.7 (Lemma A.1 in [81]). Let f € & be a symmetric signature. Then there exists
a,b € C andn € Z" such that f takes one of the following forms:

1. [a,b]®";

2. [0,a,0];

3. [a,0,...,0,b] = a[1,0]®™ + b[0, 1]®".

Let F be a finite set of complex-valued signatures over the Boolean domain. Then [34] gave a
polynomial-time algorithm to decide if F is &-transformable. When it is, the algorithm also finds
a corresponding transformation. Further suppose that F only contains symmetric signatures, and
these signatures are given in their exponentially more succinct representation, Then [34] also gave
a polynomial-time algorithm to decide if F is &-transformable. When it is, the algorithm also
finds a corresponding transformation. Many questions remain about deciding P-transformability.

I state the central ones as open problems.

Open Problem 4.1.8. Let F and G be finite sets of complex-valued signatures over a domain of
size Kk > 2.
1. Is there an algorithm to decide if there exists a T € GL,(C) such that GT' C & and F C T 2?7
2. If so, is there an algorithm to find such a 17
3. In either case, if an algorithm exists, then does a polynomial-time algorithm exist?
The same questions when F and G contain only symmetric signatures, and these signatures are

given in their exponentially more succinct representation.
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To repeat, the results in [34] answer these questions in the affirmative in the special case that

k=2and G = {=2}.

4.2 Affine

Definition 4.2.1. Let f by a signature of arity n with inputs z1, ..., z, over the Boolean domain.
Then f is affine if it has the form

A XAx=0 - /iQ(X)7

where A € C, x = (z1,22,...,2,,1)T, A is a matrix over Zsy, x is a 0-1 indicator function such
that yax—o is 1 iff Ax = 0, and g € Z4[x] is a quadratic polynomial with even coefficients on cross

terms. We use &7 to denote the set of all affine signatures.

Of course the number of columns in the matrix A must be n 4+ 1 but there is no restriction on
the number of rows. It is permissible that A is the all-zero matrix so that x ax—¢ = 1 holds for all
x. The name affine comes from the fact that solutions to Ax = 0 (and thus the support of f) form
an affine subspace.

The next result shows how the nontrivial symmetric affine signatures have a compact expression.

When viewed as tensors, this shows that they have tensor rank (at most) 2.

Proposition 4.2.2. Let f € &/ be a unary signature or a non-degenerate symmetric signature.

Then f is an element in one (or possibly more if arity(f) < 2) of the following three sets:

T = {A ([1,0]@”“ i, 1]®’€) IANeC, kezt, relo, 1,2,3}};
Ty = {)\ ([1, 1%k 4 i7[1, —1]®k) IAeC, keZ*, redo, 1,2,3}} :
T = {A ([1, i1®% 4471, —2']®k) INeC, kezt, relo, 1,2,3}} .

Proposition 4.2.3. Let f € o/ be a unary signature different from [0,0] or a non-degenerate

symmetric signature. If the first nonzero entry in f is 1, then f takes one of the following forms:
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1. [1,0,...,0,£1]; (F1,r=0,2)
2. [1,0,...,0,%i; (F1,r =1,3)
3. [1,0,1,0,...,0 or 1]; (Fa,r = 0)
4. 1, =i, 1, —i,...,1 or —i]; (Fo,r=1)
5.[0,1,0,1,...,0 or 1]; (Fayr = 2)
6. [1,i,1,i,....i or1]; (Fa,r = 3)
7. [1,0,-1,0,1,0,~1,0,...,0 or 1 or —1]; (F3,r = 0)
8 [1,1,-1,-1,1,1,-1,-1,....1 or =1];  (F3,r =1)
9. 10,1,0,—-1,0,1,0,—1,...,0 or 1 or —1]; (F3,r=2)
10. [1,-1,-1,1,1,~1,-1,1,...,1 or —1].  (F3,7 = 3)

Because of Proposition 4.2.2, T used to wonder if all affine signatures had tensor rank (at most) 2.
This is not the case. The affine signature f’ introduced below (before Lemma 4.2.14) has tensor
rank at least 4. This follows from [96, Exercise 2.6.6.3] since its signature matrix has full rank. I still
wonder though if there is some connection between the complexity of a signature f (equivalently,
the complexity of contracting tensor networks only involvoing f) and the tensor rank of f. For
example, Hastad [76] proved that determining the rank of an aribtray tensor is NP-hard. Maybe

determining the rank of a tensor in o is easier.

Open Problem 4.2.4. Given an element of &7, what is the complexity of determining its tensor
rank? Can this be done in polynomial time? If so, can one do better and give a classification in

terms of tensor rank or border rank?

After normalizing, it is easy to count the symmetric affine signatures that are not identically
zero. For arity 1, there are six such signatures ([1,0],[0,1],[1,£1],[1,+:]). For larger arities,
a degenerate symmetric affine signature that is not identically zero is a tensor power of one of
these six. Then for arity 2, there are nine non-degenerate symmetric affine signatures up to scale
([1,0,+£1],[1,0,+4], [1, £, 1],[1,1,£1],[0,1,0]). For arity at least 3, there are twelve non-degenerate
symmetric affine signatures up to scale, which are listed above.

For affine signatures that are not necessary symmetric, the situation is more complicated. It is

easy to count the possible quadratic polynomials with constant term 0 (there are 479(3) possibili-
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ties), and the number possible affine supports is also known [98] (there are Y j_, 2" % Hf:_ol 3::52

possibilities), but I don’t know how these two quantities “intersect” in Definition 4.2.1.

Open Problem 4.2.5. Determine the number of affine signatures up to scale over the Boolean

domain as a function of the arity.

Table 4.1: The number of affine signatures over the Boolean domain that are not
identically zero as a function of arity (according to my computer calculations). With
an AMD Phenom IT processor and 3 GB of RAM, my computer outputs the last entry
in just under 10 minutes. I am unable to compute the next entry due to lack of memory
(since it is easier to write the algorithm that keeps everything in memory at once).

’ arity ‘ number

1 6
2 60
3 1080
4 36720

If it helps, one can restrict to signatures that are irreducible according to Definition 5.3 in [31].
I have written code in Mathematica to compute the affine signatures over the Boolean domain that
are not identically zero and with the first nonzero entry normalized to 1. The numbers I get are
given in Table 4.1. Neither this sequence nor this sequence with each number increased by 1 (to
account for the identically-zero signature) are in The On-Line Encyclopedia of Integer Sequences.
The affine signatures over the Boolean domain were originally defined in Definition 3.1 of [53].

This paper also proves their tractability.
Theorem 4.2.6 (Theorem 4.1 in [53]). Holants (<) is computable in polynomial time.
By combining theorem 4.2.6 and Lemma 3.2.4, we obtain the following corollary.

Corollary 4.2.7. Let F be any set of complex-valued signatures over the Boolean domain. If F is

o -transformable, then Holanty(F) is computable in polynomial time.

Definition 3.1 of [53] (for the affine signatures over the Boolean domain) is different from but
equivalent to Definition 4.2.1. My reason for using this alternative definition is to highlight the
similarity with the tractability result in [21]. After giving a definition for affine signatures over a

domain of size 3, I show how to use [21] to prove their tractability.
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Definition 4.2.8. Let f by a signature of arity n with inputs x1, ..., x, over the domain Zs. Then
f is affine if it has the form

A- XAx=0 - e%q(:ﬂ)?

where A € C, x = (z1,z2,...,2,,1)T, A is a matrix over Zs, x is a 0-1 indicator function such that
XAx=o0 is 1 iff Ax = 0, and ¢ € Zs3[x] is a quadratic polynomial. We still use <7 to denote the set

of all affine signatures.
Lemma 4.2.9. Holants(<) is computable in polynomial time.

Proof. Given an instance of Holant3(.7) with m edges, the output can be expressed as the sum-
mation of a single function F'(x) = X Ax=0 - e%q(x), where x = (x1,...,2,,). This is because .« is
closed under multiplication. In polynomial time, we can solve the linear system Ax = 0 over Zs3 to
determine if it is feasible. If it is infeasible, then F' is identically zero, so the output is simply O.
Otherwise, the linear system is feasible (including possibly vacuous). Without loss of generality,
we can assume that yi,...,yn € {Z1,...,2y} are independent variables over Zs while all others
are dependent variables, where 0 < n < m. Each dependent variable can be expressed by an affine
linear form of yi,...,y,. We can substitute for all dependent variables in ¢(x), which gives a new

quadratic polynomial ¢/(y), where y = (y1,...,yn). Thus, we have

Z YAxep - € 3 4@0mam) — Z o500 (Y1, yn) (4.2.1)
T1,e0sTm EL3 Y1,--sYn€L3
Then the right side of (4.2.1) is computable in polynomial time by Theorem 1 in [53]. O

The EQUALITY signatures over the Zs domain are examples of affine signatures. Their support
is defined by equating all variables, and their quadratic polynomial is the constant polynomial 0.

We give another, less-trivial example. Consider the signature

a r=y=z
f@y,2) =S¢ z4y#z+a (42.2)

0 otherwise,
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3:

where a 3. If a = ¢ = 0, then this example is trivial, so assume otherwise. Then the support

of f is the affine subspace of Z3 defined by x + y + 2z = 0. Let w = e% and let qe(z,y,2) =
Ae(zy 4+ 22 + y2) be a quadratic polynomial, where A\; = 0, A, = 2, and A2 = 1. Then aw’e (@.y.2)

agrees with f when x 4+ y 4+ z = 0. This gives the following corollary.

Corollary 4.2.10. Let a,c € C. If f is defined as in (4.2.2), then Holants(f) is computable in

polynomial time.
By combining Corollary 4.2.10 with Lemma 3.2.2, we have another corollary.

Corollary 4.2.11. Let a,c € C. Suppose T € O3(C). If f is defined as in (4.2.2), then

Holant3(T®3f) is computable in polynomial time.

Even though I have given a definition for affine signatures over a domain of size 3, this definition

has yet to be thoroughly tested.

Open Problem 4.2.12. Over a domain of size k > 3, determine the “right” definition of the affine

signatures.

The “right” definitions are the ones that fit like a glove in the statement of a powerful dichotomy
theorem. For the Boolean domain, there are plenty of dichotomy theorems to believe that Defini-
tion 4.2.1 is the “right” one. The dichotomy in [53] is probably the best example. Definition 4.2.8
is used to state a dichotomy theorem in Chapter 11. However, only the special case given in Corol-
lary 4.2.11 appears in the statement of that dichotomy theorem because only signatures of a rather
restricted form are considered.

Here is my guess as to the “right” definition of the affine signatures over a domain of size k. If
K is not a power of 2, then affine signatures are of the form A - x ax—o - e%qw), where A is a matrix
over Z,, and q € Z,[x] is a quadratic polynomial. If k is a power of 2, then affine signatures are of
the form A - xax—o - 62277:(1(36), where A is a matrix over Z, and ¢ € Z,[x] is a quadratic polynomial

with even coefficients on cross terms.

Open Problem 4.2.13. Given some definition of the affine signatures over a domain of size k > 3
(preferably the “right” one), determine the number of affine signatures up to scale over this domain

size as a function of the arity.
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Table 4.2: The number of affine signatures over a domain of size 3 (as defined by
Definition 4.2.8) that are not identically zero as a function of arity (according to my
computer calculations). The last line took just over 50 minutes to compute. Also
unable to compute the next entry due to lack of memory.

’ arity ‘ number

1 6
2 120
3 8400

¢

I am not positive that Definition 4.2.8 is the “right” definition of the affine signatures over a
domain of size 3. Nonetheless, I have written code in Mathematica to compute the ones that are
not identically zero and with the first nonzero entry normalized to 1. The numbers I get are given
in Table 4.2. Again, neither this sequence nor this sequence with each number increased by 1 (to

account for the identically-zero signature) are in The On-Line Encyclopedia of Integer Sequences.

Now we give two examples of asymmetric affine signatures over the Boolean domain. Let

/ 1 (l’l,l’g) = (ylayQ)a
f(@1, 22,91, 92) = (4.2.3)

-1 (x1,22) # (Y1,92).

This signature is affine over the Boolean domain since f’(z1, o, y1,y2) = (—1)4@17251.92) where ¢

is the quadratic polynomial

q(x1,T2,y1,y2) = T1 + T2 + Y1 + Y2 + 2122 + Y1y2 + T1y2 + T2y (4.2.4)

Let

, L (z1,22) = (y1,92) = (21, 22),
g (‘Tlaanyl?yQ)ZleZ) - (425)
0 otherwise.

This signature is affine over the Boolean domain since its support is defined by the affine equations
(z1,22) = (y1,y2) = (21, 22) and its quadratic polynomial is the constant polynomial 0.

Alternatively, we can view f’(x1,x2,y1,y2) as a signature f(x,y) of arity 2 over a domain of
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size 4, where x = (z1,22) and y = (y1,y2). Then

1 z=y,
fla,y) = (4.2.6)

-1 z+#y.

Similarly, we can view ¢'(z1,x2,y1,Y2, 21, 22) as a signature g(z,y, z) of arity 3 over a domain of
size 4, where z = (x1,22), y = (y1,¥2), and z = (21, 22). Then g = (=3). This gives the following
tractability result, which corresponds to a tractable case in the dichotomy theorem presented in

Chapter 11.

Lemma 4.2.14. If f is defined as in (4.2.6), then Holanty(f | =3) is computable in polynomial

time.

Proof. Let f' and ¢’ be defined as in (4.2.3) and (4.2.5) respectively. Then by Lemma 3.1.6, we
have

Holant4(f | =3) <7 Holants(f' | ¢').

By ignoring the bipartite restriction, we further have

Holanty(f” | ¢') <r Holanta(f', ¢').

As demonstrated above, f’ and ¢’ are both affine signatures over the Boolean domain, so we are

done by Theorem 4.2.6. O

This highlights another difficulty with counting affine signatures over higher domains. I don’t
think that one should count f and g = (=3) as affine signatures (over a domain of size 4) when
trying to answer Open Problem 4.2.13. Instead, I would say that they are being simulated by affine
signatures over a domain of a different size (namely a domain of size 2). However, the EQUALITY
signatures of all arities should be affine signatures over domains of all sizes, so g = (=3) is certainly
an affine signature over a domain of size 4 for the “right” definition of affine signatures.

Let F be a finite set of complex-valued signatures over the Boolean domain. Then [34] gave a

polynomial-time algorithm to decide if F is of-transformable. When it is, the algorithm also finds
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a corresponding transformation. Further suppose that F only contains symmetric signatures, and
these signatures are given in their exponentially more succinct representation, Then [34] also gave
a polynomial-time algorithm to decide if F is «7/-transformable. When it is, the algorithm also
finds a corresponding transformation. Many questions remain about deciding A-transformability.

I state the central ones as open problems.

Open Problem 4.2.15. Let F and G be finite sets of complex-valued signatures over a domain
of size k > 2.
1. Is there an algorithm to decide if there exists a ' € GL(C) such that GT' C o7 and F C T'.e/?
2. If so, is there an algorithm to find such a T'?
3. In either case, if an algorithm exists, then does a polynomial-time algorithm exist?
The same questions when F and G contain only symmetric signatures, and these signatures are

given in their exponentially more succinct representation.

To repeat, the results in [34] answer these questions in the affirmative in the special case that

k=2and G = {=2}.

4.3 Matchgate

Matchgates were introduced by Valiant [128, 127, 129] to give polynomial-time algorithms for a
number of counting problems over planar graphs.! A matchgate is simply a gadget used to reduce
some counting problem to that of counting weighted perfect matchings. Over planar graphs, the
latter problem is computable in polynomial by Kasteleyn’s algorithm [89, 88].2

Let me give a simple example to explain this idea. The unweighted perfect matching signature

Waliant’s matchgates in [128] sometimes contained edge crossings. However, this doesn’t mean that Valiant’s
argument in [128] was able to simulate quantum circuits with edge crossings. Indeed, Valiant required that the
quantum circuits only had “nearest neighbor interactions”, which means that there are no edge crossings. To allow
edge crossings in matchgates is an attempt to increase their expressiveness. However, edge crossings do not increase
the expressiveness of matchgates. See [28], especially Section 5, for a proof of this.

2This algorithm is also called the FKT algorithm because it generalizes previous work by both Kasteleyn [87]
and as well as Temperley and Fisher [120]. These two works both proved that the dimer model (i.e. counting
perfect matchings) over two-dimensional lattices is “exactly solvable”, which essentially means that the number of
perfect matchings over such graphs has a mathematical expression that only involves polynomially many fundamental
operations. The motivation for considering the two-dimensional (weighted) dimer model is that it expresses, after a
holographic transformation, the Ising model as a special case.
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Figure 4.1: Triangle gadget.

of arity 3 is [0,1,0,0]. The problem Pl-Holant(]0, 1,0, 0]) is to count perfect matchings over planar
3-regular graphs. Of course this problem is computable in polynomial time. Then by Lemma 3.1.1,
Pl-Holant( f) is also computable in polynomial time for any {[0, 1,0, 0]}-gate f.

Consider the gadget in Figure 4.1. We assign [0,1,0,0] to all three vertices. Let g be the
signature of the resulting gadget. Then what is g7 By the symmetry of the gadget, it is easy to
see that ¢ is a symmetric signature, so we can write g = [go, 91, 92, 93] Because there is an odd
number of vertices in this gadget, we have gg = go = 0. If exactly one vertex is matched externally
(which means that one dangling edge is assigned 1 and the other two dangling edges are assigned 0),
then there is one internal perfect matching (of size 1), so g1 = 1. If all three vertices are matched
externally (which means that all three dangling edges are assigned 1), then there is one internal
perfect matching (the empty matching of size 0), so g3 = 1 as well. Alternatively, assigning 0’s
to all internal edges is the only internal assignment such that the signature [0, 1,0, 0] assigned to
each of the three vertices does not tribute a factor of 0. For this internal assignment, the three
vertices each contributes a factor of 1. Thus, g = [0, 1,0, 1]. For this reason, g is called a matchgate

signature.

Definition 4.3.1. Let # be the set of all weighted matching signatures (that is, signatures with
output 0 on any input with Hamming weight different from 1). Then f is a matchgate signature if

it is the signature of some planar # -gate. We use .# to denote the set of all matchgate signatures.

Said another way, the set .# of matchgate signatures is the closure of # under the construction
of all possible planar # -gates. Therefore, by Lemma 3.1.1 and the FKT algorithm, we have the

following result.

Theorem 4.3.2. Pl-Holant(.#) is computable in polynomial time.
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However, Definition 4.3.1 is not useful in checking if a given signature is a matchgate signature.
The work of Cai et al. [25, 26, 40] developed a theory to give a useful characterization of matchgate
signatures. See [28] for a self-contained account of this theory.

Here is an explicit list of the symmetric matchgate signatures.

Proposition 4.3.3. Let f € .4 be a symmetric signature. Then there exists a,b € C and n € N

such that f takes one of the following forms:
1. [a",0,a" 1b,0,...,0,ab" 1 0,b"] (of arity 2n >2);

2. [a",0,a"1b,0,...,0,ab" 1, 0,b", 0] (of arity 2n +1>1);
3. [0,a™,0,a"1b,0,...,0,ab™1,0,b"] (of arity 2n +1 > 1);

4. [0,a™,0,a"1b,0,...,0,ab™1,0,b",0] (of arity 2n +2 > 2).
In the last three cases with n = 0, the signatures are [1,0], [0,1], and [0,1,0]. Any multiple of these

s also a matchgate signature.

Notice that every other entry is 0. This is a simple consequence of the fact that perfect matchings
contain an even number of vertices. The parity of a matchgate signature is even (resp. odd) if its
support is on entries of even (resp. odd) Hamming weight. More generally, a signature is said
to satisfy the parity condition if all entries of even Hamming weight are 0 or if all entries of
odd Hamming weight are 0. The nonzero entries of the symmetric matchgate signatures form a
geometric progression.

Another useful way to view the symmetric signature in .# is via a low tensor rank decomposi-
tion. Such expressions make it easier to apply a holographic transformation. These expressions are
similar to those in Proposition 4.2.2 for the affine signatures over the Boolean domain. To state

these low rank decompositions, we use the following definition.

Definition 4.3.4. Let S,, be the symmetric group of degree n. Then for positive integers ¢t and n

with ¢ < n and unary signatures v, vy, ..., U,_¢, we define

Sym’ (v;v1,...,vn_¢) = Z ®uﬁ(k),

TESy k=1

where the ordered sequence (uy,ug,...,up) = (V,..., 0,01, ..., Up_t).
——

t copies
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Proposition 4.3.5. Let f € .4 be a symmetric signature of arity n. Then there exist a,b,\ € C

such that f takes one of the following forms:

2[a™,0,a™2b%,0,...,0,b"] n is even,
1. [a,b]®" + [a, —b]®" =

2[a",0,a"2b%,0,...,0,ab" 1, 0] n is odd;

2[0,a™1b,0,a"3b3,0,...,0,ab" 1,0] n is even,
2. [a,b]®" — [a, —b]®" =

2[0,a™1b,0,a™3b%,0,...,0,b"] n is odd;
3. ASym™1([1,0];[0,1]) = [0, \,0,...,0];

4. ASym™1([0,1];[1,0]) = [0,...,0,),0].

The first two items are decompositions of tensor rank (at most) 2. The last two items are
decompositions of tensor rank n. Furthermore, one can check that these signatures do indeed have
tensor rank n. However, they have border rank 2. (These facts follow from slight modifications to
the example and the reasoning for it in [96, Subsection 2.4.5]). I pose the corresponding question

for .4 as in Open Problem 4.2.4.

Open Problem 4.3.6. Given an element of .#, what is the complexity of determining its tensor
rank? Can this be done in polynomial time? What about the same questions for border rank? If

so, can one do better and give a classification in terms of tensor rank or border rank?
By combining Theorem 4.3.2 with Lemma 3.2.4, we have the following corollary.

Corollary 4.3.7. Let F be any set of symmetric, complex-valued signatures in Boolean variables.

If F is A -transformable, then Pl-Holant(F) is computable in polynomial time.

In contrast with the product-type and affine signatures, there doesn’t seem to be a generalization
of A to larger domain sizes. Of course the signatures in .# can simulate others defined over a
larger domain size by a domain bundling argument like Corollary 3.1.5. But the following questions

remain.

Open Problem 4.3.8. For a domain of size k > 3, what #CSPs are hard over general graphs but
tractable over planar graphs? Are any of these problems tractable for some reason other than by

reduction to Boolean domain Holant problems defined by signatures in .7
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Matchgates were not studied in isolation. The theory of matchgates was developed in con-
junction with the theory of holographic reductions (cf. Subsection 3.2.1). The initial holographic
reductions reduced to Holant problems using certain matchgate signatures over planar graphs (ei-
ther by Valiant [130, 131, 133] or Cai et al. [42, 43, 44, 41]). This resulted in an abundance of
counting problems over planar graphs with new polynomial-time algorithms. Although the phrase
“holographic algorithm” is meant to refer to any polynomial-time algorithm that uses a holographic
reduction, it became synonymous with polynomial-time algorithms with a holographic reduction
to matchgates (or more preciously, to Holant problems using matchgate signatures over planar
graphs).

Holographic reductions to Holant problems with product-type or affine signatures also exist [52,
47, 35, 80, 30, 34, 27]. To prove the dichotomy theorems just referenced, it is not necessary to obtain
characterizations of the &7-, &-, or ./ -transformable signatures. The condition of transformability
arises naturally in the proof. However, the characterizations of transformability are useful in
answering the decidability question of these dichotomy theorems. The current understanding of
o/~ and P-transformability are discussed in the text surrounding Open Problem 4.1.8 and Open
Problem 4.2.15 respectively.

The corresponding questions for .# with two sets of symmetric signatures were answered in
the affirmative by Theorem 4.1 in [43]. What remains open is the case in which the signatures
might not be symmetric (which tends to be easier since the input is exponentially larger than in

the symmetric case).

Open Problem 4.3.9. Let F and G be finite sets of complex-valued signatures over a domain of
size kK > 2.
1. Is there an algorithm to decide if there exists a T' € GL2(C) such that GT C .# and F C T.#7?
2. If so, is there an algorithm to find such a T'7

3. In either case, if an algorithm exists, then does a polynomial-time algorithm exist?

The heart of the FKT algorithm is to find a Pfaffian orientation. For such an orientation,
the number of perfect matchings is the Pfaffian of the corresponding signed adjacency matrix.

Furthermore, The Pfaffian of such a matrix can be computed in polynomial time using efficient
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algorithms for the determinant. What Kasteleyn proved in [89, 88] is that planar graphs have a
Pfaffian orientation and that one can be found in polynomial time.

Is there a larger class of graphs with a Pfaffian orientation that count be found in polynomial
time? The answer is yes! Little [104] proved that K3 3-free graphs have a Pfaffian orientation, and
Vazirani [134] showed how to find such an orientation in polynomial time. More recently, it was
shown how to count perfect matchings over Kj-free graphs [118], and then over H-free graphs for
any graph H with a planar embedding that has at most one crossing [56], both in polynomial time.

However, these new results are not based on finding a Pfaffian orientation.

4.4 Vanishing

This section is about a tractable case called vanishing signatures. It was published in [29, 30].
Vanishing signatures were first introduced in [72] in the parity setting to denote signatures for

which the Holant value is always 0 modulo 2.

Definition 4.4.1. A set of signatures F is called vanishing if the value Holantg(F) is 0 for every

signature grid Q. A signature f is called vanishing if the singleton set {f} is vanishing.

A simple lemma (Lemma 6.2 in [72]) from the parity setting also holds over any field F with
the same proof. It also works for signatures that may not be symmetric. Let f + g denote the
entry-wise addition of two signatures f and g with the same arity, i.e. (f + g)¢ = f¢ + g¢ for any

index 4.

Lemma 4.4.2. Let F be a vanishing signature set. If f is the signature of an F-gate, then FU{f}

is also vanishing. If f,g € F of the same arity, then F U {f + g} is vanishing as well.

Obviously, any signature that is identically zero is vanishing. This is trivial. However, the
concept of vanishing signatures is not trivial. The unary signature [1,4] connected to another
[1,4] has a Holant value of 0. Consider a signature set F in which every signature of arity n is
degenerate. That is, every signature of arity n is a tensor product of unary signatures. Moreover,

for each signature, suppose that more than half of the unary signatures in the tensor product are
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[1,4]. For any signature grid 2 with signatures from F, it can be decomposed into many pairs of
unary signatures. The total Holant value is the product of the Holant on each pair. Since more
than half of the unaries in each signature are [1, 7], more than half of the unaries in 2 are [1,]. Then
two [1,4)’s must be paired up. Hence Holant(2) = 0. Thus, all such signatures form a vanishing
set. We also observe that this argument holds when [1,4] is replaced by [1, —i].

These observations were the genesis for the complex-weighted Holant dichotomy in [30]. A
dichotomy for real-weighted Holant had recently been proved by Huang and Lu [80]. The tractable
cases for their dichotomy were same as the complex-weighted #CSP dichotomy [53] after one ac-
counts for additional tractability from holographic transformations (cf. Corollary 4.1.6 and Corol-
lary 4.2.7). However, we knew that a new vanishing tractable case would appear when considering
complex weights.

Thus, we began the work in [30] by characterizing all sets of symmetric vanishing signatures. The
signatures in the example described above are generally not symmetric, so we use symmetrization
operation given in Definition 4.3.4. Note that we include redundant permutations of v in the
definition. Equivalent v;’s also induce redundant permutations. These redundant permutations
simply introduce a nonzero constant factor, which does not change the complexity. However,
the allowance of redundant permutations simplifies our calculations. An illustrative example of

Definition 4.3.4 is

Sym2([1,i); [a, b]) = 2[a,b] @ [1,i] @ [1,4] + 2[1,4] @ [a,b] ® [1,4] + 2[1,i] ® [1,4] @ [a, ]

= 2[3a, 2ia + b, —a + 2ib, —3b]. (4.4.7)

Definition 4.4.3. A nonzero symmetric signature f of arity n has positive vanishing degree k > 1,
which is denoted by vd™ (f) = k, if k < n is the largest positive integer such that there exists n — k

unary signatures vy, ..., v,_; satisfying

f= Symﬁ([l,i]; Vlyeooy Upnk)-

If f cannot be expressed as such a symmetrization form, we define vd™ (f) = 0. If f is the all zero
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signature, define vd*(f) =n + 1.

We define negative vanishing degree vd~ similarly, using —i instead of <.

Notice that it is possible for a signature f to have both vd™(f) and vd™ (f) nonzero. For
example, f = [1,0,1] has vd* (f) = vd~(f) = 1.

By the discussion above and Lemma 4.4.2, we know that for a signature f of arity n, if vd?(f) >
5 for some o € {+,—}, then f is a vanishing signature. This argument is easily generalized to a

set of signatures. In particular, the signature in (4.4.7) is vanishing for any a,b € C.
Definition 4.4.4. For o € {+,—}, we define ¥7 = {f | 2vd?(f) > arity(f)}.

Lemma 4.4.5. Let F be a set of symmetric signatures. If F C ¥+ or F C ¥, then F is

vanishing.

In Theorem 4.4.12, we show that these two sets capture all symmetric vanishing signature sets.

4.4.1 Characterizing Vanishing Signatures using Recurrence Relations

Now we give an equivalent characterization of vanishing signatures.

Definition 4.4.6. A symmetric signature f = [fo, f1, ..., fu] of arity n is in %, for a nonnegative
integer t > 0if t >n or forany 0 < k <n—t, fi,..., frre satisfy the recurrence relation
Vit ()il Yo =0 4438
; k+t ro1)" ktt—1 o Oka— . (4.4.8)

We define %, similarly but with —i in place of 4 in (4.4.8).

It is easy to see that Z; = X, is the set of all zero signatures. Also, for o € {4, —}, we have
Ky C Ry when t <t'. By definition, if arity(f) = n then f € Z5 ;.

Let f = [fo, f1,---,fn] € % with 0 < t < n. Then the characteristic polynomial of its
recurrence relation is (1 + zi)?. Thus there exists a polynomial p(z) of degree at most ¢ — 1 such
that f, = i*p(k), for 0 < k < n. This statement extends to 9?; 1 since a polynomial of degree n
can interpolate any set of n+ 1 values. Furthermore, such an expression is unique. If there are two

polynomials p(x) and q(z), both of degree at most n, such that fi, = i*p(k) = i*q(k) for 0 < k < n,
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then p(x) and ¢(z) must be the same polynomial. Now suppose fi, = i*p(k) (0 < k < n) for some
polynomial p of degree at most t — 1, where 0 < ¢ < n. Then f satisfies the recurrence (4.4.8) of
order t. Hence f € %, .

Thus, f € %;;1 iff there exists a polynomials p(x) of degree at most t such that f, = i*p(k)

(0<k <n), forall 0<t<n. For %, ,, just replace i by —i.

Definition 4.4.7. For a nonzero symmetric signature f of arity n, it is of positive (resp. negative)
recurrence degree t < n, denoted by rd™(f) =t (resp. rd™(f) = t), if and only if f € %, — %,

(resp. f € Z, 1 — %, ). If f is the all zero signature, we define rd™(f) =rd™ (f) = —1.

Note that although we call it the recurrence degree, it refers to a special kind of recurrence
relation. For any nonzero symmetric signature f, by the uniqueness of the representing polynomial
p(z), it follows that rd?(f) = t iff deg(p) = ¢, where 0 < ¢ < n. We remark that rd?(f) is the
maximum integer ¢ such that f does not belong to Zy. Also, for an arity n signature f, rd’(f) =n

if and only if f does not satisfy any such recurrence relation (4.4.8) of order ¢t < n for o € {4, —}.

Lemma 4.4.8. Let f = [fo,..., fa] be a symmetric signature of arity n, not identically zero. Then
for any nonnegative integer 0 <t < n and o € {+, —}, the following are equivalent:

(i) There exist t unary signatures vi, ..., v, such that
f=Sym ([1,0i);v1,...,0). (4.4.9)

(i) | € Zf\-
Proof. We consider o = + since the other case is similar, so let v = [1,].
We start with (i) = (i¢) and proceed via induction on both ¢ and n. For the first base case
of t =0, Sym”(v) = [1,4]®" = [1,4, 1, —4,...,i"], 80 fre1 = ifx forall 0 <k <n—1and f € % .
The other base case is that t = n — 1. Let Syml(v;vy,...,v) = [fo, ..., fa] where v; = [a;, bj]
forl <¢<t,and S ="f, +---+ (?)z'fl + (g)iofo. We need to show that S = 0. First notice

that any entry in f is a linear combination of terms of the form a; a;, - --a;, , , bj ---bj,, where

Jk
0<k<n-—1,and {i1,...,in—1-ksJ1,---5Jkt = {1,2,...,n — 1}. Thus S is a linear combination

of such terms as well. Now we compute the coefficient of each of these terms in S.
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Each term a;,a;, - - - a;, ,_,bj, ---bj, appears twice in S, once in fj and the other time in fj1.

In fx, the coefficient is k!(n — k)!, and in fr11, it is i(k+ 1)!(n — k —1)!. Thus, its coefficient in S is

(k:i 1)1'“1“’€ + Dl —k =1+ <Z> P*kl(n — k)l = 0,

The above computation works for any such term due to the symmetry of f, so all coefficients in S
are 0, which means that S = 0.

Now assume for any ¢’ < ¢ or for the same ¢ and any n’ < n, the statement holds. For (n,t),

where n > t+1, assume that f = [fo, ..., fn] = Sym” “(v;v1,..., %), g = Symf:j_l(v;m, Cey ) =
(90, - - - gn-1], and for any 1 < j < t, hU) = SymZ:tI(v;vl,...,Uj,l,vjﬂ,...,vt) = [h(()]), e ,hgzl].

By the induction hypothesis, g satisfies the recurrence relation of order ¢t + 1, namely g € %7;1.
Also for any j, h\9) satisfies the recurrence relation of order ¢, namely hl) € R C %fjl'
We have the recurrence relation

g, 0) = (00— @ Sym” " (v, L wy) (4.4.10)

n

Sym

¢
n—t .
+ E v;®@ Symy, "3 (V3 V1, .. Vi1, Vg, - - -5 V).
Jj=1

By (4.4.10), the entry of weight k in f for any k& > 0 is

t
fo=(n—t)ige1+ Y bih) .
=

We know that {g;} and {hgj )} satisfy the recurrence relation (4.4.8) of order ¢ + 1. Thus, their
linear combination {f;} also satisfies the recurrence relation (4.4.8) starting from i = k > 0.

We also observe that by (4.4.10), the entry of weight &k in f for any k < n is
t .
fo = —t)gr + Z ajh](:)-
j=1

Since t < n — 1, by the same argument, the recurrence relation (4.4.8) holds for f when k = 0 as

well.
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Now we show (ii) = (). Notice that we only need to find unary signatures {v;} for 1 <i <t
such that Sym” *(v;v1, ..., v;) matches the first t 4+ 1 entries of f. The theorem follows from this
since we have shown that Sym?*(v;vy,...,v;) satisfies the recurrence relation of order ¢ + 1 and
any such signature is determined by the first £ + 1 entries.

We show that there exist v; = [a;, b;] (1 < i < t) satisfying the above requirement. Since f is not
identically zero, by (4.4.8), some nonzero term occurs among { fo, ..., ft}. Let fs # 0, for 0 < s <,
be the first nonzero term. By a nonzero constant multiplier, we may normalize f; = s!(n —s)!, and
set v; = [0,1], for 1 < j <'s (which is vacuous if s = 0), and set vs;; = [1,beqj], for 1 <j <t —s
(which is vacuous if s = t). Let F' be the function defined in (4.4.9). Then Fj = fr = 0 for

0 < k < s (which is vacuous if s = 0). By expanding the symmetrization function, for s < k < ¢,

we get
—S
n—t ;
=kl(n — k) k—s—]
Fr, =Ekl(n k‘).Z(k_s_j)Ajz ,
7=0
where A; is the elementary symmetric polynomial in {bs41,...,b;} of degree j for 0 < j <t — s.

By definition, Ag = 1 and Fy = f;. Setting F = fi for s +1 < k < ¢, this is a linear equation
system on A; (1 < j <t —s), with a triangular matrix and nonzero diagonals. From this, we
know that all A;’s are uniquely determined by {fst1,...,fi}. Moreover, {bsy1,...,b;} are the
roots of the equation Z;;f)(—l)j Azt = 0. Thus {bst1,...,bt} are also uniquely determined by

{fs+1s---, ft} up to a permutation. O
Corollary 4.4.9. If f is a symmetric signature and o € {4+, —}, then vd? (f) +rd?(f) = arity(f).

Thus we have an equivalent form of ¥ for o € {+, —}. Namely,

V7 =A{f12rd(f) <arity(f)}.

4.4.2 Characterizing Vanishing Signature Sets

Now we show that #+ and ¥~ capture all symmetric vanishing signature sets. To begin, we show

that a vanishing signature set cannot contain both types of nontrivial vanishing signatures.
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Figure 4.2: Example of a gadget used to create a degenerate vanishing signature from
some general vanishing signature. This example is for a signature of arity 7 and recur-
rence degree 2, which is assigned to both vertices.

Lemma 4.4.10. Let fy € ¥ ' and f_ € ¥ ~. If neither fi nor f_ is the all zero signature, then

the signature set {f4, f—} is not vanishing.

Proof. Let arity(fy) = n and rd*(f.) = t, so 2¢t < n. Consider the gadget with two vertices
and 2t edges between two copies of fi. (See Figure 4.2 for an example of this gadget.) View
f+ in the symmetrized form. Since vd™(fy) = n —t, in each term, there are n — ¢t many [1,i]’s
and t many unary signatures not equal to (a multiple of) [1,7]. This is a superposition of many
degenerate signatures. Then the only non-vanishing contributions come from the cases where the
n — 2t dangling edges on both sides are all assigned [1, 7], while inside, the ¢ copies of [1,4] pair up
with ¢ unary signatures not equal to [1,] from the other side perfectly. Notice that for any such
contribution, the Holant value of the inside part is always the same constant and this constant is
not 0 because [1,i] paired up with any unary signature other than (a multiple of) [1,4] is not 0.
Then the superposition of all of the permutations is a degenerate signature [1,1’]@2("_2” up to a
nonzero constant factor.

Similarly, we can do this for f_ of arity n’ and rd~(f_) = t/, where 2t < n/, and get a degenerate
signature [1, —i]®2("'_2tl), up to a nonzero constant factor. Then form a bipartite signature grid

®2(n=2t) and (n — 2t) vertices on the other

with (n’ — 2t') vertices on one side, each assigned [1, 1]
side, each assigned [1, —i]®2(”/_2t/). Connect edges between the two sides arbitrarily as long as it

is a 1-1 correspondence. The resulting Holant is a power of 2, which is not vanishing. O
Lemma 4.4.11. Every symmetric vanishing signature is in ¥ U ¥ ™.

Proof. Let f be a symmetric vanishing signature. We prove this by induction on n, the arity of f.
For n = 1, by connecting f = [fo, f1] to itself, we have fg + f2 = 0. Then up to a constant factor,

we have either f = [1,i] or f = [1,—i]. The lemma holds.
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For n = 2, first we do a self loop. The Holant is fy+ fo. Also, we can connect two copies of f, in
which case the Holant is f2+2f%+ f2. Since f is vanishing, both fo+ fo = 0 and f3+2fZ+ f3 = 0.
Solving them, we get f = [1,4,—1] = [1,i]®? or [1, —i, —1] = [1, —i]®? up to a constant factor.

Now assume n > 2 and the lemma holds for any signature of arity k& < n. Let f = [fo, f1,.--, [n]
be a vanishing signature. A self loop on f gives f' = [f{, fi,..., fi,_o], where f; = f; + fjio for
0 < j < n—2. Since f is vanishing, f’ is vanishing as well. By the induction hypothesis,
flevtuy-.

If f/is an all zero signature, then we have f; + fj12 = 0 for 0 < j < n —2. This means that the
f;’s satisfy a recurrence relation with characteristic polynomial 22 +1, so we have fi= ail +b(—i)’

for some a and b. Then we perform a holographic transformation with Z = - [1- 1-],

\/5 1 —1

Holant (= | f) =r Holant([1,0,1]2%% | (Zz71)®" f)

=7 Holant([0, 1, 0] | f)a

where f = [a,0,...,0,b]. The problem Holant([0,1,0] | f ) is a weighted version of testing if a graph
is bipartite. Now consider a graph with only two vertices, both assigned f, and n edges between
them. The Holant of this graph is 2ab. However, we know that it must be vanishing, so ab = 0. If
a =0, then f € ¥ . Otherwise, b=0and f € ¥ .

Now suppose that f’is in ¥+ U¥ ™ but is not an all zero signature. We consider f’ € #* since
the other case is similar. Then rd™ (f’) = ¢, so 2t < n — 2. Consider the gadget which has only two
vertices, both assigned f’, and has 2t edges between them. (See Figure 4.2 for an example of this
gadget.) It forms a signature of degree d = 2(n — 2 — 2t). This gadget is valid because n — 2 > 2t.
By the combinatorial view as in the proof of Lemma 4.4.10, this signature is [1,4]®?.

Moreover, rd™ (') = t implies that the entries of f’ satisfy a recurrence of order ¢+ 1. Replacing
f]’~ by f; + fj+2, we get a recurrence relation for the entries of f with characteristic polynomial
(22 +1)(z— i)™ = (z+i)(x —4)"2. Thus, f; = i/p(j) +c(—i)7 for some polynomial p(x) of degree
at most ¢ + 1 and some constant c. It suffices to show that ¢ = 0 since 2(t +1) < n as 2t < n — 2.

Consider the signature h = [hy, ..., hy—1] created by connecting f with a single unary signature
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[1,4]. For any (n — 1)-regular graph G = (V, E) with h assigned to every vertex, we can define a
duplicate graph of (d + 1)|V| vertices as follows. First for each v € V, define vertices v/, vy, ..., v4.
For each ¢, 1 < i < d, we make a copy of G on {v; | v € V'}, i.e., for each edge (u,v) € E, include
the edge (u;,v;) in the new graph. Next for each v € V| we introduce edges between v' and v; for
all 1 < i < d. For each v € V, assign the degenerate signature [1,i]®¢ that we just constructed to
the vertices v'; assign f to all the vertices v1,...,vq. Assume the Holant of the original graph G
with h assigned to every vertex is H. Then for the new graph with the given signature assignments,
the Holant is H?. By our assumption, f is vanishing, so H¢ = 0. Thus, H = 0. This holds for any
graph G, so h is vanishing.

Notice that hy = fr+ifx4+1 for any 0 < k < n—1. If h is identically zero, then fr+ifr+1 = 0 for
any 0 < k < n — 1, which means f = [1,4]®" up to a constant factor and we are done. Otherwise,
suppose that h is not identically zero. By the inductive hypothesis, h € ¥+ U ¥ ~. We claim h
cannot be from ¥ . This is because, although we do not directly construct A from f, we can always
realize it by the method depicted in the previous paragraph. Therefore the set {f’, h} is vanishing.
As both f’ and h are nonzero, and f’ € ¥, we have h € ¥ ~, by Lemma 4.4.10.

Hence h is in ¥ . Then there exists a polynomial q(z) of degree at most t' = L”T_IJ such
that hy = i*q(k), for any 0 < k < n — 1. Since 2t < n — 2, we have t < ¢’. On the other hand,

hy = fr +ifgy1 for any 0 < k <n —1, so we have

hi = fe +ifrm
= (k) + ()" + i (T p(k + 1) + () )
= i* (p(k) — p(k + 1)) + 2¢(—0)"
= i*r(k) + 2¢(—i)"

= i*q(k),

where r(x) = p(x) — p(x 4+ 1) is another polynomial of degree at most ¢. Then we have



o6

which holds for all 0 < k < n—1. Notice that the left hand side is a polynomial of degree at most t/,
call it s(x). However, for all even k € {0,...,n—1}, s(k) = 2c. There are exactly [2] > |21] = ¢
many even k within the range {0,...,n — 1}. Thus s(x) = 2¢ for any . Now we pick k = 1, so

s(1) = —2¢ = 2¢, which implies ¢ = 0. This completes the proof. O

Combining Lemma 4.4.5, Lemma 4.4.10, and Lemma 4.4.11, we obtain the following theorem

that characterizes all symmetric vanishing signature sets.

Theorem 4.4.12. Let F be a set of symmetric signatures. Then F is vanishing if and only if
FCAVT orFCvV.

To finish this subsection, we prove some useful properties regarding vanishing and recurrence
degrees in the construction of signatures. For two symmetric signatures f and g such that arity(f) >
arity(g), let (f, g) = (g, f) denote the signature that results after connecting all edges of g to f. (If

arity(f) = arity(g), then (f, g) is a constant, which can be viewed as a signature of arity 0.)

Lemma 4.4.13. For o € {+,—}, suppose symmetric signatures f and g satisfy vd’(g) = 0 and

axity(f) — arity(g) > 1d”(f). Then rd”((f,g)) = rd”(f).

Proof. We consider o = + since the case 0 = — is similar. Let arity(f) = n, arity(g) = m, and
rdT(f) = t. Denote the signature (f, g) by f’.

If t = —1, then f is identically zero and so is f’. Hence rd™ (f’) = —1.

Suppose t > 0. Then we have f, = i*p(k) where p(x) is a polynomial of degree exactly ¢. Also

arity(f') =n —m >t. We have

where q(k) = 37" ( )p(k+ )i’ g; is a polynomial in k. Notice that vd*(g) = 0. Then rd*(g) =m

and g € %,;,. Thus ijo (’?)zﬂ g; # 0. Then the leading coefficient of degree ¢ in the polynomial
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q(k) is nonzero. However, arity(f’) > t. Thus rd™(f’) = t as well. O

Lemma 4.4.14. For o € {+,—}, let f be a nonzero symmetric signature and suppose that [’ is

obtained from f by a self loop. If vd?(f) > 0, then vd?(f) —vd?(f") =rd?(f) —rd?(f') = 1.

Proof. We may assume o = +, arity(f) = n, and rd*(f) = t. Since f is not the all zero signature,
t > 0. Also since vd¥(f) > 0, t = n — vd™(f) < n. By assumption, we have f = i*p(k), where

p(z) is a polynomial of degree exactly ¢. Then we have

fe = fr+ fes2

where ¢(k) = p(k) — p(k + 2) is a polynomial in k. If ¢ = 0, then p(z) is a constant polynomial
and q(x) is identically zero. Then rd*(f’) = —1 by definition and rd*(f) — rd™(f’) = 1 holds.
Suppose t > 0, then in g(k), the term of degree ¢ has a zero coefficient, but the term of degree t — 1
is nonzero. So ¢(x) has degree exactly t —1 < n — 2 = arity(f’). Thus rd*(f’) =t — 1. Notice that

arity(f) — arity(f’) = 2, then vd™ (f) — vd*(f") = 1 as well. O

Moreover, the set of vanishing signatures is closed under orthogonal transformations. This
is because under any orthogonal transformation, the unary signatures [1,i] and [1,—i] are either
invariant or transformed into each other. Then considering the symmetrized form of any signature,

we have the following lemma.

Lemma 4.4.15. For a symmetric signature f of arity n, o € {+,—}, and an orthogonal matric

T € C**2, either vd° (f) = vd?(T®"f) or vd?(f) = vd~7(T®"f).
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4.4.3 Characterizing Vanishing Signatures via a Holographic Transformation

There is another explanation for the vanishing signatures. Given an f € ¥t with arity(f) = n and

rd*(f) = d, we perform a holographic transformation with Z = - [1 ! ],

\/§ i —1

Holant(= | f) =¢ Holant([1,0,1]2%? | (Z71)®" f)

=7 Holant([0,1,0] | f),

where f is of the form [fo,fl, e ,fd,O,...,O], and fd # 0. To see this, note that Z—! = % H ;i]
and Z71[}] = v2[}]. We know that f has a symmetrized form, such as Sym”~4([}];v1,...,vq).
Then up to a factor of 2*/2, we have f = (Z=1)®"f = Sym?~4([}];u1,. .., uq), where u; = Z v,

for 1 < i < d and u; and v; are column vectors in C?. From this expression for f , it is clear
that all entries of Hamming weight greater than d in f are 0. Moreover, if fd = 0, then one
of the u; has to be a multiple of [1,0]. This contradicts the degree assumption of f, namely
vd"(f) =n —1d"(f) = n — d and no higher.

From this discussion, we have the following lemma.

Lemma 4.4.16. Suppose f is a symmetric signature of arity n. Let f = (Z=V)®nf. Ifrd*(f) = d,
then f = [fg,fl, e ,fd,O, ...,0] and fd #0. Also f € L@j iff all nonzero entries off are among
the first d entries in its symmetric signature notation.

Similarly, if rd™(f) = d, then f = [0,...,0, fa—d, ..., fn] and fn_q # 0. Also f € R, iff all

nonzero entries of f are among the last d entries in its symmetric signature notation.

This presentation of vanishing signatures follows the order in which we thought about them.
Initially, we viewed them as summations of degenerate signatures with more than have [1,i]’s or
[1, —i]’s. For this reason, we defined the notions of positive and negative vanishing degrees to
indicate how many [1,4]’s or [1, —i]’s respectively can exist in such an expression. Next we realized
that the entries of a symmetric vanishing signature satisfy a recurrence relation involving +i. For
this reason, we defined the notions of positive and negative recurrence degrees to indicate the order
of this recurrence relation. Lastly, we gained the perspective of vanishing signatures in the Z basis

as described above.
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In any bipartite graph for Holant([0, 1,0] | f), the binary DISEQUALITY (#2) = [0,1,0] on the
left imposes the condition that half of the edges must take the value 0 and the other half must
take the value 1. On the right side, by f € ¥, we have d < n/2, thus f requires that less than
half of the edges are assigned the value 1. Therefore the Holant is always 0. A similar conclusion
was reached in [50] for certain (2,3)-regular bipartite Holant problems with Boolean signatures.
However, the importance was not realized at that time—not until the spring of 2012. At that time,
we were working on [30], and Jin-Yi Cai was teaching a special topics course called Complexity
of Counting Problems in which he presented [50]. When he stated that some cases were tractable
because their Holant is always 0, Heng Guo immediately did the calculations to verify the vanishing
and recurrence degrees of the signatures involved when expressed in the standard basis.

I now believe that this Z-basis view is the right way to think about vanishing signatures. Not
only is the argument that they are vanishing trivial, but it is also a useful generalization to signatures
that are not symmetric. In contrast, definition of vanishing signatures using the vanishing degrees is
not that helpful, and it is not clear how to generalize recurrence degrees to asymmetric signatures.
Furthermore, gadget constructions with vanishing signatures in the Z basis are more combinatorial,

easier to find, and easier to explain than the same gadget constructions in the standard basis.

Open Problem 4.4.17. Are there any complex-weighted signatures over the Boolean domain that

are vanishing for some reason other than the one provided by the Z-basis view?

In our characterization of symmetric vanishing signatures, one can check that all of our gadget
constructions are planar. This means that there does not exist a signature that is vanishing over
planar graphs but is not vanishing over general graphs. This makes me think of the following

question.

Open Problem 4.4.18. Does there exists an “interesting” class C of graphs and a signature f

such that f is vanishing over C but not vanishing over general graphs?

Although vanishing signatures were first introduced in [72] in the parity setting (where a signa-
ture set is vanishing if the corresponding Holant value is always 0 modulo 2), a complete charac-

terization of those vanishing signatures was not given. Thus, the dichotomy in [72] is not currently
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known to be decidable. The difficulty in the parity setting is that each vanishing signature over
the Gaussian integers corresponds to a vanishing signature over Zs. Since 1> = —1 (mod 2), the
element 1 is a square root of 1 over Zs just like 7 is a square root of 1 over C. Therefore, a vanishing
signature f over the Gaussian integers corresponds to a vanishing signature over Zo by mapping
any occurrence of ¢ to 1 and then reducing modulo 2. Given our characterization for vanishing
signatures over C and the partial characterization of vanishing signatures over Zy in [72], I expect
that one can now obtain a complete characterization the vanishing signatures over Zo, thereby

making the dichotomy in [72] decidable.
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Chapter 5

Dichotomy for # H-Coloring Problems
over Planar 3-Regular Directed

Graphs

In this chapter, we introduce an idea called anti-gadgets in complexity reductions. These combi-
natorial gadgets have the effect of erasing the presence of some other graph fragment, as if we had
managed to include a negative copy of a graph gadget. We use this idea to prove a dichotomy for a
generalization of counting graph homomorphisms that allows for complex weights. This work was

published in [38, 39].

5.1 Background

Reduction, the method of transforming one problem to another, and thereby proving the hardness
of a problem for an entire complexity class, is arguably the most successful tool in complexity
theory to date. When expressed in terms of graph problems, a typical reduction from problem
II; to problem Il is carried out by designing a gadget—a graph fragment with some desirable
properties. The reduction starts from an instance graph G, for II; and introduces one or more

copies of the gadget to obtain an instance graph G (or possibly multiple instance graphs) for IIs.
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The graph G2 may contain a polynomial number of copies of the gadget. But can it include
some negative copies of a gadget? Of course not; the notion of a negative graph fragment seems
meaningless. However, we introduce an idea in reduction theory that has the effect of introducing
negative copies of a gadget in a reduction. More precisely, we show that our new construction
idea, when expressed in algebraic terms, has the same effect as erasing the presence of some graph
fragment. It is as if we managed to include a negative copy of a certain gadget. We call this
an anti-gadget. It is analogous to the pairing of a particle and its anti-particle in physics. We
demonstrate the elegance and usefulness of anti-gadgets by proving a new complexity dichotomy
theorem in counting complexity where anti-gadgets play a decisive role. Furthermore, we show that
anti-gadgets provide a simple explanation for some miraculous cancellations that were observed in
previous results [37, 36]. We also observe how anti-gadgets can guide the search for such gadget
sets more by design than by chance.

The new dichotomy theorem that we prove using anti-gadgets can be stated in terms of spin
systems over 3-regular graphs with vertices taking values in {0,1} and an arbitrary complex-valued
edge function f(-,-) = (w,x,y, z) that is not necessarily symmetric. Define the partition function
on G=(V,FE) as

20= Y I fetw)ow).

0:V(G)—{0,1} (u,v)eE(G)
Depending on the nature of the edge function f, we show that the problem Z(-) is either com-
putable in polynomial time or #P-hard. The tractable cases were what we expected: (1) product-
type signatures, (2) holographic reductions to affine signatures, and (3) holographic reductions to
matchgate signatures with the input restricted to planar graphs. The formal statement is given in
Theorem 5.4.1. This dichotomy extends several previous ones that considered a symmetric edge
function [50, 48, 93].

This partition function Z(G) computes the sum of weighted graph homomorphisms from the
input graph G to the 2-vertex target graph H with weighted adjacency matrix [y Z]. It is also
known as the # H-coloring problem. Recall from Lemma 2.3.1 that we can express this problem
as a counting Constraint Satisfaction Problem (#CSP). Then by Lemma 2.2.1, we can further

express this problem as a Holant problem. Compared to #CSP and graph homomorphisms, the
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Rl B

(a) As a bipartite (2,3)-regular graph (b) As a 3-regular directed graph

Figure 5.1: The two representations of an (f | =3)-gate.

main difficulty here is bounded degree, which makes hardness proofs more challenging, and for a
good reason—there are indeed more tractable cases.

We give a directed explanation of how to express Z(:) as a Holant problem (which is really
the combined proofs of Lemma 2.3.1 and Lemma 2.2.1 that are simplified for this specific case).
Given any 3-regular directed graph G = (V, E), its edge-vertex incidence graph G’ has vertex set
V(G') =V UEFE and edge set E(G') = {(v,e) | v is incident to e in G}. The graph G’ is bipartite
and (2,3)-regular. To each v € V C V(G’), we assign the EQUALITY function =3 of arity 3. To
each e € E C V(G'), we assign the original edge function f from G. Furthermore, we assign the
first (resp. second) input of f to the edge incident to the vertex in V' that is incident to the tail
(resp. head) of the directed edge in G. Then the Holant value on G’ is exactly the partition function
Z(@). Essentially =3 forces all incident edges in G’ at a vertex v € V' C V(G’) to take the same
value, which reduces to vertex assignments on V', as in Z(G).

As a Holant problem (over (2, 3)-regular bipartite graphs), this partition function is expressed
as Holant(f | =3), where f = (w, x,y, z). Our main result is a dichotomy theorem for this problem,
where w, x,y, z € C. To describe an (f | =3)-gate though, it is simpler to depict it as a fragment of

a 3-regular directed graph. Figure 5.1 gives an example of an (f | =3)-gate both as a (2, 3)-regular

)

Figure 5.2: An arity 4-to-1 projective gadget (a), a recursive gadget (b), and a planar
embedding of their interpolation construction (¢). My wife thinks (c¢) looks like a pencil;
I agree.
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Gadget A Gadget B Gadget C Gadget D Gadget E

Figure 5.3: Five basic gadget components.

bipartite graph and as an equivalent 3-regular directed graph.

We create (f | =3)-gates with two types of dangling edges. We say an edge is leading if it is a
dangling edge and incidence to a vertex of degree 2, which must be assigned f. We say an edge is
trailing if it is a dangling edge and incidence to a vertex of degree 3, which must be assigned =j;.

Suppose an (f | =3)-gate F' has n dangling edges and ¢ of them are leading edges. Then we
depict F' with its leading edges protruding to the left and any trailing edges protruding to the right.
We do this both to easily distinguish between these two types of dangling edges, and because we
are primarily interested in the corresponding signature matrix with parameter ¢. In this chapter,
we call this signature matrix with parameter ¢ the transition matrix of F. Each gadget we use is
given a distinct number i, and we use M; to denote its transition matrix unless stated otherwise.

The constructions in this chapter are primarily based upon two kinds of (f | =3)-gates, which
we call recursive gadgets and projective gadgets. An arity-d recursive gadget is an (f | =3)-gate
with d leading edges and d trailing edges. A projective gadget from arity n to m is an (f | =3)-gate
with m leading edges and n trailing edges with m < n. These gadget types are defined in this
way to maintain the bipartite structure of the signature grid when we merge trailing edges of one

gadget with leading edges of another (see Figure 5.2).

5.2 Gadgets and Anti-Gadgets

In this section, we start with a gentle primer to the association between a gadget and its transition
matrix. We show that one can typically express the transition matrix starting from a few of the
most basic gadget components and their matrices as atomic building blocks, after applying some
well-defined operations. We then introduce anti-gadgets and explain why they are so effective.

We start with five basic gadget components as depicted in Figure 5.3. Their transition matrices
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01 z
The first operation is matrix product, which corresponds to sequentially connecting two gadgets

10 w
are A=[U%], B=[¥¥],C =[3999], D= [88],andE= H

together. For example, Gadget 1 is a simple composition of Gadget B and Gadget C, and thus its

w00y
x 00z

| (see Figure 5.5a). The second operation

transition matrix is the matrix product BC' = [
is tensor product, which corresponds to putting two gadgets in parallel (two disconnected parts).
The transition matrix of Gadget 2 is ACB®2D = [w%’;jjrz;z wg;i:f ’ ] , where B®? corresponds to the
parallel part of the gadget and is clearly visible in Figure 5.5b. Similarly, Gadget 3 has transition
matrix AC(A® B)D. Note that the order of the tensor product is to make the top leading edge for
the row (resp. the top trailing edge for the column) the most significant bit. The transition matrices
of Gadget 4 and Gadget 5 are respectively [y 2192 diag(w, x, y, z) and [y 2192 diag(w, y, x, z) and
can be mechanically derived by our gadgetry calculus as A®?(C' ® I)(Is ® A ® I3)(I; ® D) and
A®2(C @ ) (I ® B ® I)(Ia ® D). The composition of Gadget 4 is illustrated in Figure 5.5c.
Gadget E is used to create a self-loop, as in Gadget 6, which has transition matrix AC(A® I2)(C'®
I)(BOE ® 14)(A® B)D. The composition of Gadget E is illustrated in Figure 5.5¢c.

Now we introduce a powerful new technique called anti-gadgets.

Definition 5.2.1. Let GG be a recursive gadget with transition matrix M. Then a recursive gadget

G' is called an anti-gadget of G if the transition matrix of G’ is AM ~!, for some A € C — {0}.

A crucial ingredient in our proof of #P-hardness is to produce an arbitrarily large set of pairwise
linearly independent signatures. These signatures are used to form a Vandermonde system of full
rank. One common way to produce an arbitrarily large set of signatures is to compose copies of a
recursive gadget. Let M be the transition matrix of some recursive gadget G. Composing k copies

of G produces a gadget with transition matrix M¥. If M has infinite order (up to a scalar), then

@@@@@@

Gadget 1 Gadget 2 Gadget 3 Gadget 4 Gadget 5 Gadget 6

Figure 5.4: Recursive and projective gadgets.
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= =@y L 19 — B

(a) Composition of Gadget 1 (b) Composition of Gadget 2 (c) Composition of Gadget 4

@--@Iﬁﬁﬁ%ﬁﬁ LTI B

(d) Composition of Gadget 6

«

Figure 5.5: Gadget compositions using the basic gadget components in Figure 5.3

we have an arbitrarily large set of pairwise linearly independent signatures. Now suppose that M
has finite order (up to a scalar), that is, for some positive integer k, M k = X\, a nonzero multiple
of the identity matrix. Then composing only k£ — 1 copies of G results in a gadget with a transition
matrix that is the inverse of G’s transition matrix (up to a scalar). This is an anti-gadget of G.

If an anti-gadget of G is composed with another gadget containing similar structure to that of
G, then cancellations ensue and the composition yields a transition matrix that can be quite easy to
analyze. E.g., Gadget 4 and Gadget 5 only differ by the orientation of the vertical edge. When com-
posing an anti-gadget of Gadget 4 with Gadget 5, the contribution of the two leading edges cancel
and we get M, ' M; = diag(w, z,y,2)”" ([Ly” §]®2)71 (Y 2192 diag(w, y, z, z) = diag(1,y/x, z/y,1).
The resulting transition matrix has infinite order unless z/y is a root of unity. This situation is
analyzed formally in Lemma 5.5.1.

Another use of the anti-gadget technique can be applied with Gadget 2 and Gadget 3. Once
again, the contribution of the leading edge cancels when composing an anti-gadget of Gadget 3
with Gadget 2. The resulting matrix is a bit more complicated this time. However, when this pair
of gadgets is analyzed formally in Lemma 5.5.2, the assumptions are z = 0 Awyz # 0. In that case,

MM, = [(1) 92/1“’2 } . This matrix clearly has infinite order (up to a scalar).

5.3 Interpolation Techniques

The method of polynomial interpolation has been pioneered by Valiant [126] and further developed

by many others [59, 124, 14, 17, 50]. In this section, we give a new unified technique to interpolate
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all unary signatures. This is our main technical step to prove #P-hardness. Our method produces
an infinite set of pairwise linearly independent vectors at any fixed dimension, and then projects
to a lower dimension while retaining pairwise linear independence of a nontrivial fraction.

In previous work, “finisher gadgets” [93, 37, 36] were used to handle the symmetric case, map-
ping symmetric arity 2 signatures to arity 1 signatures. In our language, a finisher gadget is a
projective gadget from a projective gadget from arity 2 to 1.

In this chapter, we introduce projective gadget sets. These gadget sets are completely general,
in the sense that they can be used to map any set of pairwise linearly independent signatures
(symmetric or asymmetric) to any lower arity, while preserving pairwise linear independence for
an inverse polynomial fraction. This permits much more freedom in gadget constructions, and this
power is used crucially in the proof of our dichotomy theorem. This advance is not just a simple
matter of searching for the right gadgets. One must find the abstract criteria for success that can
be simultaneously satisfied by gadgets that exist in practice. These developments, together with
the anti-gadget concept, come together in the Group Lemma, which provides a straightforward

criterion for proving #P-hardness of certain Holant problems.

Definition 5.3.1. A set of matrices M C C2"*2" forms a projective set from arity n to m if for

any matrix N € C2"*2 with rank 2, there exists a matrix M € M such that M N has rank 2.

We also call a set of gadgets projective from arity n to m if the set of its signature matrices is
projective from arity n to m. A (G | R)-gate set that is projective from arity 2-to-1 can be used to
transform a pair of (G | R)-gates with linearly independent binary signatures to a pair of (G | R)-
gates with linearly independent unary signatures. Projective gadgets in such a set have two trailing
edges and one leading edge, but can also be viewed as operating on signatures of higher arity, with
the identity transformation being performed on the other edges not connected to the projective
gadget. This way of connecting the projective gadget to an existing (G | R)-gate automatically

gives us projective gadget sets for higher arities. But first, a quick lemma to assist with the proof.

Lemma 5.3.2. Let vy and vy be nonzero column vectors, not necessarily the same length. Then

the block matriz [iﬁ? gffi] has rank 2 if and only if [g g] is invertible.
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Proof. We write [‘wo bvo] =[% 2] ab], and [% 1?1] has rank 2. Thus [‘“’0 byo} has rank 2 if and

cv1 dvi 0 vy cv1 duq

only if [‘; g] is invertible. O

Lemma 5.3.3. Let G and R be signature sets. Suppose P is a projective (G | R)-gate set from
arity 2-to-1. Then for all integers k > 2, P acts as a projective (G | R)-gate set from arity k to
k—1.

Proof. We are given that for any N € C**? with rank 2, there exists an F € P with F € C>*4
such that F'N is invertible. We want to show that for any integer £k > 2 and any rank 2 matrix
B € C?"*2 there exists an F € P such that (I ® F)B has rank 2, where I is the 2F~2-by-2k—2
identity matrix.

For any F' € P, the matrix I ® F' can be viewed as being composed of 2-by-4 blocks, with F

appearing along the main diagonal and 2-by-4 zero-matrices elsewhere. We similarly view B as

B FB
Ba FBs -
being composed of 4-by-2 blocks B = . |. Then (I ® F)B = : € C¥ <2, If some
Byj—2 FByk s

B; has rank 2, then there is an F' € P such that F'B; is invertible and (I ® F')B has rank 2, as
desired.

Now assume otherwise, so each B; has rank at most 1. Since B has rank 2, there exists a
2-by-2 invertible submatrix D of B, for which the rows of D appear in B; and Bj, for some i < j.
It follows that B; and B; both have rank exactly 1. Hence for some nonzero vectors vg,v1 € ct
and some a,b,c¢,d € C, we can write B; = [avg bvg] and B; = [cv1 dvq]. By Lemma 5.3.2, [CCL g]
is invertible, as [gﬂ has rank 2. If vy and vy are linearly independent, then choose F' € P such
that F[vg v1] is invertible; otherwise let & € C* be such that vy and ¥ are linearly independent,
and choose F' € P such that F[vy 7] is invertible. In either case (ignoring v in the second case),
we define [v), v{] = Flvy v1], where v{, and v} are nonzero. Then by Lemma 5.3.2, the matrix

[Z? ZZ(,I) } = [ ;gﬂ has rank 2, and since this appears as a submatrix of (I ® F')B, we are done. [

Corollary 5.3.4. Let G and R be signature sets. Suppose P is a finite projective (G | R)-gate set
from arity 2-to-1. Then for any integer k > 2, P induces a finite projective (G | R)-gate set from

arity k to 1.
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Now we show that a finite projective (G | R)-gadget set from arity k to 1 preserves pairwise
linear independence for an inverse polynomial fraction of signatures. The essence of the next lemma

is an exchange in the order of quantifiers.

Lemma 5.3.5. Suppose {v;}i>0 is a sequence of pairwise linearly independent column vectors in
C?* and let F C C2x2" pe g finite set of f matrices that is projective from arity k to 1. Then for
every n, there exists some F € F and some S C {Fv; | 0 < i < nf} such that |S| > n and the

vectors in S are pairwise linearly independent.

Proof. Let j > i > 0 be integers and let N = [v; v;] € C2**2. Since v; and vj are linearly
independent, rank(N) = 2. By assumption, there exists an F' € F such that FN € C**? is
invertible, so we conclude that F'v; and F'v; are linearly independent.

Each F € F defines a coloring of the set K = {0,1,...,n/} as follows: color i € K with
the linear subspace spanned by Fwv;. Assume for a contradiction that for each F' € F, there is
not n pairwise linearly independent vectors among {Fv; | i € K}. Then, including possibly the
0-dimensional subspace {0}, there can be at most n distinct colors assigned by each F' € F. By the
pigeonhole principle, some i and j with 0 < i < j < n/ must receive the same color for all F € F.

This is a contradiction with the previous paragraph, so we are done. O

The next lemma says that under suitable conditions, we can construct all unary signatures
(X,Y). The method will be interpolation at a higher dimensional iteration in a circular fashion

and finishing with an appropriate projective gadget.

Lemma 5.3.6 (Group Lemma). For signature sets G and R, suppose there exists a finite set of
projective (G | R)-gates from arity 2-to-1, and suppose S is a finite set of recursive (G | R)-gates
of arity d > 1 with nonsingular transition matrices. Let H be the group generated by the transition

matrices of gadgets in S, modulo scalar matrices NI, for A € C—{0}. If H has infinite order, then
Holant(G U {(X,Y)} | R) <7 Holant(G | R)

for any X, Y € C.
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Proof. Two matrices are unequal modulo scalar matrices Al if and only if they are linearly inde-
pendent. If any member of S, as a group element in H, has infinite order, then its powers supply
an infinite set of pairwise linearly independent signatures. Otherwise they all have finite order, and
the group H is identical to the monoid generated by S, i.e., every h € H is a product over S with
non-negative powers. Such products give a composition of gadgets in S, which is a recursive gadget.
By assumption, H has infinite order, so by composing recursive gadgets from S, a breadth-first
traversal of the Cayley graph of the monoid generated by & supplies an arbitrarily large set of
recursive gadgets having pairwise linearly independent signatures.

Before we can use a projective gadget set to project the set of pairwise linearly independent
signatures down to arity 1, we make a small modification to each corresponding gadget: connect
a non-degenerate signature g € G to every trailing edge. This ensures that the bipartite structure
of the graph is preserved when applying projective gadgets. We claim that there is some non-
degenerate signature g € G. If this were not the case, then any recursive gadget s € S (note S is
nonempty) could be rewritten with all leading edges internally incident to unary signatures. The
recurrence matrix of such a gadget is expressible as a product of a column vector and a row vector
(by partitioning s into two gadgets with no shared edges), hence the recurrence matrix of s would
have rank at most 1, which is less than 2¢ as promised. Let a > 2 be the arity of g. One can show
by induction that any non-degenerate signature has at least one index ¢, such that if we express
the signature as a 2-by-2~! matrix M indexed by the i-th variable for the row and the remaining
a — 1 variables for the column, then M has rank 2. We designate one such dangling edge of ¢ as
the leading edge and all other dangling edges as trailing edges. As there are d trailing edges in s,
we apply d copies of g, which corresponds to multiplication by the matrix M®¢. Since M has full
rank, pairwise linear independence of the signatures is preserved. Now rewrite the 2d—by—2d(“*1)
matrix form of the signature as a column vector in (CQda7 indexed by cg(q—1) -+ c1b1 - bgq € {0, 1}de,
where by ---bg and ¢q - -+ Cd(a—1) are the row and column indices. Denote these vectors as {v;}i>o.
Finally we can attach projective gadgets to project each v; down to arity 1. (see Figure 5.2¢).

To show Holant(GU{(X,Y)} | R) <r Holant(G | R), suppose we are given as input a bipartite

signature grid © for Holant(G U {(X,Y)} | R), with underlying graph G = (V, E). Let Q C V be
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the set of vertices labeled with (X,Y), and let n = |Q|. By Corollary 5.3.4, there exists a finite
projective set containing f gadgets from arity d to 1, so by Lemma 5.3.5, there is some projective
gadget F in this set such that at least n + 2 of the first (n + 2)/ + 1 vectors of the form Fu;
are pairwise linearly independent. It is straightforward to efficiently find such a set; denote it by
S ={(Xo,Y0), (X1,Y1),..., (Xnt1,Yn+1)}, and let Go, Gy, ..., Gpry1 be the corresponding gadgets.
At most one Y; can be zero, so without loss of generality, assume Y; # 0 for 0 < t < n. If we
replace every element of ) with a copy of Gy, we obtain an instance of Holant(G | R) (note that the
correct bipartite structure is preserved), and we denote this new signature grid by ;. Although
Holant(£;) is a sum of exponentially many terms, each nonzero term has the form bX}Y;"~* for
some ¢ and for some b € C that does not depend on X; or Y;. Then for some cg, c1,...,c, € C, the
sum can be rewritten as

Holant(Q) = > ¢ X{V" ",

0<i<n
Since each signature grid € is an instance of Holant(G | R), Holant(€);) can be solved exactly using
the oracle. Carrying out this process for every ¢ where 0 < t < n, we arrive at a linear system

where the ¢; values are the unknowns.

Yy " - Holant () XY xvyt oo Xpvgt| | eo
Y™ - Holant () X0 xhyvt o Xpvrt| e
Y, ™ - Holant(£2,,) xXov0 Xyt oo Xnyt| e

The matrix above has entry (X,/Y;.)¢ at row r and column c¢. Due to pairwise linear independence
of (X,,Y,), we have that X, /Y, is pairwise distinct for 0 < r < n. Hence this is a Vandermonde

system of full rank, and we can solve it for the ¢; values. With these values in hand, we can calculate

Holant(Q2) = Z G X'yn

0<i<n

completing the reduction. O
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Remark. Every time we apply Lemma 5.3.6, we do so in the simpler case that H contains an
element of infinite order. We had initially hoped to find a useful failure condition from group

theory when H has finite order, but we did not find such a condition.
Here is how we realize a projective set of gadgets from arity 2-to-1.

Lemma 5.3.7. Let ®; € C>** for 1 < i < 7 be matrices with the following properties: ker(®;) =
span{u,u;} for 1 < i < 3, ker(®;43) = span{v,v;} for 1 < i < 3, ker(®7) = span{s,t}, and
dim{w, uy, u,us} = dim{v,vi,ve,v3} = dim{u,v,s,t} = 4. Then {®; | 1 < i < T} is projective

from arity 2-to-1.

Proof. Let N € C**2 be a rank 2 matrix with im(N) = span{wy,ws}. If im(N) = span{u,v},
then ®7N has rank 2. Otherwise, either {wq,ws,u} or {wy,ws,v} is linearly independent. Say
{wy,we,u} is linearly independent. The other case is similar. Then {wi,ws,u} can be further

augmented by some u; for 1 <1¢ < 3 to form a basis, in which case ®; N has rank 2. 0

Remark. Michael Kowalczyk and I went back-and-forth to find this theoretical condition that is
satisfied by gadgets in practice. He eventually found this condition, and I found the gadgets that
satisfied it. The condition is stated in terms of vector spaces, which is how we use it. However, the
proof applies to the more general case of matroids. I prefer thinking of it in terms of matroids. To
avoid having to introduce matroids and for consistency of presentation, we stick to the language of

vector spaces.

Verifying that a specific set of gadgets forms a projective set from arity 2-to-1 only requires a
straightforward linear algebra computation. Note that the exceptional cases are either symmetric

signatures (for which a dichotomy exists [93]) or largely correspond to tractable cases.

Lemma 5.3.8. Let w,z,y,z € C. Then there exists a finite projective ((w,x,y,z) | =3)-gate set

from arity 2-to-1 unless x =y V wz = xy V (w,2) = (0,0) V (z,y) = (0,0) V (0 = =23 Az = —y).

Proof. Let f = (w,z,y,z). We are given that

x#y/\wz#xy/\(w7z)7é(070)/\('7:7y)7é(Oﬂo)A(wg#_ZS\/m#_y)‘
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Table 5.1: This table indicates which projective gadgets are used in each case (and
the role of each gadget within each case) in the proof of Lemma 5.3.8. The seven ®;
refer to the matrices in Lemma 5.3.7. As an example, the projective set in case 1 is
{F7, F14, Fl6,F7,F8, F107F12}- Note that F7 plays the role of both (1)1 and (1)4.
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It suffices to exhibit projective gadget sets that satisfy the hypotheses of Lemma 5.3.7, which is
what we do.

Let F; be the transition matrix of Gadget i for 7 < i < 21. There are five cases of projective
(f | =3)-gadget sets from arity 2-to-1. We omit the verification that each set of projective gadgets
forms a projective gadget set from arity 2-to-1 under its particular assumptions since this is a
straightforward linear algebra computation. The five cases are

1. wz # 2y ANwzyz £ 0 A wdz + wryz + w222 +yz2 # 0 A x? # 92,

2. wz # xy ANwryz # 0 A wde +wryz + w222 +y23 A0AN1 = —y Aw? # —23,

3. wz # xy Awryz £ 0N wde + wryz +w?2? +y22 = 0Nz #y,
4. wz £y ANw=0ANz#0Az #y, and

5. wz #FaxyAhx=0Ay #0.

Which projective gadgets are used in each case (and the role of each gadget within each case) can
be found in Table 5.1. In all five cases, the vector u in the kernels of ®1, ®5, and ®3 is (0,—1,1,0)
and the vector v in the kernels of ®4, ®5, and ®¢ is (0, —z, y,0).

All five cases utilize the assumption wz # zy, i.e., the edge signature is non-degenerate. Under
three additional disequality assumptions, the projective gadgets in row 1 of Table 5.1 have the
desired properties. The purpose of the remaining four cases is to handle the situation that these
three disequalities are not all true.

Case 2 retains two of the additional disequality assumptions but assumes that 22 = y2. Since
we are considering the asymmetric case, the only option is * = —y. By assumption, it is not the

3. so we have w3 # —2z3. Under these conditions, the projective gadgets

case that . = —yAw3 = —2
in row 2 of Table 5.1 have the desired properties.

Like cases 1 and 2, case 3 retains the assumption that no variable is zero but now considers
the case that the polynomial w3z 4+ wxyz + w?2? + y2z3 is zero. Given that we are also considering
the asymmetric case (i.e. x # y), the projective gadgets in row 3 of Table 5.1 have the desired
properties.

Cases 4 and 5 handle the remaining case wz # xy A wryz = 0. The assumptions wz #

xy A (w, z) # (0,0) A (x,y) # (0,0) imply that at most one of w, z, y, and z is 0. By switching the
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)
Gadget 22 Gadget 23

Figure 5.7: Gadgets on the left used to simulate (0,1,1,1).

role of 0 and 1 via the holographic transformation [ }], the complexity of the case yz = 0 is the
same as the complexity of the case wxz = 0. Therefore, we assume that yz # 0. Case 4 considers
w = 0, so z # 0 by assumption. Then still within the asymmetric case, the projective gadgets in
row 4 of Table 5.1 have the desired properties. Case 5 considers x = 0, so y # 0 by assumption
and the projective gadgets in row 5 of Table 5.1 have the desired properties.

These five cases cover all settings not excluded by the assumptions in the statement of the

lemma, so the proof is complete. ]

Once we have all unary signatures at our disposal, we can prove #P-hardness under most

settings. To do so, we make use of the following lemma.

Lemma 5.3.9 (Lemma 3.3 of [93]). Suppose that (a,b) € C* — {(a,b) | ab =1} — (0,0) and let G
and R be finite signature sets where (a,1,1,b) € G and =3€ R. Further assume that Holant(G U
{(X;,Y)} |0 <i<m}|R)<r Holant(G | R) for any X;,Y; € C and m € Z*. Then Holant(G U
{(0,1,1,1)} | R) <r Holant(G | R) and Holant(G | R) is #P-hard.

Lemma 5.3.10. Let w,z,y,z € C, and let G and R be finite signature sets with (w,z,y,z) € G
and =3€ R. Suppose Holant(G U {(X;,Y;) | 0 <i <m} | R) <p Holant(G | R) for any X;,Y; € C
and m € Z". Then Holant(G | R) is #P-hard unless wz = zy V (w, z) = (0,0) V (z,y) = (0,0).

Proof. Since Holant((0,1,1,1) | =3), #VERTEXCOVER on 3-regular graphs, is #P-hard, we only
need to show how to simulate the signature (0,1,1,1) on the left. The assumptions wz # zy A
(w, z) # (0,0) A (z,y) # (0,0) imply that at most one of w, x, y, and z is 0. By switching the role
of 0 and 1 via the holographic transformation [{ }], the complexity of the case yz = 0 is the same

as the complexity of the case wx = 0. Therefore, we assume that yz # 0.
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If w = 0, then Gadget 22 with 6 = 1(,1) simulates (£,1,1, 22), which can in turn simulate

y2rz PRt R )

(0,1,1,1) by Lemma 5.3.9. If 2 = 0, then Gadget 22 with § = %(%,Z%) simulates (“’ 1,1,2),

s B b T

which can in turn simulate (0,1, 1,1) by Lemma 5.3.9. If wz # 0 Awz = —zy, then Gadget 22 with

6 = L (22 w)simulates (37“’, 1,1, %y), which can in turn simulate (0,1, 1,1) by Lemma 5.3.9. Finally

zy\w’x
if wr #0Awz # zy ANwz # —xy, then Gadget 23 with 6 = #ﬁffgy)(%, Ly y= (L, W%),
and p = wzl_xy (xz, —wy) simulates (0,1,1,1). O

Remark. Let me explain how to pick 6, v, and p in Gadget 23 given wzx # 0Awz # xyAwz # —xy.
Initially, we set 6 = (%, %) so that the signature of Gadget 22 has 0 for its entry of Hamming
weight 0. Specifically, its signature matrix is (wz —xy) [(1) % } . This signature is also symmetric,
but its entries of Hamming weight 1 are different from its entry of Hamming weight 2. The purpose
of v and p is to make these two entries equal. A factor of wz — xy has also appeared, so we cancel

it by setting 6 =

wz— xy ( _wm ’ %) :
Initially, we set p = (zz, —wy) so that, if we have p = 0 in Gadget 22, then its signature matrix

wr 0

is diagonal. Specifically, this matrix is (wz — zy) [ 0 ,yz]. The contribution from v in Gadget 23

will also be a diagonal matrix, so things are very easy to analyze now. Another factor of wz — xy

1

has appeared, so we cancel it by setting p = m(wz, —wy).

To simplify things further, we think of v coming in two parts, vout and 7y, such that v =
YoutYin = YinYout- Lhese are used to cancel terms on the “outside” (i.e. the p part) and the “inside”

(i.e. the 0 part) respectively. By setting Yous = (= ) the signature matrix of the outside is Is.

wx’ Yz

wT
wz+xY

Then we set i, = (1 ) so that the signature matrix of the inside is [91]. To cancel

wx
P wz+tzy

the remaining factor, we set 6 = ny)(%‘, ).

wx(wz—xy

By combining the Group Lemma (Lemma 5.3.6) with Lemma 5.3.8 and Lemma 5.3.10, we get

the following theorem.

Theorem 5.3.11. Let w,x,y,z € C, and let G and R be finite signature sets where (w,x,y,z) € G
and (=3) € R. Suppose S is a finite set of recursive (G | R)-gates of arity d > 1 with nonsingular
transition matrices. Let H be the group generated by the transition matrices of S, modulo scalar

matrices A, for A € C — {0}. If H has infinite order, then Holant(G | R) is #P-hard unless
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r=yVwz=zyV(w,z)=(0,0)V(z,y) = (0,0) V(w3 = —23 Az = —y).

5.4 Statement of Main Result

Theorem 5.4.1. Let w,z,y,z € C and f = (w,x,y,z). Then Holant(f | =3) is #P-hard unless
one of the following conditions holds, in which case, the problem is computable in polynomial time:
1. degenerate: wz = xy;
2. generalized disequality: w = z = 0;
3. generalized equality: z =y = 0;
4. holographic reduction to affine: wz = —axy A w® = 2% A 22 = ey?, where ¢ = +1.
If the input is restricted to planar graphs, then another case becomes computable in polynomial time
but everything else remains #P-hard:

3

5. holographic reduction to matchgates: w3 = €23 A x = ey, where ¢ = +1.

We prove the tractability part of Theorem 5.4.1 now.

Proof of tractability. In Case 1, case 2, and case 3, both signatures are of product type, so we are
done by Corollary 4.1.5.

For case 4, if w = z = 0, then this is already covered by case 2. Otherwise wz # 0 since

w8 = €25, in which case we apply the holographic transformation [‘8‘ 0?2] with o = ew? /2%, which

does not change the Holant value by Lemma 3.2.1. Note that a® = ew%/2% = 1. The edge signature
o 0 ]®2 = (a2

0 02 a*w, x,y, az), while =3 is unchanged since ([a 0?2 ] _1)®3 = I3, the

becomes (w, x,y, 2) [ 0

8-by-8 identity matrix. This reduces to the case wz = —xy A w? = €22 A 22 = ey?. This edge
signature (as well as =3) is affine, so we are done by Theorem 4.2.6.
For case 5, if the input is restricted to planar graphs, apply the same holographic transformation

3 = e23/w? = 1, so the edge signature becomes

as in the previous case but with o = ez/w. Again, «
(a®w, z,y,az) and =3 is still unchanged. This reduces to the case w = ez A x = ey. Then after a
further holographic transformation by the Hadamard matrix H L ] , both signatures are matchgate

signatures, so we are done by Theorem 4.3.2. O
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Figure 5.8: Lemmas used to prove the existence of a recursive gadget with a transition
matrix that has infinite order (up to a scalar). The directed edges roughly indicate
which lemma handles cases excluded by a previous lemma.

The proof of #P-hardness begins in Section 5.5. By Theorem 5.3.11, it suffices to find a recursive
gadget with a transition matrix that has infinite order (up to a scalar) for each case that we did
not just prove is tractable. Figure 5.8 provides a graphical view of the order in which cases are
handled. Since we are proving a classification theorem involving four variables, one should expect
the depth of this tree to be at least 4. A naive case analysis would produce a tree with an average
branching of factor of at least 2 or 3, which would give a rather large tree width. Given our new
theoretical tools (like anti-gadgets) and our thorough consideration of the possible gadgets, the tree

representing our cases analysis has minimal depth and almost no branching.

5.5 Anti-Gadgets in Action

Now we use our new idea of anti-gadgets to construct explicit matrices of infinite order.
Lemma 5.5.1. If wz # zy, wxyz # 0, and |x| # |y|, then Holant((w, z,y, z) | =3) is #P-hard.

Proof. The transition matrices for Gadget 4 and Gadget 5 are My = [ 219 diag(w, z, y, z) and
M; = [¥ 7]%% diag(w, y, z, z), both nonsingular. Since the matrix M M5 = diag(1,y/z,2/y, 1)

has infinite order up to a scalar, we are done by Theorem 5.3.11. ]

Lemma 5.5.2. If x = 0 and wyz # 0, then Holant((w, x,y, z) | =3) is #P-hard.

Proof. The transition matrices for Gadget 2 and Gadget 3 are My = [Z’ 2] [“(’)2 Zz} and Mz =

[g{ 2] [“62 ZOQ}, both nonsingular. Since M;IMQ = [(1) 3”2/1“’2} has infinite order up to a scalar, we

are done by Theorem 5.3.11. O
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Lemma 5.5.3. If w =0 and xyz # 0, then Holant((w, x,y, z) | =3) is #P-hard.

Proof. The transition matrices for Gadget 3 and Gadget 6 are M3 = [8 fg] {fy zg} and Mg = [8 ﬂ
[ 0 xyz3

: : —lar _ 3 |1y/z 3 3
oye® oyt ], both nonsingular. Since M; " Mg = 2 [0 { } has infinite order up to a scalar, we

are done by Theorem 5.3.11. O

For the remainder of the proof of #P-hardness of Theorem 5.4.1, we use our anti-gadget tech-
nique in combination with Lemma 5.5.4, Lemma 5.5.5, and Lemma 5.5.6. In the contrapositive,
these lemmas provide sufficient conditions to conclude that a matrix has infinite order (up to a
scalar). Their proofs follow from a few observations, some of which are known as Vieta’s formulas.

For monic polynomials in C[X] of degree n with roots A; for 1 < ¢ < n of the same nonnegative
norm r € R, let a;, € C be the coefficient of X* and ¢, the elementary symmetric polynomial of

)n—k

degree k in \;/r for 1 < i < n, the norm one (scaled) roots.! Thus aj = (—r On—k- By having

norm one, oy = 0 _k0n, ar = (—1)"r" 2k, oy, and |ag| = r"?*|a,_p|, for 0 < k < n.

Lemma 5.5.4 (Lemma 4.4 in [93]). If both roots of X% + a1 X + ag € C[X] have the same norm,

then ai|ag| = @rag. If further agay # 0, then Arg(a?) = Arg(ag) thus a?/ag € RT.

Lemma 5.5.5. If all roots of X* 4+ a3 X? + a2 X? + a1 X + ag € C[X] have the same norm, then
a2|a1\2 = \(13]2672(10.

Lemma 5.5.6. If Y.3_,axX"* € C[X] is monic and all roots have the same norm, then a3lai|* =

\a7]2T52a3, aslas|?® = |ag|*@zag, and |as|?az = aglas|?ao.

Over 3-regular directed graphs, there are some symmetries under which the Holant is invariant.

The next lemma states these symmetries.

Lemma 5.5.7. Let G be a 3-reqular directed graph. Then there exists a polynomial P with integer
coefficients in siz variables, such that for any signature grid Q having underlying graph G with

vertez signature =3 and edge signature (w,x,y,z),

Holant(Q) = P(wz, zy, w® + 23,z + y, wiz + y23, wdy + z23).

!This argument assumes r # 0. However, when r = 0, the conclusion still holds trivially.
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Proof. Consider any 0,1 vertex assignment o with a nonzero valuation. If ¢’ is the complement
assignment switching all 0’s and 1’s in o, then for o and ¢’, we have the sum of valuations w®zby¢z%+

¢yb2¢ for some a, b, ¢, d. Here a (resp. d) is the number of edges connecting two degree 3 vertices

wlx
both assigned 0 (resp. 1) by o. Similarly, b (resp. ¢) is the number of edges from one degree 3 vertex
to another that are assigned 0 and 1 (resp. 1 and 0), in that order, by 0. We note that
(wz)min(a,d) (xy)min(b,c) (w|a—d|y|b—c\ + x|b—c|Z|a—d|) a>d XOR b>c

waxbyczd + wdxcybza —

(wz)min(a,d) (wy)min(b,c) (w|a—d|x|b—c| + y|b—c|z|a—d|) otherwise.
We prove a = d (mod 3) inductively. For the all-0 assignment, this is clear since every edge
contributes a factor w and the number of edges is divisible by 3 for a 3-regular graph. Now starting
from any assignment, if we switch the assignment on one vertex from 0 to 1, it is easy to verify

byez to wz'ye 2% where a —d = o/ — d’ + 3. As every

that it changes the valuation from w®x
{0, 1} assignment is obtainable from the all-0 assignment by a sequence of switches, the conclusion
a =d (mod 3) follows.

Now

0 gbyesd | lyeyb s (wz)min(ad) (gy)min(e) (3kyt 4 623%) o > d XOR b> ¢
wryz wryYyz =

(wz)min(a,d) (xy)min(b,c) (wSkxé + yZZ'Sk) otherwise

for some k, £ > 0. Consider w3*y’ + 2¢23% (the other case is similar). Two simple inductive steps

w3k g3k (wSky£ T xéz?)k) (z+y) —zy (w:}kyéfl i x57123k>

w3 4 g 30+1) <w3ky£ 4 xéz?)k) (w3 4 23) ~ (w2)? (ws(kq)ye I xezs(kq))
(when combined with the other case) show that the Holant is a polynomial P(wz, zy, w® + 23, x +
y, w3z + y23, wdy + x23) with integer coefficients. O

Assuming non-degeneracy of (w,z,y,z), Lemma 5.5.1, Lemma 5.5.2, and Lemma 5.5.3 give

#P-hardness unless two (or more) of w, x, y, and z are 0 or none are 0 and |z| = |y|. If any
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two (or more) of variables are 0, then the problem is tractable, as proved after Theorem 5.4.1.
Therefore, the dichotomy in Theorem 5.4.1 holds unless wzyz # 0 and |z| = |y|. In accordance
with Lemma 5.5.7, we make a change of variables to A = wz, B = zy, C = w® + 23, D = x + v,
E = w3z + y23, and F = w3y + x23. Since the complexity of a Holant remains the same under
multiplication by a nonzero constant to any signature, we normalize so that |z| = 1 and x = 7
without repeatedly stating this as an assumption. Thus B = 1 and D = z + y € [—2,2] with
D? = 4 corresponding to the symmetric case: = y. A degenerate edge signature now means
A = 1. Additionally, notice that F 4+ F = CD and EF = —4A3B + BC? + A3D?. Theorem 5.4.1

can also be stated in these symmetrized variables.

Theorem 5.5.8. Suppose w,x,y,z € C. Then Holant((w,x,y, z) | =3) is #P-hard except in the
following cases, for which the problem is computable in polynomial time:

1. wz=2ay < A= B;
w=z=0<«= A=C=0;

r=y=0 <= B=D=0;

e

wz=—ay Awl =25N22 =9y? <= A= -BAN4A3C = C3 NABD = D?;

5 wr=—ayAwt=—-25n22=—9y? «—= A= -BA2A3=C?A2B = D>
If the input is restricted to planar graphs, then two more cases become tractable but all other cases
remain #P-hard:

6. w=22Nex =9y < 443 =C? N4B = D?;

7. wP=-2Ne=—y < C=D=0.

Remark. One way to convert a polynomial in w,x,y, 2z to a polynomial in A, B,C, D, E, F is to
use a Grobner basis. We tried that here, but it did not give us the kinds of polynomials that we
wanted. Intuitively, we want polynomials that look as though they were obtained by applying the
proof of Lemma 5.5.7. Not only does the result of the Grobner basis algorithm depend on the
order in which the variables are considered, but we have an underdetermined system because we
are converting from only four variables to six. In the end, I wrote my own program to do the

conversion, which tried to minimize the occurrences of E and F' as much as possible.

Now we continue with the proof of #P-hardness.
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e

Gadget 24

Figure 5.9: Another unary recursive gadget

Lemma 5.5.9. If D?> # 4, and A ¢ R, then Holant((w, x,y, 2) | =3) is #P-hard.

Proof. The transition matrices for Gadget 24 and Gadget 3 are My, = [ Y] [;”; jg} and M3 =

2
[%Z] 1" *|. Both matrices have determinant (A — 1)2(A + 1), which is nonzero since A is not
Y TY 2

real. Then N = Moy M ! has determinant 1 and trace

-1

; w oyl |w T 2wz —x? —y> 24—D*+2
r = =
wz — xY A-1 7

which is nonzero since A is not real. If the eigenvalues of N have distinct norms, then it has infinite

order up to a scalar and we are done by Theorem 5.3.11, so assume that its eigenvalues are of

2  P2.19)2
equal norm. Then Lemma 5.5.4 says that tégvjzf = (QA( Al_jl;f) € RT. Taking square roots, we have

2142713?% € R, which implies that _Eifl € R. Since D? # 4, this gives A € R, a contradiction. [

Unary recursive gadgets, such as the ones used in the proof of Lemma 5.5.9, are quite useful
for proving #P-hardness when variables like A = wz are complex. When all variables are real, the
conclusion of Lemma 5.5.4 is weak (though one can still prove #P-hardness using a related lemma
with significant effort in the symmetric case [48]). For complex variables in the symmetric case, [93]
showed that using higher arity (namely binary) recursive gadgets can give a much simpler proof of
#P-hardness. The next lemma continues this pattern with the first ever use of ternary recursive

gadgets.

Gadget 25 Gadget 26

Figure 5.10: Ternary recursive gadgets
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Lemma 5.5.10. If A2 # 1, AD # 0, and D? # 4, then Holant((w,x,y, 2) | =3) is #P-hard.

Proof. The determinants of the 8-by-8 transition matrices of Gadget 25 and Gadget 26 are both
A?2(A—1)* £ 0. If N = M,;' My has any two eigenvalues with distinct norms, then it has infinite
order up to a scalar and we are done by Theorem 5.3.11. Thus assume that all eight eigenvalues
of N have the same norm. Then by Lemma 5.5.6, we know that several equations hold among the
coefficients of its characteristic polynomial. After scaling by the nonzero factor A(A — 1), these

coefficients for A(A — 1)N are

ay = (A—1)(AD? +2A +2)

ag = (A —1)2(5A%D? — 3A% + 2AD?* + 2A +1)

as = A(A —1)3(A%D* + 54%2D? — 6A% + TAD? — 6A + D?)

as = A2 (A —1)*(3A42D* — 4A%D? + 4A? + AD* + 4AD? — 4A + 2D? — 2)
a3 = A3(A —1)°(2AD" + 3A2D* — 6A%D? + 6A> — 4AD? + 6A + D?)

ag = AY(A—1)%(A%2D* + A2D? — 3A% + AD* — 2AD* 4+ 2A + 1)

a; = AS(A —1)"(2AD? — 24 + D? — 2)

ap = A8(A —1)8.

Amazingly, C, E, and F do not appear.” Lemma 5.5.9 shows #P-hardness unless A € R, so assume
that A € R. Because A, D € R, the equations in Lemma 5.5.6 are simplified by the disappearance
of norms and conjugates. Using CYLINDRICALDECOMPOSITION in Mathematica, we conclude that

there are no solutions under our assumptions, which is a contradiction. ]

Remark. Lemma 5.5.6 gives three equations that follow from the roots all having the same norm.
We had found five equations, but these three were sufficient to prove Lemma 5.5.10. Even with the

two additional equations, we did not see a way to prove the lemma without using Mathematica.

We explain the meaning of the assumptions in Lemma 5.5.10 after the next lemma, which

considers the same assumptions except that D = 0 and C # 0.

2The runtime of CYLINDRICALDECOMPOSITION is a double exponential in the number of variables, so it is crucial
that our query include as few variables as possible.
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1 00

Gadget 27 Gadget 28
:@: :@:
Gadget 29 Gadget 30 Gadget 31 Gadget 32

Figure 5.11: Binary recursive gadgets

Lemma 5.5.11. If A2 # 1, AC #0, and D = 0, then Holant((w, z,vy, 2) | =3) is #P-hard.

Proof. Lemma 5.5.9 shows #P-hardness unless A € R, so assume that A € R. The transition
matrix for Gadget 27 is My; = [% 2]%* diag(w, z,y, z) and has determinant A(A — 1)2 # 0. If
M>s7 has any two eigenvalues with distinct norms, then it has infinite order up to a scalar and we
are done by Theorem 5.3.11, so assume that all eigenvalues have the same norm. However, the

coefficients of the characteristic polynomial of Ms7, which are
(ag,as,a1,a0) = (—C, (A +1)*(A —1),—(A - 1)2C, A(A - 1)),

do not satisfy the conclusion of Lemma 5.5.5 under the assumptions, a contradiction. O

The case A =1 is degenerate (thus tractable), the case A = 0 is covered in Lemma 5.5.3, and
recall that D? = 4 corresponds to the symmetric case [93], so now we assume A ¢ {0,1} A D? # 4.
Lemma 5.5.10 handled A # —1 and D # 0 while Lemma 5.5.11 handled A # —1AD =0A C # 0.
We note that C'= D = 0 is tractable over planar graphs. Now we focus on the case A = —1.

The next two proofs of #P-hardness (the proofs of Lemma 5.5.13 and Lemma 5.5.14) make use

of the following technical lemma.

Lemma 5.5.12. Letc € C ande = +1. Then the only solutions to the equation (¢ + 2¢)c = (c+2¢)

are the trivial solutions ¢ € {—2¢,¢e}.



85

Proof. Assume that ¢ # —2¢. Now we show that ¢ = . Taking norms, we see that |c¢| = 1. Then

simplifying (¢ + 2¢)c = e(c + 2¢) using cé = |¢|> = 1 yields ¢ = ¢ as claimed. O
Lemma 5.5.13. If A= —1 and E ¢ {0,+2i}, then Holant((w, z,y, 2) | =3) is #P-hard.

Proof. The transition matrices of Gadget 28, Gadget 29, and Gadget 31 are

r 1 ®2 ®2
w T w oy
Mg = dia'g(wvyvxaz) diag(w,x,y,z)
y oz T oz
wt 4+ wry?  wizy + 2yl 0 0
- 1 ®2
w o wlxy + xy’z  wayz +y2d 0 0
Mg =
Yy z 0 0 wizr + wryzr  wrly + xyz?
I 0 0 wrly + xy2?  2Pyz+ 2t |
r 1 ®2
w T w x| |w?+yz 0
M3, = diag(w,y,z,2) | 2 ®
Yy oz Yy z 0 wx + 22
with det Mog = 28, det M3; = —20F2, and det Myy = 2°(E? + 4), so all are nonsingular. Let

Ny = M2_81M31 and Ny = M2_81M29. The coefficients of the characteristic polynomials of —24N;

and 2*N, are respectively

(as, as, a1,a0) = (—4, E* + 12, —4(E* + 4), 4(E* + 4))

(a3, a2,a1,a9) = (4, B R 8, —4E2, —4E2) .

If Ny (resp. N2) has any two eigenvalues with distinct norms, then Ny (resp. N2) has infinite order
up to a scalar and we are done by Theorem 5.3.11, so assume that all eigenvalues of N (resp. Na)
have the same norm. Then by Lemma 5.5.5, we have two equations relating these coefficients.
However, after a change of variables by ¢ = (E? + 4)/4 (for the coefficients of N1) and ¢ = E?/4
(for the coefficients of N3), Lemma 5.5.12 says that the only solutions to both equations require

E € {0,+2i}, a contradiction. O

The next lemma is similar to Lemma 5.5.13 with E in place of F'.
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Lemma 5.5.14. If A= —1 and F ¢ {0,£2i}, then Holant((w, z,y, z) | =3) is #P-hard.

Proof. The transition matrices of Gadget 28, Gadget 30, and Gadget 32 are

- 1 ®2 ®2
w T w T
MZS = dia'g(wvyvxaz) diag(w,x,y,z)
y z Yy z
wt 4+ waly  wizy + 22yz 0 0
r 1 ®2
w o wlxy + 2%yz  wryz + 223 0 0
M3y =
Yy z 0 0 wiy + wayz  wry? + ryz?
0 0 wry? + xy2?  wylr+ 24
r 1 ®2
w oz w x| |w?+azz 0
M3y = diag(w, z,y,2) | la®
Yy oz Yy oz 0 wy + 22

The rest of the proof uses the same reasoning as the proof of Lemma 5.5.13 with Gadget 29 and

Gadget 31 replaced by Gadget 30 and Gadget 32 respectively. O

All remaining cases, those for which A = —1 and E, F' € {0,42i}, imply tractability. Since this
is not immediately obvious, we prove this next. As pointed out after Lemma 5.5.7, the following

equations hold and are used frequently below. They simplify to

E+F=CD (5.5.1)

EF = —4A’B + BC? + A*D? = 4 + C* - D? (5.5.2)

when A = —1 and B = 1. These next four lemmas cover all possibilities of E, F' € {0,+2i} as
follows:

Lemma 5.5.15: Both zero;

Lemma 5.5.16: Both nonzero and equal;

Lemma 5.5.17: Both nonzero and not equal;

Lemma 5.5.18: Exactly one zero.
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Lemma 5.5.15. [f A= —1AE=F =0, then (D =0AC? = —4) or (D?> = 4AC = 0), which are

both tractable.

Proof. Since 0 = E + F = CD, either C or D is zero. In either case, simplifying (5.5.2) gives the

desired result and is covered by tractable case 4 in Theorem 5.5.8. O

Lemma 5.5.16. If A= —1AE = F = +2i, then C?> = —4 A D? = 4, which is tractable.

Proof. Using wz = A = —1 and zy = B = 1, we multiply £2i = E = w3z + y2® by w3y to get
y? £2iw3y —wb = 0. Similarly, multiplying £2i = F = w3y + 22> by w3z gives 2?4 2iw3z —wb = 0.
This is the same quadratic polynomial with z and y as indeterminates. Its discriminant is zero, so
r = y which means that D? = 4. Simplifying (5.5.2) yields C? = —4 as required. This is covered

by tractable case 4 in Theorem 5.5.8. O

Lemma 5.5.17. If A= —1ANE =—F = +2i, then C = D = 0, which is tractable.

Proof. Since 0 = E + F = OD, either C or D is zero. Simplifying (5.5.2) gives C? = D?, so both

C and D are zero. This is covered by tractable case 4 in Theorem 5.5.8. O

Lemma 5.5.18. If A= 1A ((E=42iANF =0)V (E =0AF = £2i)), then D> =2\ C? = -2,

which is tractable.

Proof. Since £2i = E + F = C'D, neither C or D is zero. Squaring this equation and solving for
C? gives C? = —4/D?%. In (5.5.2), first we substitute for C? to conclude that D? = 2 and then

substitute for D? to conclude that C2? = —2. This is tractable case 5 in Theorem 5.5.8. O]

At this point, every setting of the variables has either been proven tractable over planar graphs
or #P-hard. So far, all our hardness proofs originate from #VERTEXCOVER over 3-regular graphs,
which is Holant((0,1,1,1) | =3). Recall that #VERTEXCOVER is #P-hard even for 3-regular planar
graphs [144] and notice that all of our gadget constructions are planar, including our interpolation
construction in the Group Lemma (see Figure 5.2c¢). Therefore, all of the #P-hardness results
proved so far still apply when the input is restricted to planar graphs. There are, however, some
cases where the problem is #P-hard in general, yet is polynomial time computable when restricted

to planar graphs. We analyze this case next using a lemma from [93] that can also be found in [92].
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e feTeg-

Gadget 33 Gadget 34

Figure 5.12: Gadgets on the left with a symmetric signature.

Lemma 5.5.19 (Lemma 33 of [92]). If w ¢ {0, £1, i}, then Holant((w,1,1,w) | =3) is #P-hard.

Lemma 5.5.20. If w ¢ {0,+1, £i}, then Holant((w, 1, —1, —w) | =3) is #P-hard.

Proof. Gadget 33 and Gadget 34 simulate two symmetric signatures on the left. Using REDUCE in
Mathematica, we conclude that at least one of the gadgets satisfies the hypothesis for #P-hardness

from Lemma 5.5.19. O

Lemma 5.5.21. Suppose w3 = €23 Aw = ey where ¢ = +1. If v # 0 Aw/x ¢ {0,41, 44}, then

Holant((w, z,y, z) | =3) is #P-hard.

a 0

Proof. 1f wz # 0, then we apply the holographic transformation [0 o2

| with o = ez/w, which does
not change the Holant value by Lemma 3.2.1. As in the proof of tractability, this reduces to the
case w = €z A ¢ = ey. This equivalence still holds if wz = 0. We then normalize z = 1 (since it
is nonzero) and replace z with ew to obtain the edge signature (w/z,1,e,ew/z). Depending on ¢,

this case is either covered in Lemma 5.5.19 (when € = 1) or in Lemma 5.5.20 (when ¢ = —1), so

we are done. O

5.6 Anti-Gadgets and Previous Work

To further appreciate the usefulness of anti-gadgets, we show how this technique sheds new light
on previous results.

One can find failure conditions for a binary recursive gadget using the following lemma.

Lemma 5.6.1. Let G be a binary recursive gadget having nonsingular transition matriz M. Then
{M% ;>0 is a sequence of pairwise linearly independent signatures unless aslai|? — |ag|*azag = 0,

where x* 4 azx® 4 ax® 4+ ayx + ag is the characteristic polynomial of M.
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1

Gadget 35 Gadget 36

Figure 5.13: Recursive gadgets from [37] on k-regular graphs. Bold edges represent
parallel edges. In Gadget 35 (resp. Gadget 36), the multiplicity is k — 2 (resp. k — 4)
so that the vertices have degree k.

Analyzing a failure condition such as as|a|? — |az|*@zao = 0 simultaneously for several gadgets
is quite difficult, even with the aid of symbolic computation. Previous work [37, 36] relied heavily
on miraculous cancellations in the failure conditions to contend with this. For example, consider the
two gadgets in Figure 5.13. They are from [37], where symmetric (i.e. x = y) signatures (w, x,y, z)
were considered on k-regular graphs.

After a change of variables X = wzz~? and Y = (w/x)3+ (z/x)® and making a few assumptions
to guarantee that Ms; and Mss are nonsingular (which we omit in this discussion), the failure

conditions of Gadget 35 and Gadget 36 (when restricted to the real numbers) simplify to

(X - 13X ) (X 2(X 4+ 1) (XL 4 X2 X 43V 4+ 1) - Y3) =0,

XX 12X D)X X+ D)2 (X2 X2 X 43y + X3 —vd) =0

Assuming that both gadgets fail and X ¢ {0,+1}, this gives two polynomial expressions for Y.
Setting these equal to each other and refactoring results in the contradiction X*~2(X + 1)3(X —
1)(X*=3 1) = 0, implying that either one or the other gadget works. At the time of this discovery,
it was a mystery whether there was any underlying explanation for such miraculous cancellations.
Now we see how anti-gadgets reveal a better understanding of this same gadget pair.

By assuming that Mss fails to produce an infinite set of pairwise linearly independent signatures,
we have an explicit recursive gadget for M. 3_51. Then M. 3_51 Mss = diag(1, X, X, 1) clearly produces an
infinite set of pairwise linearly independent signatures unless X is zero or a root of unity. Note that
in the “gadget language” of M;GIM%, the two leading directed edges of Gadget 35 and Gadget 36

simply annihilate each other, as do k — 4 copies of the vertical edge. The signatures =3 at the
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Gadget 37 Gadget 38

Figure 5.14: Recursive gadgets from [36] on k-regular graphs for k even. The gadgets
are pictured for k& = 4 but generalize to all even k > 4 by adding self loops to the
vertices.

degree 3 vertices force the matrix Mg?)lMgﬁ to be diagonal. Thus, with almost no effort we have
a strictly stronger result (i.e. over the complex numbers) through the use of an anti-gadget. This
also shows that the anti-gadget concept is useful in the symmetric setting as well as the asymmetric
setting.

In [36], a similarly fantastic cancellation occurred involving Gadget 37 and Gadget 38 (see
Figure 5.14). They form a suitable gadget and anti-gadget pair, as M3_71M38 is a diagonal matrix.
While this diagonal matrix is not as easy to analyze as the previous example, anti-gadgets would

inform the search for such useful gadgets, even if the analysis is carried out with different techniques.

5.7 Closing Thoughts

General purpose binary starter gadgets In Section 5.3, we said

[projective gadget sets permit] much more freedom in gadget constructions, and this

power is used crucially in the proof of our dichotomy theorem.

We definitely believed this at the time, but now I think there is a sense in which this is a bit over
stated. Let me explain.

When I begin this work of generalizing [94, 93], I decided not to use the linear interpolation
that they used. They were unable to find general purpose binary starter gadgets, which made their
proof more difficult. In his thesis [92, p. 69], Michael Kowalczyk suggested this difficulty could be
avoided by using the circular interpolation construction from their later work [37, 36]. They had
used it to overcome a parity restriction when the arity of EQUALITY signature is even (in which

case, one can only construct ((w,z,y,z) | =;)-gates with an even number of dangling edges). I
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took this suggestion.

Using the circular construction when doing k-dimensional interpolation brings its own challenge.
Namely, how to construct projective gadgets from arity k-to-17 We decisively solved this problem
by Lemma 5.3.3, which says that it suffices to find projective gadgets from arity 2-to-1. This is what
the previous [94, 93] work had called finisher gadgets, so given this lemma, we now had strictly
fewer conditions to satisfy to prove our dichotomy than [94, 93]. However, it is better than this.

After publishing [39], we realized that we could have simplified our proof. Lemma 5.3.3 can be
strengthened to say that it suffices to find projective gadgets from arity 1-to-0. (These projective
gadgets only have one dangling edge, so this is only possible when the arity of the EQUALITY
signature is odd.) Then we can get drastically simpler versions of Lemma 5.3.7 and Lemma 5.3.8.
Instead of needing all the projective gadgets from arity 2-to-1 in Figure 5.6 and the projective
gadget sets they form in Table 5.1, we should be able to find projective gadget set from arity
1-to-0.

Projective gadgets from arity 1-to-0 are the same as unary starter gadgets in [94, 93], and
they had no problem finding general purpose unary starter gadgets, so I expect that we could also
find general purpose unary starter gadgets in our setting. Now look more closely at the proof of
Lemma 5.3.3. The projective gadget F' from arity 2-to-1 was used to create the projective gadget
F' = Ihr2 ® F from arity k-to-1. This was of creating F’ makes it easy to reason about, but
any way of tensoring F' and identity matrices (and ending up with a 2¥~!-by-2¥) should work. In
particular, we could use F/ = F'® I5x—1 in the strengthening of Lemma 5.3.3 when F is a projective
gadget from arity 1-to-0.

This construction actually yields general purpose binary starter gadgets from general purpose
unary starter gadgets, which solve the open question Kowalczyk has posed in his thesis. The
final construction is not really the circular interpolation construction nor is it really the linear

interpolation construction. Instead, it is some hybrid of the two and superior to both.

Conjecture for generalization Based on the result in this chapter and the results in [37, 36],

I make the following conjecture.
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Conjecture 5.7.1. Let w,x,y,z € C and f = (w,x,y,z). Suppose k > 1 is an integer. Then
Holant(f | =) is #P-hard unless one of the following conditions holds, in which case, the problem
1s computable in polynomial time:

1. k<2

2. degenerate: wz = xy;

3. generalized disequality: w = z = 0;

4. generalized equality: © =y = 0;

5. holographic reduction to affine: wz = —ay A w?* = ¥22% A 22 = ey?, where ¢ = +1.
If the input is restricted to planar graphs, then another case becomes computable in polynomial time
but everything else remains #P-hard:

k

6. holographic reduction to matchgates: w* = e*2* A & = ey, where ¢ = +1.

I can show that the conjectured tractable cases are indeed so.

Proof of tractability. For case 1, the Holant is a product over disconnected components, and on
each connected component, the Holant can be computed with matrix product and trace. In Case 1,
case 2, and case 3, both signatures are of product type, so we are done by Corollary 4.1.5.

For case 5, we do a holographic transformation by [} 9] with o = (e¥w?/22)!/4. Reusing variable
names, the transformed edge signature f = (w,x,y, z) satisfies wz = —zy A w? =k Ag? = ekyQ,
which is affine. The EQUALITY signature =, is transformed to [1,0, ..., 0, a*], which is affine since
a** = 1. Thus we are done by Theorem 4.2.6.

1/2

For case 6, we do a holographic transformation by [} 9] with a = (¢*w/2)/2. Reusing variable

names, the transformed edge signature f = (w, z,v, ) satisfies w = e¥2 A x = e¥y. The EQuALITY

signature =y, is transformed to [1,0,... ,O,ak]. Since o?* = 1, both of these signatures become
matchgate signatures after a further holographic transformation by the Hadamard matrix H }1],

so we are done by Theorem 4.3.2. O

A proof of hardness for the remaining cases should follow without too much difficulty by using

the Pl-#CSP?(F) dichotomy recently proved in [27].
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Chapter 6

Dichotomy for Holant Problems over

Planar 4-Regular Graphs

For Holant problems, it is important to understand the complexity of the small arity cases first.
In this chapter, we prove a dichotomy theorem for a symmetric signature of arity 4 with complex
weights in the planar Holant framework. This result is used to obtain both the Holant dichotomy
in Chapter 7 and the planar #CSP dichotomy in Chapter 8. To prove this result, we improve
known interpolation techniques in both the one- and two-dimensional settings. In one dimension,
we provide a tight characterization of when it succeeds. We apply this result alongside the anti-
gadget technique from Chapter 5 and a new technique called planar pairing. The case for two
dimensions involves a demanding interpolation step using asymmetric signatures. We found that
in order to prove a dichotomy for a symmetric signature, we must consider asymmetric ones. In
particular, we prove that counting Eulerian orientations over planar 4-regular graphs is #P-hard.
The reduction is from the problem of evaluating the Tutte polynomial of a planar graph at the

point (3,3). Part of this work was published in [29, 30] and part of it was published in [73, 74].
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6.1 Background

For Holant problems, it is important to understand the complexity of the small arity cases first. We
use the following theorem about edge-weighted signatures on degree prescribed graphs. Specifically,

we apply it with G = {=4}. See also Theorem 22 in [92], which contains a proof.

Theorem 6.1.1 (Theorem 3 in [36]). Let S C ZT contain k > 3, let G = {=x| k € S}, and let
d = gcd(S). Suppose fo, f1, f2 € C. Then Holant([fo, f1, f2] | G) is #P-hard unless one of the

following conditions hold, in which case the problem is computable in polynomial time:

1. fofo = f%:
2. fo=f2=0;
3. fr=0;

4o fof2=—fE N f3t = f3%
If the input is restricted to planar graphs, then the problem remains #P-hard unless
5. fd =14,

in which case the problem is computable in polynomial time.

Theorem 6.1.1 is very explicit, but its restatement as Theorem 6.1.2 is more conceptual. Let

To = {[10] € 22 | Wk = 1}.

Theorem 6.1.2 (Theorem 3 in [36]). Let S C ZT contain k > 3, let G = {=;| k € S}, and let
d = ged(S). Suppose f is a non-degenerate, symmetric, complex-valued binary signature in Boolean
variables. Then Holant(f | G) is #P-hard unless one of the following conditions hold, in which case
the problem is computable in polynomial time:

1. fe P,

2. there exists T € Tiq such that T®?f € o ;
If the input is restricted to planar graphs, then the problem remains #P-hard unless

3. there exists T € Taq such that T**f € [} 1] 4,

in which case the problem is computable in polynomial time.

When f is a symmetric signature of arity 3 with complex weights, Cai, Huang, and Lu [35,

Theorem 3] gave a dichotomy for Holant( f) while Cai, Lu, and Xia [46, special case of Theorem V.1]
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gave a dichotomy for Pl-Holant(f). We state their dichotomies as a single result.

Theorem 6.1.3. If f is a non-degenerate, symmetric, complex-valued signature of arity 3 in
Boolean variables, then Holant(f) is #P-hard unless f is of -transformable or Z-transformable
or vanishing, in which case, the problem is computable in polynomial time. If the input is restricted
to planar graphs, then the problem remains #P-hard unless . -transformable, in which case, the

problem is computable in polynomial time.

In this chapter, we use the dichotomy for Pl-Holant(f) prove the planar dichotomy for any
signature of arity 4 with complex weights. This result is used to obtain both the Holant dichotomy
in Chapter 7 and the planar #CSP dichotomy in Chapter 8. To prove this result, we improve known
interpolation techniques in both the one- and two-dimensional settings. Some previous dichotomy
theorems were for Holant problems with real weights [48, 37, 46, 80]. A dichotomy for complex
weights is more technically challenging. The proof technique of polynomial interpolation often has
infinitely many failure cases in C corresponding to the infinitely many roots of unity, which prevents
a brute force analysis of failure cases. This increased difficulty requires us to develop new ideas to
bypass previous interpolation proofs.

For interpolation in one dimension, we provide a tight characterization of when it succeeds.
When it fails is the perfect time to use the anti-gadget technique from Chapter 5. We also introduce
the notion of planar pairings to build reductions. We show that every planar 3-regular graph has
a planar pairing and that one can be efficiently computed. By combining these three techniques,
we show that counting complex-weighted matchings over planar 4-regular graphs is #P-hard.

Our interpolation result in two dimensions involves a demanding interpolation step using asym-
metric signatures. We found that in order to prove a dichotomy for a symmetric signature, we must
consider asymmetric ones. Huang and Lu [80] proved that counting Eulerian orientations is #P-
hard over 4-regular graphs but left open its complexity when the input is also planar. We perform
a planar interpolation with a rotationally invariant signature to show that this problems remains
#P-hard when further restricted to planar graphs. The reduction is from the problem of evaluating
the Tutte polynomial of a planar graph at the point (3, 3), which has a natural expression in the

Holant framework.
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Figure 6.1: Unary recursive construction with starter gadget.

Theorem 6.1.4 (Theorem 5.1 in [138]). For z,y € C, evaluating the Tutte polynomial at (x,y) is

#P-hard over planar graphs unless

($ - 1)(y - 1) € {172} or ($)y) € {(17 1)’ (_1’_1)’ (W’WQ)v (w2aw)}7

where w = e2™/3 . In each exceptional case, the computation can be done in polynomial time.

6.2 Improving Unary Interpolation

In this section, we discuss a common interpolation method called the unary recursive construction
and characterize of when it succeeds. The goal of this construction is to interpolate a unary
signature and is based on work by Vadhan [124] and further developed by others [50, 47, 36].

There are two gadgets in the unary recursive construction: a starter gadget of arity 1 and a
recursive gadget of arity 2. The signature of the starter gadget is represented by its signature
matrix with parameter 1, which is a two-dimensional column vectors s. The signature of the
recursive gadget is also represented by its signature matrix with parameter 1, which is a 2-by-2
matrix M. The construction begins with the starter gadget and proceeds by connecting k£ > 0
recursive gadgets, one at a time, to the only available edge (see Figure 6.1). The signature matrix
with parameter 1 of the resulting gadget M¥s. This construction is denoted by (M, s).

The essential difficulty in using polynomial interpolation is constructing an infinite set of sig-
natures that are pairwise linearly independent [36]. The pairwise linear independence of signatures
translates into distinct evaluation points for the polynomial being interpolated. Thus, the essence

of this interpolation technique can be stated as follows.

Lemma 6.2.1 (Lemma 5.2 in [47]). Suppose M € C?*? and s € C?>*'. If the following three
conditions are satisfied,

1. det(M) £ 0;
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2. s is not a column eigenvector of M (nor the zero vector);
3. the ratio of the eigenvalues of M is not a root of unity;

then the vectors in the set V = {Mks}kzo are pairwise linearly independent.

Clearly the first condition is necessary. The second condition is equivalent to det([s Ms]) # 0,
which is necessary since it checks the linear dependence of the first two vectors in V.

The unary recursive construction can be generalized to larger dimensions, where the starter
gadget has arity d and the recursive gadget has arity 2d [93]. Then the starter gadget is represented
by its signature matrix with parameter d, which is a column vector in €2’ The recursive gadget is
also represented by its signature matrix with parameter d, which is a matrix in c2ix2?,

For dimensions larger than one, the second condition in Lemma 6.2.1 must be replaced by
a stronger assumption, such as “s is not orthogonal to any row eigenvector of M” [50]. Previ-
ous work (Lemma 4.10 in [94]) satisfied this stronger condition by showing that it follows from
det([s Ms ... M"™ 1s]) # 0. For completeness, we show that these two conditions are equivalent.
The use of n instead of 2¢ in the next two lemmas is not overly general. Sometimes degeneracies

or redundancies in the starter and recursive gadgets warrant the consideration of such cases.

Lemma 6.2.2. Suppose M € C™" and s € C"*. Then s is not orthogonal to any row eigenvector

of M iff det([s Ms ... M"s]) #0.

Proof. Suppose that s is not orthogonal to any row eigenvector of M and assume for a con-

tradiction that det([s Ms ... M™ 1s]) = 0. Then there is a nonzero row vector v such that
v[s Ms ... M™ 1s] = 0 is the zero vector. Consider the linear span S by row vectors in the set
{v,oM,..., oM™ '}, We claim that S is an invariant subspace of row vectors under the action of

multiplication by M from the right.

By the Cayley-Hamilton theorem, M satisfies its own characteristic polynomial, which is a
monic polynomial of degree n. Thus, M™ is a linear combination of I,,, M, ..., M™ 1. This shows
that for any u € S, uM still belongs to S. Therefore, there exists a u € S such that u is a row
eigenvector of M. By the definition of S, this u is orthogonal to s, which is a contradiction.

In the other direction, suppose det([s Ms ... M" !s]) # 0 and assume for a contradiction that
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s is orthogonal to some row eigenvector v of M with eigenvalue A\. Then v[s Ms ... M" 's] =0

is the zero vector because vM’s = X'ws = 0. Since v # 0, this a contradiction. O

Another necessary condition, even for the d-dimensional case, is that M has infinite order
modulo a scalar. Otherwise, M* = jI, for some k and any vector of the form MYs for ¢ > k
is some multiple of a vector in the set {M i3}0§i<k- We improve the d-dimensional version of

Lemma 6.2.1 by replacing the third condition with this necessary condition.

Lemma 6.2.3. Suppose M € C™*" and s € C"*1. If the following three conditions are satisfied,
1. det(M) # 0;
2. s is not orthogonal to any row eigenvector of M ;
3. M has infinite order modulo a scalar;

then the vectors in the set V = {Mks}kzo are pairwise linearly independent.

Proof. Since det(M) # 0, M is nonsingular and the eigenvalues \; of M, for 1 < i < n, are
nonzero. Let M = P~1JP be the Jordan decomposition of M and let p = Ps € C™!. Suppose
for a contradiction that the vectors in V' are not pairwise linearly independent. This means that
there exists integers k > ¢ > 0 such that M*s = BM?*s for some nonzero complex value 3. Let
t =k —¢>0. Then we have P~1J!Ps = M's = 3s and J'p = f3p.

Suppose that J contains some nontrivial Jordan block and consider the 2-by-2 submatrix in the
bottom right corner of this block. From this portion of .J, the two equations given by J'p = (Bp are
A1 + t)\f_lpi = Bpi—1 and Alp; = Bp;. Since s is not orthogonal to any row eigenvector of M,
p; # 0. But then these equations imply that t)\ﬁ_lpi = 0, a contradiction.

Otherwise, J contains only trivial Jordan blocks. From J'p = p, we get the equations \;p; =
Bp; for 1 < i < n. Since s is not orthogonal to any row eigenvector of M, p; # 0 for 1 <4 <n. But

then M? = I, which contradicts that fact that M has infinite order modulo a scalar. O

With this lemma, we obtain a tight characterization for the success of interpolation by a unary
recursive construction. For example, the construction using a recursive gadget with signature
matrix M = [} 1] and a starter gadget with signature s = [{] is successful because M and s satisfy

our conditions but do not satisfy previous sufficient conditions.
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Lemma 6.2.4. Let F be a set of signatures. If there exists a planar F-gate with signature matrix
M € C?*2 and a planar F-gate with signature s € C**! satisfying the following conditions,

1. det(M) # 0;

2. det([s Ms]|) #0;

3. M has infinite order modulo a scalar;

then Pl-Holant(F U {[a, b]}) <r Pl-Holant(F) for any a,b € C.

Proof. Consider an instance Q = (G, ) of Pl-Holant(F U {[a, b]}). Let V'’ be the subset of vertices
assigned [a,b] by 7 and suppose that |V'| = n. We construct from  a sequence of instances 2 of
Pl-Holant(F) indexed by k£ > 1. We obtain € from 2 by replacing each occurrence of [a,b] with
the unary recursive construction (M, s) in Figure 6.1 containing k copies of the recursive gadget.
This unary recursive construction has the signature [z, yx] = MP¥s.

By applying our assumptions to Lemmas 6.2.2 and 6.2.3, we know that the signatures in the
set V = {[zk,yx] | 0 < k < n+ 1} are pairwise linearly independent. In particular, at most one yy
can be 0, so we may assume that y # 0 for 0 < k < n, renaming variables if necessary.

We stratify the assignments in € based on the assignment to [a,b]. Let ¢; be the sum over all
assignments of products of evaluations at all v € V(G) — V’ such that exactly £ occurrences of [a, b]

have their incident edge assigned 0 (and n — ¢ have their incident edge assigned 1). Then

Holant($2) = Z atb" ey
0<t<n

and the value of the Holant on €, for k > 1, is

Holant(Qy) = Z xf;yz_éce
0<t<n

¢
n Lk
it ¥ (2) «
o<t<n Yk
The coeflicient matrix of this linear system is Vandermonde. Since the signatures in V' are pairwise

linearly independent, the ratios xj/yx are distinct (and well-defined since yi # 0), which means

that the Vandermonde matrix has full rank. Therefore, we can solve the linear system for the
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No Ny NZ+1
Figure 6.2: Binary recursive construction with starter gadget used to interpolate
[1,0,0]. The vertices are assigned [v,1,0,0,0].

unknown ¢,’s and obtain the value of Holant(€2). O

The first two conditions of Lemma 6.2.4 are easy to check. The third condition holds in one of
these two cases: either the eigenvalues are the same but M is not a multiple of the identity matrix,
or the eigenvalues are different but their ratio is not a root of unity.

Our refined conditions work well with the anti-gadget technique. The power of this lemma is
that when the third condition fails to hold, there exists an integer k such that M* = I, where I is
the 2-by-2 identity matrix. Therefore we can construct M*~! = M~! and use this in other gadget

constructions.

6.3 Planar Pairing

In this section, we consider the problem Pl-Holant([v, 1,0, 0,0]) when v is different from 0. Over the
next two lemmas, we prove that this problem is #P-hard by reducing from Pl-Holant([v, 1,0, 0]).
These problems are weighted versions of counting matchings over planar k-regular graphs for k = 4
and k = 3 respectively. The key idea, defined in Definition 6.3.3, is that of a planar pairing.

In the first lemma, we show how to use either the anti-gadget technique or interpolation by
our tight characterization of the unary recursive construction from Section 6.2 to effectively obtain
[1,0,0]. The construction in this proof is actually not a unary recursive construction, but a binary
recursive construction. However, degeneracies in the starter and recursive gadgets permit analysis

equivalent to that of the unary recursive construction.

Lemma 6.3.1. For any v € C and signature set F containing [v,1,0,0,0],

Pl-Holant(F U {[1,0,0]}) <7 Pl-Holant(F).
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Proof. Consider the gadget construction in Figure 6.2. For k£ > 0, the signature of Nj is of the
form [ag, b, 0], and Ny = [v,1,0]. Since N} is symmetric and always ends with 0, we can analyze
this construction as though it were a unary recursive construction. Let s = [Z: ], so sp=[1]. It
is clear that s, = MF¥sq, where M = [ 2].

Now M is nonsingular since since det(M) = —2. If M has finite order modulo a scalar, then
M?* = BI, for some integer £ > 1 and some nonzero 3 € C. Then N,_; is an anti-gadget of M with
signature M‘~lsyg = BM~'sy = B[], and we have [1,0,0] after normalizing.

Now assume that M has infinite order modulo a scalar. Since det([sg Msg]) = —2, we can

interpolate any signature of the form [z, y, 0] by Lemma 6.2.4, including [1, 0, 0]. O

For the next lemma, we use a well-known and easy generalization of a classic result of Pe-
tersen [110]. Petersen’s theorem considers 3-regular, bridgeless, simple graphs and concludes that
there exists a perfect matching. The same conclusion holds even if the graphs are not simple. We

provide a proof for completeness.
Theorem 6.3.2. Any 3-reqular bridgeless graph G has a perfect matching.

Proof. We may assume that G is connected. If G has a vertex v with a self-loop, then the other
edge of v is a bridge since G is 3-regular, which is a contradiction. If there exists some pair of
vertices of G joined by exactly three parallel edges, then G has only these two vertices since it is
connected and the theorem holds.

In the remaining case, there exists some pair of vertices joined by exactly two parallel edges.
We build a new graph G’ without any parallel edges. For vertices v and v joined by exactly two
parallel edges, we remove these two parallel edges and introduce two new vertices w; and wy. We
also introduce the new edges (u,w1), (u,ws), (v,w1), (v,ws), and (w1, ws). Then G’ is a 3-regular,
bridgeless, simple graph.

By Petersen’s theorem, G’ has a perfect matching P’. Now we construct a perfect matching P
in G using P’. We put any edge in both G and P’ into P. If u is matched by a new edge in G’,
then v must be matched by a new edge in G’ as well and we put the edge (u,v) into P. If u and

v are not matched by a new edge, then we do not add anything to P. It is easy to see that P is a
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u

Uy U2
U1 :I: (%)
v €y
(a) The neighborhood around v and v in G. (b) The same neighborhood in H.

Figure 6.3: The neighborhood around w and v both before and after they are removed.

perfect matching in G. 0

We use this result to show the existence of what we call a planar pairing for any planar 3-regular

graph, which we use in our proof of #P-hardness.

Definition 6.3.3 (Planar pairing). A planar pairing in a graph G = (V, E) is a set of edges
P C V x V such that P is a perfect matching in the graph (V,V x V), and the graph (V, E U P)

is planar.
Obviously, a perfect matching in the original graph is a planar pairing.

Lemma 6.3.4. For any planar 3-regular graph G, there exists a planar pairing that can be computed

i polynomial time.

Proof. We efficiently find a planar pairing in G by induction on the number of vertices in G. Since
G is a 3-regular graph, it must have an even number of vertices. If there are no vertices in G,
then there is nothing to do. Suppose that G has n = 2k vertices and that we can efficiently find
a planar pairing in graphs containing fewer vertices. If G is not connected, then we can already
apply our inductive hypothesis on each connected component of G. The union of planar pairings
in each connected component of GG is a planar pairing in G, so we are done. Otherwise assume that
G is connected.

Suppose that G' contains a bridge (u,v). Let the three (though not necessarily distinct) neigh-
bors of u be v, u1, and ug, and let the three (though not necessarily distinct) neighbors of v be
u, v1, and vg (see Figure 6.3a). Furthermore, let H, be the connected component in G — {(u,v)}

containing u and let H, be the connected component in G — {(u,v)} containing v. Consider the
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induced subgraph H/ of H, after adding the edge e, = (u1,u2) (which might be a self-loop on
u = uy = ug) and then removing u. Similarly, consider the induced subgraph H] of H, after
adding the edge e, = (v1,v2) (which might be a self-loop on v = v; = vy) and then removing v.
Both H], and H], are 3-regular graphs and their disjoint union gives a graph H' with n—2 = 2(k—1)
vertices (see Figure 6.3b).

By induction on both H/, and H], we have planar pairings P, and P, in H], and H] respectively.
Let H” be the graph H' including the edges P, UP,. If H” contains both e, and e,, then embed H”
in the plane so that both e, and e, are adjacent to the outer face. Otherwise, any planar embedding
will do. Then the graph G including the edges P, U P, is also planar, so P, U P, U {(u,v)} is a
planar pairing in G.

Otherwise, G is bridgeless. Then by Theorem 6.3.2, G has a perfect matching, which is also
a planar pairing in G. Since a perfect matching can be found in polynomial time by Edmond’s

blossom algorithm [61], the whole procedure is in polynomial time. O

After publishing a preliminary version of [74], we realized that a previous construction by Cai
and Kowalczyk uses a planar pairing to show that counting vertex covers over k-regular graphs is
#P-hard for even k > 4 (see the proof of Lemma 15 in [37]). Their algorithm to find a planar
pairing starts by taking a spanning tree and then pairing up the vertices on this tree, which is
simpler than our approach. We believe that it is worth emphasizing the importance of a planar
pairing. Most gadget constructions in hardness proofs for Holant problems are local but the planar
pairing technique is a global argument, which permits reductions that are not otherwise possible.

Now we use the planar pairing technique to show the following.
Lemma 6.3.5. Let v € C. Then Pl-Holant([v, 1,0,0]) <7 Pl-Holant([v, 1,0, 0,0]).

Proof. An instance of Pl-Holant([v, 1,0, 0]) is a signature grid € with underlying graph G = (V, E)
that is planar and 3-regular. By Lemma 6.3.4, there exists a planar pairing P in G and it can be
found in polynomial time. Then the graph G’ = (V, E U P) is planar and 4-regular. We assign
[v,1,0,0,0] to every vertex in G’. By Lemma 6.3.1, we can assume that we have [1,0,0]. We replace

each edge in P with a path of length 2 to form a graph G” and assign [1,0,0] = [1,0]®? to each of
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the new vertices. Then the signature grid Q" with underlying graph G” has the same Holant value

as the original signature grid 2. O
Corollary 6.3.6. Let v € C. If v # 0, then Pl-Holant([v,1,0,0,0]) is #P-hard.

Proof. By Lemma 6.3.5, it suffices to show that Pl-Holant([v,1,0,0]) is #P-hard. Then we are

done by applying Theorem 6.1.3, the planar Holant dichotomy for a single ternary signature. [

6.4 Counting Eulerian Orientations

Recall the definition of an Eulerian orientation.

Definition 6.4.1. Given a graph G, an orientation of its edges is an Fulerian orientation if for

each vertex v of GG, the number of incoming edges of v equals the number of outgoing edges of v.

Counting (unweighted) Eulerian orientations over 4-regular graphs was shown to be #P-hard
in Theorem V.10 of [80]. We improve this result by showing that this problem remains #P-hard
when the graph is also planar. Our reduction is from evaluating the Tutte polynomial of a planar

graph at a point on its diagonal, which have an alternative expression involving medial graphs.

Definition 6.4.2 (cf. [12]). For a connected plane graph G (i.e. a planar embedding of a connected
planar graph), its medial graph H has a vertex for each edge of G and two vertices in H are joined

by an edge for each face of G in which their corresponding edges occur consecutively.

An example of a plane graph and its medial graph are given in Figure 6.4. Any medial graph
is planar and 4-regular. Las Vergnas [136] connected the evaluation of the Tutte polynomial of a

plane graph at the point (3,3) with a sum of weighted Eulerian orientations on its medial graph.

Theorem 6.4.3 (Theorem 2.1 in [136]). Let G be a connected plane graph and let O(G,,) be the

set of all Fulerian orientations in the medial graph G,, of G. Then

2. Tutte(G;3,3) = > = 2%09), (6.4.1)
0€0(Gm)
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Figure 6.4: A plane graph (a), its medial graph (c), and both graphs superimposed (b).

where B(O) is the number of saddle vertices in the orientation O, i.e. the number of vertices in

which the edges are oriented “in, out, in, out” in cyclic order.

Although the medial graph depends on a particular embedding of the planar graph G, the right
side of (6.4.1) is invariant under different embeddings of G. This follows from (6.4.1) and the fact
that the Tutte polynomial does not depend on the embedding of G.

Now we can prove our hardness result.
Theorem 6.4.4. #EULERIAN-ORIENTATIONS is #P-hard over planar 4-reqular graphs.

Proof. We reduce from the right side of (6.4.1) to Pl-Holant(#, | [0,0,1,0,0]), which is the prob-
lem of counting Eulerian orientations over planar 4-regular graphs. Then by Theorem 6.1.4 and
Theorem 6.4.3, we conclude that Pl-Holant(#, | [0,0,1,0,0]) is #P-hard.

The right side of (6.4.1) is the bipartite Holant problem Pl-Holant(#, | f), where

0 001

0120
My =

0 210

1 0 00
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Figure 6.5: The planar tetrahedron gadget. Each vertex is assigned [3,0, 1,0, 3].

We perform a holographic transformation by Z = H _11] to get

Pl-Holant(#, | f) =¢ Pl-Holant([0, 1,0](Z~1)®2 | Z®1f)
=7 Pl-Holant([1,0,1]/2 | 4f)

=7 Pl-Holant(f),

where the signature matrix of f is

2 00 1
0100
M; =
0010
100 2

We also perform the same holographic transformation by Z on our target counting problem

Pl-Holant(#, | [0,0,1,0,0]) to get

Pl-Holant(#, | [0,0,1,0,0]) = Pl-Holant([0, 1,0](Z~1)®? | 2%4[0,0,1,0,0])
=7 Pl-Holant([1,0,1]/2 | 2[3,0, 1,0, 3])

=7 Pl-Holant([3,0, 1,0, 3]).

Using the planar tetrahedron gadget in Figure 6.5, we assign [3,0, 1,0, 3] to every vertex and obtain



Figure 6.6: Simple binary recursive construction.

a gadget with signature 32g, where the signature matrix of g is

(19 0 0 7]
. 0 75 0
210 57 0
(7 0 0 19]

A

Now we show how to reduce Pl-Holant( f) to Pl-Holant(g) by interpolation. Consider an instance
Q of Pl-Holant( f) Suppose that f appears n times in 2. We construct from 2 a sequence of
instances €5 of Holant(g) indexed by s > 1. We obtain Q, from 2 by replacing each occurrence of
f with the gadget Ny in Figure 6.6 with ¢ assigned to all vertices. Since f and g are rotationally
symmetric, it is unnecessary to specify which edge corresponds to which input.

To obtain Q from €2, we effectively replace M; with My, = (My)*, the sth power of the

signature matrix M. Let

0O 0 1 1
1 1 0 O
T =
-1 1 0 0
0 0 -1 1
Then
1 0 0O 1 0 0 O
. 0100 . 060 0|
M];:TAfT =T T and Mg:TAgT =T T .
0 01 0 0 06 O
0 0 0 3 0 0 0 13
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We can view our construction of € as first replacing each M 7 by TA fT_l to obtain a signature
grid €', which does not change the Holant value, and then replacing each A i with Ag. We stratify
the assignments in Q' based on the assignment to A 2 We only need to consider the assignments
to Af that assign

e 0000 57 many times,

e 0110 or 1001 k£ many times, and

e 1111 £ many times.
Let cjre be the sum over all such assignments of the products of evaluations from 7" and T~ but

excluding A jon Q. Then

Holant(92) = Z 3%cine

jtk+l=n
and the value of the Holant on €, for s > 1, is
Holant(Q,) = (6"13°)°cjpe. (6.4.2)
Jj+k+t=n

This coefficient matrix in the linear system of (6.4.2) is Vandermonde and of full rank since for any
0<k+(¢<nand 0 <K +¢ < nsuch that (k,0) # (k',¢), 6F13¢ # 6""13". Therefore, we can

solve the linear system for the unknown c;i,’s and obtain the value of Holant(£2). O

The previous proof can be easily modified to reduce from #EO over 4-regular graphs by inter-

polating the so-called crossover signature, which has signature matrix

_1 00 0_
0010
0100

00 0 1

Conceptually, the current proof is simpler because the #P-hardness proof for #EO over 4-regular

graphs in [80] reduces from the same starting point as our current proof.
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6.5 A Demanding Binary Interpolation

Our main result in this chapter is a planar Holant dichotomy for a symmetric signature f of arity 4,
and our main technique to prove the hardness is polynomial interpolation. The binary recursive
construction is a particularly simple construction for which polynomial interpolation is likely to
succeed. To verify the success of this interpolation, we analyze the signature matrix of f. Since f
is symmetric, the signature matrix of f has some redundancies: its second and third rows are the
same and its second and third columns are the same. We “remove” this extra information using

the following definition.

Definition 6.5.1. A 4-by-4 matrix is redundant if its middle two rows and middle two columns

are the same. Denote the set of all redundant 4-by-4 matrices over C by RM4(C).

Consider the function ¢ : C*** — C3*3 defined by

p(M) = AMB,

where ) )
1 00

1 000
010

A= 10 % % 0 and B =

010

00 01
0 01

Intuitively, the operation ¢ replaces the middle two columns of M with their sum and then the
middle two rows of M with their average. (These two steps commute.) Conversely, we have the

following function 1) : C3*3 — RMy(C) defined by

»(N) = BNA.

Intuitively, the operation 1 duplicates the middle row of N and then splits the middle column evenly
into two columns. Notice that ¢(¢)(N)) = N. When restricted to RM4(C), ¢ is an isomorphism

between the semi-group of 4-by-4 redundant matrices and the semi-group of 3-by-3 matrices, under
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matrix multiplication, and v is its inverse. To see this, just notice that

1 0 00
100
o110
AB=10 1 0 and BA =
0 i+ 1 9o
00 1 22
00 0 1

are the identity elements of their respective semi-groups. If the signature matrix M, of an arity 4
signature ¢ is redundant, we also define the compressed signature matriz of g as M, = o(My).

If all signatures in an F-gate have even arity, then the signature of any F-gate also has even
arity. Knowing that binary signatures alone do not produce #P-hardness, and with the above
constraint in mind, we would like to interpolate another signature of arity 4 using a given signature

of arity 4. We are particularly interested in the signature g with signature matrix

100 0
05 3 0
M, = 22 (6.5.3)
1 1
o1 1o
0001

the identity element in the semi-group of redundant matrices. Thus ]\79 = Is.
We prove that this signature g is hard. For an asymmetric signature, we often want to reorder
the input bits under a circular permutation. For a single counterclockwise rotation by 90°, the

effect on the entries of the signature matrix of an arity 4 signature is given in Figure 3.2.

Lemma 6.5.2. Let g be the arity 4 signature with My given in (6.5.3) so that ]\79 = I3. Then
Pl-Holant(g) is #P-hard.

Proof. We reduce from Pl-Holant(#, | [0,0,1,0,0]), the problem of counting Eulerian orientation

over planar 4-regular graphs, which is #P-hard by Theorem 6.4.4. Recall from the proof of that
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DL b= -

Figure 6.7: Recursive construction to approximate [1,0, %,O, 1]. Vertices are assigned
g.

Niy1

theorem that

Pl-Holant(#, | [0,0,1,0,0]) = Pl-Holant([0, 1,0](Z~1)®? | 2%%[0,0,1,0,0])
=7 Pl-Holant(3[1,0,1] | 2[1,0, £,0,1])

=7 Pl-Holant([1,0, £,0,1]),

where Z = H _12] Let 0 = [1,0,%,0, 1], We reduce from Holant(&) via an arbitrarily close

approximation using the recursive construction in Figure 6.7 with g assigned to every vertex.

We claim that the signature matrix My, of Gadget IV} is

1 0 0 af

0 agy1 akyr O
MN = )

k
0 aky1 agyr O

ag 0 0 1

where a;, = % — % (—%)k This is true for Ny. Inductively assume My, has this form. Then the
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rotated form of the signature matrix for Ni, as described in Figure 3.2, is

1 0 0 Ak+1

0 ar  Gpiq 0
* (6.5.4)

0 aky1 ag 0

Ak+1 0 0 1

The action of g on the far right side of Ny is to replace each of the middle two entries in the
middle two rows of the matrix in (6.5.4) with their average, (ax + ags+1)/2 = agso. This gives
My, ., -

Let G be a graph with n vertices and Hg (resp. Hy, ) be the Holant value on G with all vertices
assigned & (resp. Ni). Since each signature entry in ¢ can be expressed as a rational number
with denominator 3, each term in the sum of H, can be expressed as a rational number with
denominator 3", and Hy itself is a sum of 22" such terms, where 2n is the number of edges in G. If
the error |Hy, — Hg| is at most 1/3"T1 then we can recover Hy from Hy, by selecting the nearest
rational number to Hy, with denominator 3".

For each signature entry = in My, its corresponding entry 7 in My, satisfies |7 — x| < z/2F.
Then for each term ¢ in the Holant sum Hy, its corresponding term f in the sum H N, satisfies
tH(1 —1/28)" < £ < (1 + 1/28)", thus —t(1 — (1 — 1/28)") < ¢ —t < t((1 4+ 1/2¥)" — 1). Since

1—(1—1/25" < (1 4+1/2F)" — 1, we get |t —t| < t((1+1/2F)™ —1). Also each term ¢ < 1. Hence
\Hy, — Hy| < 22 ((1 + 1/2’“)" - 1) <1/3",

if we take k = 4n. O

When I explained this proof to Xi Chen, he thought that it should be possible to prove hardness
using polynomial interpolation instead of this approximation argument. He was right, as I now

demonstrate.

Alternate proof of Lemma 6.5.2. As in the proof of Theorem 6.4.4, we reduce from Pl-Holant(f),
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Consider an instance {2 of this problem. Suppose that f appears n times in 2. We construct from

Q a sequence of instances g of Holant(g) indexed by s > 0. We obtain Qg from 2 by replacing

each occurrence of f with the gadget Ny in Figure 6.8 with ¢’ assigned to all vertices, where ¢’ is

obtained from 2g after a counterclockwise rotation by a quarter turn as in Figure 3.2. The signature

matrix of ¢’ is

To obtain €y from Q, we effectively replace My with My,

signature matrix My . Let

Then

My=TANT =T

o O O

w o o o

1

0
1
1
0
and

2

Mgl = TAg/T_l = T

w o o O

(Mg)®, the sth power of the

We stratify the assignments in {2 based on the assignment to Ay. We only need to consider the

assignments to f that assign
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e 0000 or 0110 or 1001 n — % many times and
e 1111 7% many times
since any other assignment contributes a factor of 0. Let ¢; be the sum over all such assignments

of the products of evaluations from 7" and T—! but excluding A 7 on Q. Then

Holant(Q) = Z 3ie and Holant(€;) = Z 9tic;
0<i<n 0<i<n
fort =25 > 0.
Let p(z) = > o<i<n x'c;, which has degree at most n with integer coefficients. Using our oracle
for Pl-Holant(g'), we can evaluate this polynomial at n + 1 distinct points x = 9! for 0 < ¢t < n.
Then via polynomial interpolation, we can recover the coefficients of this polynomial efficiently.

Evaluating this polynomial at x = 3 gives the value of Holant(2), as desired. O

Remark. One advantage of the alternative proof is that it directly reduces from Pl-Holant(f)
instead of going through Pl-Holant([3,0,1,0,3]). Furthermore, there is no longer a need to give
special attention to Pl-Holant([3,0,1,0,3]), the problem of counting Eulerian orientations over
planar 4-regular graphs. With this alternative proof, the signature [3,0, 1,0, 3] is now swept up by
Lemma 6.5.4 with all the other signatures with redundant and nonsingular compressed signature

matrices.

Most symmetric signatures of arity 4 are hard because they can be used to interpolate the
signature g whose signature matrix is given in (6.5.3). We prove this in Lemma 6.5.4. There are

three cases in Lemma 6.5.4 and one of them requires the following technical lemma.

Lemma 6.5.3. Let M = [By By --- By] be an n-by-n block matriz such that there exists a A € C,
for all integers 0 < k < t, block By is an n-by-cx matriz for some integer ¢, > 0, and the entry of
By at row r and column ¢ is (By)re = 'rcflz\’“", where r,c > 1. If X is nonzero and is not a root of

unity, then M is nonsingular.

Proof. We prove by induction on n. If n = 1, then the sole entry is A\* for some nonnegative integer

k. This is nonzero since A # 0. Assume n > 1 and let the left-most nonempty block be B;. We
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divide row r by M7, which is allowed since A # 0. This effectively changes block By into a block of
the form By_;. Thus, we have another matrix of the same form as M but with a nonempty block
By. To simplify notation, we also denote this matrix again by M. The first column of By is all 1’s.
We subtract row r — 1 from row r, for r from n down to 2. This gives us a new matrix M’, and
det M = det M'. Then det M’ is the determinant of the (n — 1)-by-(n — 1) submatrix M" obtained
from M’ by removing the first row and column. Now we do column operations (on M") to return
the blocks to the proper form so that we can invoke the induction hypothesis.

For any block By, different from By, we prove by induction on the number of columns in Bj, that
B, can be repaired. In the base case, the rth element of the first column is (BY,),1 = A" — \(—1) =
Ne(r=D)(\F — 1) for > 2. We divide this column by A\¥ —1 to obtain A*"=1_ which is allowed since
A is not a root of unity and k£ # 0. This is now the correct form for the rth element of the first
column of a block in M”.

Now for the inductive step, assume that the first d — 1 columns of block Bj, are in the correct
form to be a block in M”. That is, for row index r > 2, which denotes the (r — 1)-th row of M",
the rth element in the first d — 1 columns of B} have the form (B}),. = (r — 1)*"1A\¥"=1_ The rth
element in column d of Bj, currently has the form (B}),q = @'\ — (r — 1)47I\"=1)_ Then we

do column operations

U

-1 d—1
d—1
/ o / — pd—1ykr d 1y k(r—1) _ 1\¢—1yk(r—1)
(Bi)ra (C - 1) (Bi)re = r 1A — (r — 1) IR (C - 1) 1) tA

c=1 c=1

— Td_l)\kr _ Td—l)\k(r—l)

— rdfl)\k(rfl) ()\k o 1)

and divide by (A\¥ — 1) to get 74~ IA*"=1_ Once again, this is allowed since X is not a root of unity

and k # 0. Then more (of the same) column operations yield

d—1 d
_ d—1
d—1+yk 1 —1yk(r—1 k(r—1 d—1 -1
pA=I\RC )_E <c 1)(7~—1)C AR(r=1) — \K( )<r + ( C§1<C 1)7‘—1)c )

c=1

and the term in parentheses is precisely (r — 1)¢~1. This gives the correct form for the rth element
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Figure 6.8: Recursive construction to interpolate g. The vertices are assigned f.

in column d of By, in M".

Now we repair the columns in By, also by induction on the number of columns. In the base
case, if B{, only has one column, then there is nothing to prove, since this block has disappeared in
M". Otherwise, (B)r2 =7 — (r — 1) = 1, so the second column is already in the correct form to
be the first column in M”, and there is still nothing to prove. For the inductive step, assume that
columns 2 to d — 1 are in the correct form to be the first block in M” for d > 3. That is, the entry
at row r > 2 and column ¢ from 2 through d — 1 has the form (B}),. = (r —1)¢~2. The rth element

d—1

in column d currently has the form (B).q = r* " — (r — 1)4=1. Then we do the column operations

L Y L e ] () S

c=2 c=2

= (d—1)(r —1)+2

and divide by d — 1, which is nonzero, to get (r — 1)¥"2. This is the correct form for the rth
element in column d of Bf, in M". Therefore, we invoke our original induction hypothesis that the

(n — 1)-by-(n — 1) matrix M" has a nonzero determinant, which completes the proof. O
Remark. The previous proof is similar to (but more complicated than) the derivation for the
determinant of a Vandermonde matrix.

Lemma 6.5.4. Let f be a signature of arity 4 with complex weights. If My is redundant and ]\A/[?

is nonsingular, then Pl-Holant(f) is #P-hard.

Proof. Let g be the arity 4 signature with M, given in (6.5.3). We reduce from Pl-Holant(FU{g}),
which is #P-hard by Lemma 6.5.2.
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Consider an instance €2 of Pl-Holant(F U {g}). Suppose that g appears n times in . We
construct from € a sequence of instances Q5 of Pl-Holant(F) indexed by s > 1. We obtain Q, from
Q by replacing each occurrence of g with the gadget N in Figure 6.8 with f assigned to all vertices.
In €, the edge corresponding to the ith significant index bit of Vs connects to the same location
as the edge corresponding to the ith significant index bit of g in €.

Now to determine the relationship between Holant(€2) and Holant({2s), we use the isomorphism
between redundant 4-by-4 matrices and 3-by-3 matrices. To obtain €2, from €2, we effectively replace
M, with My, = (My)®, the sth power of the signature matrix M. By the Jordan normal form of

M\;, there exist T, A € C>*3 such that

M b 0
My=TAT ' =T |0 X by| T

0 0 A3

where by,by € {0,1}. Note that A\jAeAs = det(fJ\JVf) # 0. Also since ]\7g = p(My) = I3, and
TI;T~! = I3, we have (T)Myp(T—1) = My. We can view our construction of (2, as first replacing
each My by (T)Mgp(T~1), which does not change the Holant value, and then replacing each new
M, with ¢(A®) = (A)® to obtain €. Observe that

p(W(T)Y(A*)Y(T™Y)) = TAT ™ = (My)* = (0(My))* = o((My)?),

hence, $(T)H(A)P(T1) = My,. (Since My = (T)Myb(T~) and My, = (T)p(A*)6(TY),
replacing each M, sandwiched between (T') and ¢(T~1), by 1(A®) indeed transforms Q to (2.
We also note that, by the isomorphism, (7T~!) is the multiplicative inverse of ¥ (T) within the
semi-group of redundant 4-by-4 matrices; but we prefer not to write it as ¢(7T)~! since it is not the
usual matrix inverse as a 4-by-4 matrix. Indeed, ¢ (7T") is not invertible as a 4-by-4 matrix.)

In the case analysis below, we stratify the assignments in 25 based on the assignment to ¥ (A*).
The inputs to 1(A®) are from {0,1}? x {0,1}2. However, we can combine the input 01 and 10,

since ¥(A®) is redundant. Thus we actually stratify the assignments in Q¢ based on the assign-
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ment to A®, which takes inputs from {0,1,2} x {0,1,2}. In this compressed form, the row and
column assignments to A® are the Hamming weight of the two actual binary valued inputs to the
uncompressed form ¢ (A%).

Now we begin the case analysis on the values of b; and bs.

1. Assume by = by = 0. We only need to consider the assignments to A® that assign
e (0,0) ¢ many times,
e (1,1) j many times, and
e (2,2) k many times
since any other assignment contributes a factor of 0. Let c¢;j;, be the sum over all such
assignments of the products of evaluations of all signatures in Qg except for A® (including
the contributions from 7 and T~!). Note that this quantity is the same in Q as in Q. In

particular it does not depend on s. Then

Holant(Q2) = Z c;jj
i+j+k=n

and the value of the Holant on {2, for s > 1, is

Holant () = Z ()\’i)\gA’g)s (CU’“) :

2J
i+j+k=n

The coefficient matrix is Vandermonde, but it may not have full rank because it might be that

XXNE = MMM for some (i, 5, k) # (i, 5/, k), where i + j + k = i + j' + k' = n. However,

Cijk

TR If two coeflicients are

this is not a problem since we are only interested in the sum )
the same, we replace their corresponding unknowns c;ji,/ 2/ and ity | 27" with their sum as
a new variable. After all such combinations, we have a Vandermonde system of full rank. In
particular, none of the entries are 0 since Ay Ao A3 = det(ﬂ;) # 0. Therefore, we can solve the
linear system and obtain the value of Holant((2).

2. Assume b; # bs. We can permute the Jordan blocks in A so that by = 1 and by = 0, then
A1 = A2, denoted by A. We only need to consider the assignments to A® that assign

e (0,0) ¢ many times,
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e (1,1) j many times,

e (2,2) k many times, and

e (0,1) £ many times
since any other assignment contributes a factor of 0. Let c¢;jx, be the sum over all such
assignments of the products of evaluations of all signatures in 5 except for A® (including the

contributions from 7" and 7~!). Then

Holant () = Z ngk
i+j+k=n

and the value of the Holant on €, for s > 1, is

Holant(Q,) = Z AHD)s ks (3/\8—1)5 <Cijkf)

2j+L
i+j+k+l=n
ks
= Y (F) ()
by Noi+e )"
i+j+k+=n

If A3/ is a root of unity, then take a ¢ such that (A3/\)! = 1. Then

thei;

— \nst 14 igke

Holant () = A" E s <)\42j+€) .
i+jt+k+e=n

For s > 1, this gives a coefficient matrix that is Vandermonde. Although this system is not

full rank, we can replace all the unknowns c;jre/ 2J having i + j + k = n — £ by their sum to

Cijke
i+jt+k=n—C 27 >

form new unknowns Cle => where 0 < ¢ < n. The new unknown 06 is the

Holant of €2 that we seek. The resulting Vandermonde system

n tﬁ /
Holant () = A" )~ s (Aé@
£=0

has full rank, so we can solve for the new unknowns and obtain the value of Holant(2) = .
If A3/ is not a root of unity, then we replace all the unknowns ¢;jx¢/ (X2718) having i4+j = m

with their sum to form new unknowns ¢ ,,, for any 0 < m,k, £ and m + k + ¢ = n. The
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Holant of € is now

Holant(Q2) = Z ko
m-+k=n

and the value of the Holant on € is

ks
i3 G) G

i+j+k+L=n
ks
A3
= )\ns Z ()\ Sgc;nk‘f .
m-+k+l=n

After a suitable reordering of the columns, the matrix of coefficients satisfies the hypothesis
of Lemma 6.5.3. Therefore, the linear system has full rank. We can solve for the unknowns
and obtain the value of Holant({2).
. Assume by = by = 1. In this case, we have Ay = Ao = A3, denoted by A, and we only need to
consider the assignments to A® that assign

e (0,0) or (2,2) ¢ many times,

e (1,1) j many times,
[ ]

1,2) ¢ many times, and

(0,0)
(1,1)
e (0,1) k many times,
(1,2)
(0,2)

0,2) m many times
since any other assignment contributes a factor of 0. Let ¢;jrem, be the sum over all such
assignments of the products of evaluations of all signatures in 25 except for A® (including the

contributions from 7" and 7~!). Then

Holant($2) = Z Ci; 300
i+j=n
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Figure 6.9: An example with n = 6 of how to apply update rules (6.5.5) (solid)
and (6.5.6) (dashed).

and the value of the Holant on €, for s > 1, is

o) = Y A () (o 1) ()
i+j+k+l+m=n
_ k+0+ Cijktm
= Z s s =" ()\k+£+2m2j+kz+m> '

i+j+k+l+m=n

We replace all the unknowns c;jkey,/(AFTF2m20T5+m) having i + j = p and k + ¢ = ¢ with

their sum to form new unknowns c/ for any 0 < p,q,m and p+ g +m = n. The Holant of

pgm>

Q is now ¢,y. This new linear system is

Holant(€2,) = A" > s (s — 1)™¢]

Cpgm
ptgtm=n

but is still rank deficient. We now index the columns by (¢, m), where ¢ > 0, m > 0, and
g+m < n. Correspondingly, we rename the variables x4, = c;,qm. Note that p=n—qg—m is
determined by (g, m). Observe that the column indexed by (g, m) is the sum of the columns
indexed by (¢ — 1,m) and (¢ — 2,m + 1) provided ¢ — 2 > 0. Namely, s7t™(s —1)" =

si71Hm (g —1)m 4 ga=2mtl(s _ 1)m+l Of course this is only meaningful if ¢ > 2, m > 0 and
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q +m < n. We write the linear system as

Holant (€2,
3 (€2)

aqzquym = Ans ?
920, m20, g+m<n

_ gtm(o__1\Mm : —
where g = s (s—1)™ are the coeflicients. Hence oy m@gm = Qg—1,mTqm+G—2,m+1Tq,m,

and we define new variables

Tg—1,m < Tgm + Lg—1m (6.5.5)

Tg—2,m+1 < Tgm + Tg—2,m+1 (6.5.6)

from ¢ = n — m down to 2 for every 0 < m < n — 2. See Figure 6.9 for an example with
n = 6.

Observe that in each update, the newly defined variables have a decreased index value for
g.- A more crucial observation is that the column indexed by (0,0) is never updated. This is
because, in order to be an updated entry, there must be some ¢ > 2 and m > 0 such that
(g—1,m)=(0,0) or (¢ —2,m+ 1) = (0,0), which is clearly impossible. Hence z¢ = 4 is

still the Holant value on €). The 2n + 1 unknowns that remain are
20,0, 1,0, 0,1, 1,1, 0,2, 1,25 ---, LOn—1, L1n—-1, LTOn
and their coefficients in row s are
1,s,s(s —1),5%(s — 1),s%(s = 1)%,...,s" (s = 1)" L, s"(s — 1)" L, s"(s — 1)"™.

It is clear that the x-th entry in this row is a monic polynomial in s of degree x, where 0 <
k < 2n, and thus s” is a linear combination of the first x entries. It follows that the coefficient
matrix is a product of the standard Vandermonde matrix multiplied to its right by an upper
triangular matrix with all 1’s on the diagonal. Therefore, the linear system has full rank. We

can solve for these final unknowns and obtain the value of Holant(Q) = zg o = ¢}, O
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Remark. Given such a long and difficult proof, I think some people might miss the basic idea that
lead us to find it in the first place.

Given a symmetric signature of arity 4, we want to interpolate another signature of arity 4 using
the linear construction in Figure 6.8. Why this construction? Because it is (probably) the simplest
arity 4 recursive construction. And what is the worst that can happen? Every nonzero eigenvalue
is a root of unity. Then this construction only provides us with a finite amount of information, but
the amount of information that we need in order to interpolate grows polynomially with the input
size.

And how bad is it? The signature matrix of a symmetric arity 4 signature has 0 for at least
one eigenvalue. If the other three eigenvalues are 1 (and the corresponding eigenvectors are linearly
independent), then the signature of this signature matrix is the one given in (6.5.3). Is this signature
hard? Yes, but we did not know that until after going through this line of reasoning and then finding

a proof that it is hard.

To simplify the application of Lemma 6.5.4 to a symmetric signature, we state and prove its

restriction to a symmetric signature.

Corollary 6.5.5. For a signature [fo, f1, f2, f3, f1] with complex weights, if there does not exist
a,b,c € C, not all zero, such that afy + bfxy1 + cfr12 = 0 for all k € {0,1,2}, then Pl-Holant(f)
18 #P-hard.

Proof. If the compressed signature matrix /J\Zf; is nonsingular, then Pl-Holant(f) is #P-hard by

Lemma 6.5.4, so assume that the rank of M; is at most 2. Then we have

fo f1 f2 0
a|lpl+2 [+ ms]=1]0
fo I3 Ja 0

for some o', V', € C, not all zero. Thus, a = a’/, b = 2/, and ¢ = ¢’ have the desired property. [J

To make Lemma 6.5.4 more applicable, we show that for an arity 4 signature f, the redundancy

of My and the nonsingularity of ]\Ai; are invariant under an invertible holographic transformation.
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Lemma 6.5.6. Let f be a signature of arity 4 with complex weights, T € C?*? a matriz, and

f=T®4f If My is redundant, then Mj is also redundant and det(go(Mf)) = det(p(My)) det(T)°.

Proof. Since f = T%4f we can express Mf in terms of My and T' as
M; =T My (TT)%2. (6.5.7)

This can be directly checked. Alternatively, this relation is known (and can also be directly checked)
had we not introduced the flip of the middle two columns, i.e., if the columns were ordered
00,01,10,11 by the last two bits in f and f Instead, the columns are ordered by 00, 10,01, 11
in My and Mf- Let T = (t;), where row index i and column index j range from {0,1}. Then

T%2? = (t;tj-l,), with row index #i’ and column index jj’. Let

o o O
—
[a)
[a)

then ET®2E = T%?, i.e., a simultaneous row flip i7’ <+ i’i and column flip jj’ < j'j keep T®? un-
changed. Then the known relations M ;& = T®2ME (TT)®? and € (TT)®? € = (TT)®? imply (6.5.7).

Now X € RMy(C) iff EX = X = X&. Then it follows that Mf € RMy(C) if My € RMy(C). For
the two matrices A and B in the definition of ¢, we note that BA = Mg, where M, given in (6.5.3)
is the identity element of the semi-group RMy(C). Since My € RMy4(C), we have BAM; = My =
M;BA. Then we have

o(M;)=AMB=A <T®2Mf (TT)®2) B
= (AT®?B)(AM;B)(A (TT)®* B) (6.5.8)

= p(T9%)p(Mp)p((TT)*?).
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Another direct calculation shows that
det(p(T%?)) = det(T)* = det(p((TT)%?)).
Thus, by applying determinant to both sides of (6.5.8), we have

det(ip(M;)) = det(p(M;)) det(T)"

as claimed. O

In particular, for a matrix 7' € GL2(C), My is redundant and T/[; is nonsingular iff M 7 is
redundant and ]\Ai; is nonsingular. By combining Lemma 6.5.4 and Lemma 6.5.6, we have the

following corollary.

Corollary 6.5.7. Let f be a signature of arity 4 with complex weights. If there exists a matriz
T € GLy(C) such that f = T®*f with M is redundant and /]\Zf; is nonsingular, then Pl-Holant(f)
1s #P-hard.

6.6 Main Result

Before proving our main result for this chapter, we show hardness for a planar tractable case over
general graphs. To prove both this result and our main result, we use orthogonal holographic trans-
formations to normalize a class of signatures. We state the general case for symmetric signatures
of arity n > 1 even though we only use the case n = 4. Appendix D of [35] considered the case

n = 3.

Lemma 6.6.1. Let f = [fo,..., fn] be a complex-weighted signature of arity n > 1. Suppose there
exists ¢,d € C such that fr, = cka®* 1 +da® for all1 <k <n. Ifc # 0 and o # i, then there

exists H € O5(C) such that H®" f = [x,4,0,...,0] for some x,y € C with y # 0.

d

-1
dnla] . Note that det S = ¢ # 0. Then we can write f as

n

Proof. Let S = [1
a ct

f=5%"1,1,0,...,0].
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Figure 6.10: The tetrahedron gadget. Each vertex is assigned [0, 1,0, 0,0].

This identity can be verified by observing that

®n
. 1 1 oot |11 0
[1,1,0,...,0]T = + — Sym,, ;

0 (n—1)! 0 1

We consider the value at any entry of Hamming weight k. By considering where the tensor product

factor [0, 1] is located among the n possible locations, we get

d—1 d—1
of +k (c—l— 04) iy (e k)Tak = cka* 1 4 dat.
n

Let H = -2 [l %], then H = HT = H! € O5(C) is orthogonal, and R = HS = [§ %] is

1+a2 Lo —1
upper triangular, where v,w € C and w = V1 + a? # 0. Also, det R =det Hdet S = (—1)c # 0, so
we have v # 0. Then it follows that
H®"f = (HS)®"[1,1,0,...,0]
= R®"[1,1,0,...,0]
= R®™ ([1,0]°" Sym}~*([1,0]; 0,1
R (1017 gy Sy (035 00.2)

= [u, 0)%" + =1 Sym”*([u, 0]; [w, v])

= [u" 4 nu" " tw,u" " 1v,0,...,0]
has the required form since u"'v # 0. O

Lemma 6.6.2. Holant([0,1,0,0,0]) is #P-hard.
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Proof. Consider the gadget in Figure 6.10. We assign [0, 1,0,0,0]) to each vertex. The signature
f of this gadget is f = [3,0,1,0,1]. The compressed signature matrix of this gadget is nonsingular

since det(va) = 4, so we are done by Lemma 6.5.4. O
Now we prove our main result, a planar Holant dichotomy for a symmetric signature of arity 4.

Theorem 6.6.3. If f is a non-degenerate, symmetric, complex-valued signature of arity 4 in
Boolean variables, then Holant(f) is #P-hard unless f is of -transformable or Z-transformable
or vanishing, in which case, the problem is computable in polynomial time. If the input is restricted
to planar graphs, then the problem remains #P-hard unless . -transformable, in which case, the

problem is computable in polynomial time.

Proof. Let f = [fo, f1, f2, f3, fa]. If there do not exist a,b,c € C, not all zero, such that for all
ke€{0,1,2}, afy +bfrxs1+cfrre = 0, then Pl-Holant(f) is #P-hard by Corollary 6.5.5. Otherwise,
there do exist such a,b,c. If a = ¢ =0, then b # 0, so fi = fo = f3 = 0. In this case, f € & is
a generalized equality signature, so f is &-transformable. Now suppose a and ¢ are not both 0.

If b> — 4ac # 0, then there exist aq,an,f1,81 € C such that f, = o/ll_ko/gC + ﬂf_kﬁg, where

a1 B1

s 52} transforms f to =4, and we are done

a1 — agfy # 0. A holographic transformation by [
by Theorem 6.1.2. Otherwise, b> —4ac = 0 and there are two cases. In the first, fi = cka*~! +da*
for any 0 < k < 2, where ¢ # 0. In the second, fy = c¢(4 —k)a®> % 4 da*~F for any 0 < k < 2, where
¢ # 0. These cases map between each other under a holographic transformation by [ {], so assume
that we are in the first case. If & = £i, then f is vanishing. Otherwise, there exists an orthogonal
matrix H such that H®"f = [z,y,0,0,0] with y # 0 by Lemma 6.6.1. Then up to a nonzero factor
of y, we have f = [v,1,0,0,0], where v = % If v # 0, then Pl-Holant([v,1,0,0,0]) is #P-hard
by Corollary 6.3.6. Otherwise v = 0 and the problem is counting perfect matchings over 4-regular

graphs. Thus f € M, so fis #-transformable, and the problem is tractable by Corollary 4.3.7.

Without restricting to planar graphs, Holant([0, 1,0, 0, 0]) is #P-hard by Lemma 6.6.2. O
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6.7 Closing Thoughts

Superiority of planar pairing Instead of using a planar pairing as was done in the proof of
Lemma 6.3.5, there is another approach that one can try. After explaining this approach though,
I will argue why I believe that planar pairing is a superior proof technique.

The general situation to which planar pairing applies is that every vertex has a dangling edge
and these dangling edges need to be connected together in pairs. To ensure that there are an even
number of dangling edges, we can duplicate the graph [46, Lemma IV.2]. Sometimes multiple
copies are required [81, Lemma 5.4]. In any case though, we solve the resulting problem using an
oracle and want to obtain the solution of the original problem, which is some root of the oracle’s
answer. The question is, which root is the correct one?

The approach used in the works cited above is to

observe that in all the #P-hardness proofs in the current paper and all the #P-hardness
proofs in all the papers on which the current paper depends, when the target Holant
problem for any signature set is proved to be #P-hard, the reduction is from a #P-
complete problem (such as counting vertex covers, matchings, perfect matchings, or
Eulerian orientations), so the solution is a nonnegative integer, and the only three
techniques used in the reduction chains are direct gadget constructions, polynomial

interpolations, and holographic transformations.

The proofs then continue and argue why the unique nonnegative root can be recovered when using
each of these reduction techniques.

The issue with this approach is the difficulty in checking its correctness. One must read all the
#P-hardness proofs in the current paper and all the #P-hardness proofs in all the papers on which
the current paper depends in order to determine if the reductions really are structured as claimed.
This breaks the modularity intended by the use of lemmas, theorems, and the like.! In contrast,
the technique of planar pairing only requires one to check the correctness of the proof in which it

is used.

! This type of argument is also used in the proof of Corollary B.5 in [27], but in this instance, the argument is
self contained.
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When the reduction must be planar, the dangling edges must be connected in a planar way.
There are two equally-good ways to accomplish this. In a planar pairing, there must be an even
number of the dangling edges. Then one is able to efficiently pair them up in a planar way.
Alternatively, one can “move” all of the dangling edges to the outer face in some planar embedding
and then pair them up. Moving the dangling edges to the outer face requires the ability to construct
a gadget that functions like as a crossover gadget and allows the dangling edges to move closer to

the outer face. See the proof of Lemma IV.2 in [46] for an example.
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Chapter 7

Dichotomy for Holant Problems over

General Graphs

We prove a dichotomy theorem for Holant problems over an arbitrary set of complex-valued symmet-
ric constraint functions F on Boolean variables. The dichotomy theorem has an explicit tractability
criterion expressible in terms of holographic transformations. A Holant problem defined by a set
of constraint functions F is solvable in polynomial time if it satisfies this tractability criterion, and
is #P-hard otherwise.

The tractability criterion can be intuitively stated as follows: A set F is tractable if (1) every
function in F has arity at most two, or (2) F is transformable to an affine type, or (3) F is trans-
formable to a product type, or (4) F is vanishing, combined with the right type of binary functions,
or (5) F is highly vanishing, combined with any unary functions. The proof of this theorem utilizes
previous dichotomy theorems for Holant problems and #CSPs. Holographic transformations play
an indispensable role as both a proof technique and in the statement of the tractability criterion.

This work was published in [29, 30].
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7.1 Background

We prove a dichotomy theorem for Holant problems over an arbitrary set of complex-valued sym-
metric constraint functions F on Boolean variables. Compared to previous dichotomy theorems for
Holant problems, a significant difficultly is the new tractable case of vanishing signatures.

Vanishing signatures are constraint functions, that when applied to any signature grid, produce
a zero Holant value. A simple example is a constraint function of the form (1, i)®k on k variables,
which is a tensor product of (1,47). This function on a vertex (of degree k) can be replaced by k
copies of the unary function (1,7) on k new vertices, each connected to an incident edge. Whenever
two copies of (1,7) meet in the Holant sum, they annihilate each other since they give the value
(1,7) - (1,4) = 0.

These ghostly constraint functions are like the elusive dark matter. They do not actually
contribute any value to the Holant sum. However, in order to give a complete dichotomy for
Holant problems, it turns out to be essential that we capture these vanishing signatures. There is
another similarity with dark matter. Their contribution to the Holant sum is not directly observed.
Yet in terms of the dimension of the algebraic variety they constitute, they make up the vast
majority of the tractable symmetric signatures. Furthermore, when combined with others, they
provide a large substrate to produce non-vanishing yet tractable signatures. In #CSP, they are
invisible due to the presumed inclusion of all the EQUALITY functions; and they lurk beneath the
surface when one only considers real-valued Holant problems.

The existence of vanishing signatures have influenced previous dichotomy results, although this
influence was not fully recognized at the time. In the dichotomy theorems in [47] and [35], almost
all tractable signatures can be transformed into a tractable #CSP problem, except for one special
category. The tractability proof for this category used the fact that they are a special case of
generalized Fibonacci signatures [52]. However, what went completely unnoticed is that for every
input instance using such signatures alone, the Holant value is always zero!

The most significant previous encounter with vanishing signatures was in the parity setting [72].
The authors noticed that a large fraction of signatures always induce an even Holant value, which is

vanishing in Z,. However, the parity dichotomy was achieved using an existential argument without
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obtaining a complete characterization of the vanishing signatures. Consequently, the dichotomy
criterion is non-constructive and is currently not known to be decidable. Nevertheless, this work is
important because it was the first to discover nontrivial vanishing signatures in the parity setting
and to obtain a dichotomy that was completed by vanishing signatures.

We characterize the set of o7~ and &-transformable signatures after an orthogonal holographic
transformation. An orthogonal transformation is natural since the binary EQUALITY =5 is un-
changed under such a transformation. With explicit characterizations of these tractable signatures,
a complete dichotomy theorem becomes possible. We first prove a dichotomy for a single signa-
ture, and then we extend it to an arbitrary set of signatures. The most difficult part is proving a
dichotomy for a single signature of arity 4, which we did in Chapter 6 and is given in Theorem 6.6.3.

With this dichotomy, we come to a conclusion on a long series of dichotomies on Holant prob-
lems [50, 47, 48, 91, 93, 37, 36, 35, 80]. In particular, this dichotomy extends the dichotomy in [80]
that covers all real-valued symmetric signatures. While we do not rely on their real-valued di-
chotomy itself, we do make important use of one result in [80]: a dichotomy for #CSP?. Recall

that T, = {[§ 9] € C¥*% | wk = 1}.

Theorem 7.1.1 (Theorem IV.1 in [80]). Let d > 1 be an integer. Suppose F is a set of symmetric,
complex-valued signatures in Boolean variables. Then #CSPd(f) is #P-hard unless F C & or

IT € Taq such that F C Tof, in which case the problem is computable in polynomial time.

7.2 Statement of Main Result

Here is the main result of this chapter. The sets #? and %9 are defined in Section 4.4.

Theorem 7.2.1. Let F be any set of symmetric, complez-valued signatures in Boolean variables.
Then Holant(F) is #P-hard unless F satisfies one of the following conditions, in which case the
problem is computable in polynomaial time:

1. All non-degenerate signatures in F are of arity at most 2;

2. F is of -transformable;

3. F is P-transformable;
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4. FCVoU{f e XS |arity(f) =2} foroe{+,—};

5. All non-degenerate signatures in F are in %9 for o € {+,—}.

Note that any signature in %9 having arity at least 3 is a vanishing signature. Thus all signatures
of arity at least 3 in case 5 are vanishing. While both cases 4 and 5 are largely concerned with
vanishing signatures, these two cases differ. In case 4, all signatures in F, including unary signatures
but excluding binary signatures, must be vanishing of a single type o; the binary signatures are
only required to be in #9. In contrast, case 5 has no requirement placed on degenerate signatures
which include all unary signatures. Then all non-degenerate binary signatures are required to be
in Z9. Finally all non-degenerate signatures of arity at least 3 are also required to be in %9, which
is a strong form of vanishing; they must have a large vanishing degree of type o.

Case 5 is actually a known tractable case [52, 49]. Every signature (after replacing all degenerate
signatures with corresponding ones) is a generalized Fibonacci signature with m = 02¢, which means
that every signature [fo, f1,..., fn] € F satisfies fyro = mfry1 + fr for 0 < k < n — 2. However,

we present a unified proof of tractability based on vanishing signatures.

7.2.1 Proof of Tractability

For any signature grid €2, Holant(2) is the product of the Holant on each connected component, so
we only need to compute over connected components.

For case 1, after decomposing all degenerate signatures into unary ones, a connected component
of the graph is either a path or a cycle and the Holant can be computed using matrix product and
trace. Case 2 is tractable by Corollary 4.2.7. Case 3 is tractable by Corollary 4.1.6. For case 4, any
binary signature g € %9 has rd?(g) < 1, and thus vd“(g) > 1 = arity(g)/2. Any signature f € ¥
has vd? (f) > arity(f)/2. If F contains a signature f of arity at least 3, then it must belong to ¥7.
Then by the combinatorial view, more than half of the unary signatures are [1,0i], so Holant(2)
vanishes. On the other hand, if the arity of every signature in F is at most 2, then we have reduced
to case 1.

Now consider case 5. After decomposing all degenerate signatures into unary ones, recursively

absorb any unary signature into its neighboring signature. If it is connected to another unary
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P-transformable

/
[Theorem 7.5.1]

[Theorem 7.2.1]

Figure 7.1: Dependency graph of key hardness results for our main dichotomy, Theo-
rem 7.2.1. The dashed edge indicates a dependency in terms of techniques rather than
the result itself. “Arity 3(4)” stands for the arity 3(4) single signature dichotomy. “Van-
ishing” (“«7-transformable and Z-transformable”) stands for the lemmas regarding
vanishing (.o7-transformable and Z-transformable) signatures. Not all dependencies
on previous dichotomy theorems are shown.

signature, then this produces a global constant factor. If it is connected to a binary signature, then
this creates another unary signature. We observe that if f € %29 has arity(f) > 2, then for any
unary signature u, after connecting f to u, the signature (f,u) still belongs to ZJ. Hence after
recursively absorbing all unary signatures in the above process, we still have a signature grid where
all signatures belong to #9. Any remaining signature f that has arity at least 3 belongs to 7

since rd? (f) <1 and thus vd?(f) > arity(f) — 1 > arity(f)/2. Thus we have reduced to case 4.

7.2.2 Outline of Hardness Proof

The hardness proof of our main dichotomy is more complicated. Our first goal is to prove a
dichotomy for a single signature, Theorem 7.5.1. The proof is by induction on the arity of the
signature. The induction is done by taking a self loop, which causes the arity to go down by 2.
Thus, we need two base cases, a dichotomy for an arity 3 signature and a dichotomy for an arity 4
signature. The dichotomy for an arity 3 is given in Theorem 6.1.3. The dichotomy for an arity 4
was proved in Chapter 6 and is given in Theorem 6.6.3. It is a crucial ingredient in our proof of

the full dichotomy. It is not only a base case of the single signature dichotomy but also utilized
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several times in the inductive step.

We begin our proof by considering what signatures mix with the vanishing signatures to give #P-
hardness. When adding unary or binary signatures, the only possible combinations that maintain
the tractability of the vanishing signatures are as described in cases 4 and 5 in Theorem 7.2.1.
Moreover, combining two vanishing signatures of the opposite type of arity at least 3 implies #P-
hardness. The proof of this last statement uses techniques that are similar to those in the proof of
the arity 4 dichotomy.

Another important piece of the proof is to understand the signatures that are o/-transformable
or P-transformable. We obtain new explicit characterizations of these signatures. We use these
characterizations to prove dichotomy theorems for any signature set containing an /- or -
transformable signature. Unless every signature in the set is &7/~ or &-transformable, the problem
is #P-hard. The proofs of these dichotomy theorems utilize the #CSP? dichotomy.

The main dichotomy, Theorem 7.2.1, depends on Theorem 7.5.1 and the results regarding
vanishing signatures as well as the dichotomies when /- or Z-transformable signatures appear.

Figure 7.1 summarizes the dependencies among these results.

7.3 Mixing with Vanishing Signatures

We know that vanishing signatures, which were characterized in Section 4.4, are tractable. Now
we determine what signatures combine with them to give #P-hardness. We begin with unary

signatures and their tensor powers.

Lemma 7.3.1. Let f € V7 be a symmetric signature with vd’(f) > 2 where o € {4+, —}. Suppose

v =u®™ is a symmetric degenerate signature for some unary signature u and some integer m > 1.

If w is not a multiple of [1,01], then Holant({f,v}) is #P-hard.

Proof. We consider ¢ = + since the other case is similar. Since f € ¥, we have arity(f) >
21dt(f) > 4, and vd* (f) = arity(f) — rdT(f) > 0. Asrd*(f) > 2, f is a nonzero signature. By
Lemma 4.4.14, with zero or more self loops of f, we can construct some f’ with rd™(f’) = 2 and

arity n > 5. We can repeatedly apply Lemma 4.4.14, since in each step we reduce the recurrence
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degree rd" by exactly one, which remains positive and thus the resulting signature is nonzero.
Being obtained from f by self loops, it remains in #*. The process can be continued. After two
more self loops,

Let t = ged(m,n — 4). There are integers x and y such that zm + y(n — 4) = t. By replacing
x with 4+ z(n — 4) and y with y — zm, for any integer z, we may assume x > 0 and y < 0. Then
if we connect |y| copies of [1,i]®("~% to z copies of v = u®™, we can realize u®!. Since u is not
a multiple of [1,1], it follows that (u,[1,i]) is a nonzero constant. We can realize g = u®™~%) by
putting (n — 4)/t many copies of u®! together.

Now connect this g back to f’. Since the unary w is not a multiple of [1,4], we can directly
verify that g ¢ %, , and thus rd"(g) = arity(g) = n — 4, and vd*(g) = 0. By Lemma 4.4.13,
we get f” = (f’,g) of arity 4 and rd™(f”) = 2. One can verify that Holant(f") is #P-hard by
Lemma 6.5.4, by writing f; = i*p(k) for some polynomial p of degree exactly 2. A more revealing
proof of the #P-hardness of Holant(f”) is by noticing that this is the problem Holant(=45 | f"),

which is equivalent to Holant(#, | ﬁ) under the holographic transformation Z = == [} 1,]. By

V2 Li—i
rdt(f”) = 2, the signature 77 takes the form [ﬁo, ﬁl, ﬁQ, 0,0], where ﬁQ # 0. Then we are done

by Corollary 6.5.7 after transforming back to the original setting. O
Next we consider binary signatures, but first we prove a simple interpolate result.

Lemma 7.3.2. Let x € C. If x # 0, then for any set F containing [z,1,0], we have
Holant(#, | F U {[v,1,0]}) <7 Holant(#, | F)

for any v € C.

Proof. Consider an instance Q of Holant(#, | F U {[v,1,0]}). Suppose that [v,1,0] appears n
times in Q. We stratify the assignments in Q based on the assignments to [v,1,0]. We only need
to consider assignments of Hamming weight 0 and 1 since an assignment of Hamming weight 2

contributes a factor of 0. Let i be the number of Hamming weight 0 assignments to [v, 1, 0] in Q.
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Then there are n — i assignments of Hamming weight 1 and the Holant on €2 is
n .
Holant () = Zvlci,
i=0

where ¢; is the sum over all such assignments of the product of evaluations of all other signatures
on €.

We construct from € a sequence of instances €5 of Holant(F) indexed by s > 1. We obtain
from Q by replacing each occurrence of [v,1,0] with a gadget g, created from s copies of [z, 1,0],
connected sequentially but with (#2) = [0,1,0] between each sequential pair. The signature of g

is [sx, 1, 0], which can be verified by the matrix product

s—1 s—1

The Holant on €y is

Holant(Q;) = Z(sx)zc,
i=0

For s > 1, this gives a coefficient matrix that is Vandermonde. Since z is nonzero, sz is distinct
for each s. Therefore, the Vandermonde system has full rank. We can solve for the unknowns ¢;

and obtain the value of Holant((2). O

Lemma 7.3.3. Let f € V7 be a symmetric non-degenerate signature where o € {+,—}. Suppose

g is a non-degenerate binary signature. If g ¢ %9, then Holant({f, g}) is #P-hard.

Proof. We consider o = + since the other case is similar. A unary signature is degenerate. If f is
binary, then vd™(f) > 1. Hence vd"(f) > 2, and so f is degenerate. Since f is non-degenerate,
arity(f) > 3.

We prove the lemma by induction on the arity of f. There are two base cases, arity(f) = 3 and
arity(f) = 4. However, the arity 3 case is easily reduced to the arity 4 case. We show this first,
and then show that the lemma holds in the arity 4 case.

Assume arity(f) = 3. Since f € ¥, we have rd*(f) < 3/2, thus f € Z5. From rd"(f) < 1,
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Figure 7.2: The circles are assigned [t,1,0,0] and the square is assigned #s.

we have vd*(f) > 2. On the other hand, f is non-degenerate, so vd™(f) < 3. Thus vd*(f) = 2
and rd ™ (f) = 1.

We connect two copies of f together by one edge to get an arity 4 signature f’. By construction,
it may not appear that f’ is a symmetric signature. However, we show that f’ is in fact symmetric,
non-degenerate, and vanishing. It is clearly a vanishing signature, since f is vanishing. Consider
the Z transformation, under which f is transformed into f = [t,1,0,0] for some t up to a nonzero
constant. The =, on the connecting edge between the two copies of f is transformed into #s. In
the bipartite setting, our construction is the same as the gadget in Figure 7.2. One can verify that
the resulting signature is f’ = [2t,1,0,0,0]. The crucial observation is that it takes the same value
0 on inputs 1010 and 1100, where the left two bits are input to one copy of f and the right two bits
are for another. The corresponding signature f’ is non-degenerate with rd*(f’) = 1 and vanishing.

Next we consider the base case of arity(f) = 4. Since f € ¥, we have vd*(f) > 2 and
rd™(f) < 2. Since f is non-degenerate, we have rd™ (f) # —1,0. Hence rd™ (f) = 1 and vd ™ (f) = 3.
Also by assumption, the given binary g ¢ %5, so we have rd"(g) = 2. Once again, consider the

holographic transformation by Z. This gives

Holant(=2 | {f, g}) =1 Holant([1, 0, 1]Z®2 | {(Z_1)®4f, (Z_1)®2g})

=7 Holant([0,1,0] | {f,3}),

where up to a nonzero constant, f = [t,1,0,0,0] and g = [a,b,1], for some ¢,a,b € C. We have
a # b? since ¢ is non-degenerate.

Our next goal is to show that we can realize a signature of the form [c, 0, 1] with ¢ # 0. If b = 0,
then ¢ is what we want since in this case a = a — b # 0.

Now we assume b # 0. By connecting § to f via #o, we get [t + 2b,1,0]. If ¢ # —2b, then
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e m A m e

Figure 7.3: A sequence of binary gadgets that forms another binary gadget. The circles
are assigned [v, 1, 0], the squares are assigned #9, and the triangle is assigned [a, b, 1].

by Lemma 7.3.2, we can interpolate any binary signature of the form [v,1,0]. Otherwise ¢t = —2b.
Then we connect two copies of § via %, and get § = [2ab, a+ b2, 2b]. By connecting this § to f via
#9, we get [2(a — b?),2b,0], using t = —2b. Since a # b? and b # 0, we can once again interpolate
any [v,1,0] by Lemma 7.3.2.

Hence, we have the signature [v, 1, 0], where v € C is for us to choose. We construct the gadget
in Figure 7.3 with the circles assigned [v, 1, 0], the squares assigned #2, and the triangle assigned
[a,b,1]. The resulting gadget has signature [a + 2bv + v2,b + v, 1], which can be verified by the

matrix product

v 1110 1] ¢ b |0 1| |v 1 a+2bv+v? b4
1 o1 O] b6 1] (1 O |1 O b+ 1

By setting v = —b, we get [c, 0, 1], where ¢ = a — b* # 0.

With this signature [c, 0, 1], we construct the gadget in Figure 7.4, where [c, 0, 1] is assigned to

—a— B
(a) The tetrahedron gadget with (b) The gadget representing an edge
edge signatures given in (b). labeled by a triangle in (a).

Figure 7.4: The tetrahedron gadget with each triangle replaced by the edge in (b),
where the circle is assigned [c,0, 1] and the squares are assigned #3. The four circles
in (a) are assigned [t, 1,0,0,0].
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the circle vertex of arity two in Figure 7.4b and f is assigned to the four circle vertices of arity four

in Figure 7.4a. We get a signature
h = [3¢2 4 6¢t? + t4, 3ct + 3, c + 2,1, 1].

We note that this computation is reminiscent of matchgate signatures. The internal edge function
[1,0,¢] (which is a flip from [c, 0, 1] since both sides are connected to #2) is a generalized equality
signature, and the signature f on the four circle vertices is a weighted version of the matching
function AT-MOST-ONE.

The compressed signature matrix of h is

3¢+ 6¢t2 + 1 2(3ct +1%) c+t?
M; = 3ct + 13 2(c +t?) t

c+t? 2t 1

and its determinant is 4c¢® # 0. Thus M; is nonsingular. After a holographic transformation by
Z~ ! where Z = % H Ez], the binary disequality (#2) = [0, 1,0] is transformed to the binary
equality (=2) = [1,0,1]. Thus Holant([0,1,0] | ) is transformed to Holant(=y | Z®*h), which is
the same as Holant(Z®*h). Then we are done by Corollary 6.5.7.

Now we do the induction step. Assume f is of arity n > 5. Since f is non-degenerate, rd™ (f) >
1. If rd*(f) = 1, then we connect the binary g to f to get f’ = (f,g). We have noted that
rd*(g) = 2, so vdT(g) = 0. By Lemma 4.4.13, we have rd*(f’) = 1 and arity(f’) =n —2 > 3.
Thus f’ is vanishing. Also f’ is non-degenerate, for otherwise let f' = [a,b]®™~2). If [a,b] is a
multiple of [1,i], then rd¥(f") < 0, which is false. If [a,b] is not a multiple of [1,4], then it can
be directly checked that f' & % ,, and rd™(f’) = n — 2 > 1, which is also false. Hence f’ is a
non-degenerate vanishing signature of arity n — 2, so we are done by induction hypothesis.

Now suppose rd"(f) =t > 2. Since f is non-degenerate, it is certainly nonzero. Since it is

vanishing, certainly vd™(f) > 0. Hence we can apply Lemma 4.4.14. Let f’ be obtained from f

by a self loop. Then rd*(f’) =t —1 > 1 and arity(f’) = n — 2. Clearly f’ is still vanishing.
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We claim that f’ is non-degenerate. This follows using the same argument as above. If f’ were
degenerate, then either rd™(f’) < 0 or rd™(f’) = arity(f’), which would contradict f’ being a

vanishing signature. Therefore, we can apply the induction hypothesis. O

Remark. The gadget in Figure 7.4 is rather complicated. In the process of strengthening this
result to planar graphs [27], we found a simpler proof that Pl-Holant(#, | [t,1,0,0,0], [c,0,1]) is
#P-hard provided t # 0, which is planar tractable. I give this proof next combined with an equally
simple proof that the Holant(#, | [0,1,0,0,0], [c,0,1]) is #P-hard.

Lemma 7.3.4. Let ¢,t € C. If ¢ # 0, then Holant(#, | [t,1,0,0,0], [c,0,1]) is #P-hard.

Proof. By connecting two copies of #5 to either side of [c, 0, 1], we get the signature [1,0, c] on the
left. Clearly Holant([1,0,¢] | [t,1,0,0,0]) <p Holant(#, | [t,1,0,0,0],[c, 0, 1]) even when restricted

to planar graphs. Then under a holographic transformation by 7!, where T' = [(1) \95], we have

Holant([1,0,¢] | [¢,1,0,0,0]) = Holant([1, 0, ¢](T~1)®? | T®4[t, 1,0,0,0])
= Holant([1,0,1] | [t, /¢, 0,0,0])

= Holant([t, v/c, 0,0,0])

even when restricted to planar graphs. Up to a nonzero facto of /¢, we have Holant([v, 1,0, 0, 0])
with v = % If v # 0, then Pl-Holant([v, 1,0, 0,0]) is #P-hard by Corollary 6.3.6. Otherwise ¢t =0
and Holant([0, 1,0,0,0]) is #P-hard by Lemma 6.6.2. O

Next we consider a pair of vanishing signatures of opposite type, both of arity at least 3. We
show that opposite types of vanishing signatures cannot mix. More formally, vanishing signatures
of opposite types, when put together, lead to #P-hardness. First though we show hardness for a

special case.

Lemma 7.3.5. If f =1[0,1,0,...,0] and g = [0,...,0,1,0] are both of arity n > 3, then the problem
Holant([0,1,0] | {f,g}) is #P-hard.

Proof. Our goal is to obtain a signature that satisfies the hypothesis of Corollary 6.5.7.
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DXL DO

a) The circle is assigned f, the triangle is assigned ) The circle is assigned h’, the triangle is as-
g, and the squares are assigned #s. 51gned b, and the squares are assigned #s.

Figure 7.5: Gadget constructions used to obtain a hard and redundant arity 4 signature.

The gadget in Figure 7.5a, with f assigned to the circle vertex, g assigned to the triangle vertex,

and #9 assigned to the square vertices, has signature h with signature matrix

0 0 0 v
01 1 0
Mh_ )
01 10
00 0 O

where v = n—2 is positive since n > 3. Although this signature matrix is redundant, its compressed
form is singular. Rotating this gadget 90° clockwise and 90° counterclockwise yield signatures h’

and h” respectively, with signature matrices

0 0 0 1 0 0 01

0 » 1 0 00 1 0
M, h = and M, h! =

01 0 0 01 v O

1 0 00 1 000

The gadget in Figure 7.5b, with h’ assigned to the circle vertex, h” assigned to the triangle vertex,

and #9 assigned to the square vertices, has a signature r with signature matrix

0 001 0 0 0 1

0 010 0 v v"+1 0
MT = Mh’ Mhu =

0100 01 v 0

1 0 00 10 0 0




143

Figure 7.6: Recursive construction to interpolate a signature r’ that is only a rotation
away from having a redundant signature matrix and nonsingular compressed matrix.
The circles are assigned r and the squares are assigned o.

Note that the effect of the #5 signatures is to reverse all four rows of My before multiplying it
to the right of Mj,. Although this signature matrix is not redundant, every entry of Hamming
weight 2 is nonzero since v is positive.

For any nonzero value ¢t € C, we claim that we can use r to interpolate the following signature
' via the construction in Figure 7.6. Define p* = (v & V12 +4)/2, P = [pﬂ pl,], and T' =

P [t 0 ] P~ where t € C is any nonzero value. The signature matrix of the target signature r’ is

0t!
00 01
0 0
M, = T . (7.3.1)
0 0
1 0 00

Consider an instance Q of Holant(#, | FU{r'}) with » € F. Suppose that r’ appears n times in
2. We construct from 2 a sequence of instances Q5 of Holant(#, | F) indexed by s > 1. We obtain
Qs from by replacing each occurrence of 7" with the gadget N in Figure 7.6 with r assigned to
the circle vertices and #5 assigned to the square vertices. In {2, the edge corresponding to the
ith significant index bit of Ny connects to the same location as the edge corresponding to the ith
significant index bit of 7’ in Q.

The signature matrix of N is the sth power of the matrix obtained from M, after reversing all
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rows, and then switching the first and last rows of the final product, namely

- 1 45  r 1 r 4s-1
000 1] (1 O 0 0 0 0 0 11 (1 0 0 0
010 0] (01 v 0 01 v 0f 10 1 v 0
001 0[[0 v v2+1 0 - 0 v v24+1 0] |0 v v2+1 0

1 000500 0 1 10 0 0] 10 0 0 1

The twist of the two input edges on the left side for the first copy of M, switches the middle two
rows, which is equivalent to a total reversal of all rows, followed by the switching of the first and
last rows. The total reversals of rows for all subsequent s — 1 copies of M, are due to the presence
of #49 signatures.

After such reversals of rows, it is clear that the matrix is a direct sum of block matrices indexed
by {00,11} x {00,11} and {01,10} x {10,01}. Furthermore, in the final product, the block indexed
by {00,11} x {00,11} is [$ §]. Thus in the gadget Ny, the only entries of My, that vary with s are
the four entries in the middle. These middle four entries of My, form the 2-by-2 matrix [i w2l ] .

Since [11) U21_)~_1] =P [’\0* /\0_} P71 where Ay = (v2 + 2 £ vVv2 + 4)/2 are the eigenvalues, we have

s

S
1 v _p AL 0 1
v v2+1 0 A
The determinant is AL A_ = 1, so the eigenvalues are nonzero. Since v is positive, the ratio of the

eigenvalues A\ /A_ is not a root of unity, so neither A\ nor A_ is a root of unity.
Now we determine the relationship between Holant(€2) and Holant(€2s). We can view our

construction of )¢ as first replacing M,» with

1000 1000 100 0/]/00 0 1|1]1 0 0 0
0 0 0 0 0 ol lo ¢ 0o of |0 0
P A p1 = P p1 )
0 0 0 0 0 ol (o o ¢ of |0 0
00 01 00 01 000 11t 0o 0 of|0oo0 01
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which does not change the Holant value, and then replacing A with

0 0 o 1
0 X, 0 0
0 0 A 0

1 0 0 0

We stratify the assignments in €5 based on the assignments to the n occurrences of A. The
inputs to this matrix are from {0,1}2 x {0,1}2, which correspond to the four input bits. We only
need to consider the assignments that assign

e ¢ many times the bit pattern 0110,

e j many times the bit pattern 1001, and

e k many times the bit patterns 0011 or 1100,
since any other assignment contributes a factor of 0. Let ¢;jx be the sum over all such assignments

of the products of evaluations of all signatures in {25 except for A. Then
Holant(Q2) = Z ti_jcijk
i+jt+k=n
and the value of the Holant on {2, for s > 1, is
Holant(Qs) = Z )\ff)\s_jcijk = Z )\j_(iij)cz‘jk-
it+j+k=n it+j+k=n
This Vandermonde system does not have full rank. However, we can define for —n < /¢ < n,

/ 2 :
Cg = Cijk'

i—j=t
i+j+k=n

Then
Holant(Q) = > t'¢, and  Holant(Q,) = »  Ad.

—n<t<n —n<t<n

Now this Vandermonde has full rank because A, is neither 0 nor a root of unity. Therefore, we
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can solve for the unknowns ¢ and obtain the value of Holant(£2). This completes our claim that
we can interpolate the signature r’ in (7.3.1), for any nonzero t € C.

Let t = (VU2 +8 +Vv2 +4)/2s0 t7! = (Vo2 +8 — Vo2 +4)/2. Let a = (Vv? +8 —v)/2 and
b= (Vv2+8+w)/2, 50 ab=2# 0. One can verify that

t 0 1 a 1
P P =
0 t1 1 b
Thus, the signature matrix for r’ is

0 0 01

0 a 1 0
M, =

01 b 0

1 0 0 O

After a quarter rotation on the edges of 7/, we have a signature r” with a redundant signature

matrix _ )
00 0 a
01 10
Mr” = s
01 10
b 0 0 O

and its compressed signature matrix is nonsingular. After a holographic transformation by Z~!,
where Z = % [+ 1], the binary disequality (#2) = [0, 1,0] is transformed to the binary equality
(=2) = [1,0,1]. Thus the problem Holant([0, 1,0] | r”) is transformed to Holant(=2 | Z®4"), which

is the same as Holant(Z®4”). Then we are done by Corollary 6.5.7. O

Lemma 7.3.6. Let f € ¥+ and g € ¥~ be symmetric non-degenerate signatures of arity at least 3.

Then Holant({ f, g}) is #P-hard.

Proof. Let rd*(f) = d, rd™(g) = d', arity(f) = n and arity(g) = n/, then 2d < n and 2d’ < n’. We

can apply Lemma 4.4.14 zero or more times to construct a signature obtained from g by adding a
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certain number of self loops. The resulting signature is a tensor power of [1, —i] up to a nonzero
scalar. To see this, note that we start with rd”(g) < vd™(g) with their sum being arity(g). We
can apply Lemma 4.4.14 if the signature is nonzero and its vd™ is positive. Each time we apply
Lemma 4.4.14, we reduce rd™ and vd™ by one, and the arity by two. Thus rd™ < vd™ is maintained
until rd~ becomes 0, at which point the signature is a tensor power of [1, —i| up to a nonzero scalar.
The initial signature g is non-degenerate by assumption, so it is certainly nonzero. While rd™ is
positive, the signature is nonzero, thus Lemma 4.4.14 applies. If d > 2, then by Lemma 7.3.1,
Holant({f, g}) is #P-hard. Similarly, the problem is #P-hard if d’ > 2. Thus we may assume that
d=d =1.

We perform the Z = % [+ 2] transformation

Holant(=5 | {f,g}) = Holant([1,0,1]2%% | {(Z~1)®"f,(Z71)®" ¢})

=7 Holant([0, 1, 0] | {faﬁ})

Since rd(f) = d = 1, by Lemma 4.4.16, we have (Z~)®"f = f = [fo, f1,0,...,0], where f; # 0.
Similarly, for g with rd=(g) = d’ = 1, we have (Z~1)®"g = §=10,...,0, 1, §o|, where §, # 0.

So up to nonzero constants, we have f = [a,1,0,...,0] and g =[0,...,0,1,b] for some a,b € C.
We show that it is always possible to get two such signatures of the same arity min{n, n'}. Suppose
n > n’. We form a loop from f , where the loop is really a path consisting of one vertex and
two edges, with the vertex assigned the signature #o. It is easy to see that this signature is the
degenerate signature 2|1, 0}®("*2). Similarly, we can form a loop from ¢ and can get 2[0, 1]®(”/*2).
Thus we have both [1,0]2("=2) and [0,1]2("~2). We can connect all n’ — 2 edges of the second to
the first, connected by #. This gives [1,0]®("~"") We can continue subtracting the smaller arity
from the larger one. We continue this process in a subtractive version of the Euclidean algorithm,
and end up with both [1,0]®! and [0, 1]®¢, where t = ged(n — 2,7’ — 2) = ged(n —n/,n’ — 2). In
particular, ¢ | n — n’ and by taking (n — n/)/t many copies of [0,1]®!, we can get [0,1]®("—").

Connecting this back to f via #9, we get a symmetric signature of arity n’ consisting of the first

n' 4+ 1 entries of f . A similar proof works when n’ > n.
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Thus without loss of generality, we may assume n = n/. If a # 0, then connect [0,1]®(~2)

to f = [a,1,0,...,0] via #2 we get h = [a,1,0]. For a # 0, translating this back by Z, we have
a binary signature h ¢ %, together with the given ¢ € »~. By Lemma 7.3.3, Holant({f, g}) is
#P-hard. A similar proof works for the case b # 0.

The only case left is when f = [0,1,0,...,0] of arity n, and § = [0,...,0,1,0] of arity n. This
is #P-hard by Lemma 7.3.5. O

7.4 /- and Z-transformable Signatures

In this section, we investigate the properties of &7/~ and #-transformable signatures. Throughout,
we define o = % =i = e Recall that F193 = F1 U Fo U F3, where F1, Fo, and F3 are
defined in Section 4.2. While the main results in this section assume that the signatures involved

are symmetric, we note that some of the lemmas also hold without this assumption.

7.4.1 Characterization of &/- and Z-transformable Signatures

Recall that by definition, if a set of signatures F is /-transformable (resp. &?-transformable),
then the binary equality =2 must be simultaneously transformed into <7 (resp. &) along with
F. We first characterize the possible matrices of such a transformation by just considering the
transformation of the binary equality. While there are many binary signatures in &/ U &2, it turns

out that it is sufficient to consider only three signatures.

Proposition 7.4.1. Let T € C**? be a matriz. Then the following hold:
1. [1,0,1]T%% = [1,0,1] iff T € O2(C);
2. [1,0,1]T%2 = [1,0,1] iff there exists an H € O9(C) such that T = H [} 2];

3. [1,0,1]T%% = [0,1,0] iff there exists an H € Oo(C) such that T = %H =

Proof. Case 1 is clear since
[1,0,1)T%% = [1,0,1] <= TTLT =1, <= T'T = I,

the definition of a (2-by-2) orthogonal matrix. Now we use this case to prove the others.
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For My = [§ Q] and M3 = Z = == [} 4], let Tj = HM; (for j = 2,3), where H € O2(C). Then

[1,0,1]75% = [1,0,1](HM;)®* = [1,0,1]M? = f;,

where f; is the binary signature in case j.

On the other hand, suppose that [1,0,1](7;)®? = f;. Then we have
(1,0, (T3 M5 )2 = f3(M;H)* = [1,0,1],

so H = Tij_l € O2(C) by case 1. Thus Tj; = HM; as desired. O
We also need the following lemma; the proof is direct.

Lemma 7.4.2. If a symmetric signature f = [fo, f1,..., fn] can be expressed in the form f =
a[1, \]®™ + b[1, u]®™, for some a,b, A\, € C, then the fi’s satisfy the recurrence relation frio =

(A1) feyr — Mefi for 0 <k <n—2.

To simplify the proof of the characterization of the .@7-transformable signatures, we introduce

the left and right stabilizer groups of «:

LStab(«?) = {T € GL2(C) | To/ C o/ };

RStab(«7) = {T € GLsy(C) | /T C o).

In fact, these two groups are equal and coincide with the group of nonsingular signature matrices
of binary affine signatures. More precisely, for a binary signature f = (%, fo1, f19 1) we define
its signature matrix My to be
fOO fOl
M; =
flO fll
Let

A*2={M; | f €<, arity(f) =2, and det(M;) # 0}

be the set of nonsingular signature matrices of the binary affine signatures. It is straightforward to
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verify that 272*? is closed under multiplication and inverses. Therefore .«7?*? forms a group.

Let D = [}9] and Hy = % [12]. Alsolet X = [{}] and Z = % [} 14]. Note that
Z = DH, and that D*Z = % [_12 H = ZX, hence X = Z7'D?Z. Furthermore, D, Hy, X, 7 €
LStab(«) N RStab(&7) N .&72*2, as well as all nonzero scalar multiples of these matrices.

Not only are the groups LStab(«/), RStab(</), and .@/?*? equal, they are generated by D and

H> with a nonzero scalar multiple.
Lemma 7.4.3. LStab(&/) = RStab(&/) = &2*2 = C* - (D, Hs).

Proof. Let
S = {S € GLy(C) | #1235 C F123}

be the right stabilizer group of .F193. It is easy to verify that @722 C RStab(«/) C S. Together
with the fact that D, Hy € &7?*2, we have C* - (D, Hy) C &/**? C RStab(«/) C S. To finish the
proof, we show that S C C* - (D, Hs). For LStab(/), the proof is similar.

Consider some T' € S. For f = (=3), we have fT®3 € F193. Then by the form of %93, for
some M € (D, Hs), chosen to be either I, or H] = Hay, or ZT = HyD, we have f(TM~1)®3 € 7,
which is a generalized equality signature. Then either TM~! or TM~'X is a diagonal matrix
T = X[} 9]. Furthermore, by applying 7" to =4, we conclude that (=4)T"®* € 1, since it is in
F123 but not in %y U.%3 because T” is diagonal. It follows that d is a power of 7, and hence [(1] 2]

is a power of D. Thus T' € C* - (D, Hs). O

Since LStab(«/) = RStab(«), we simply write Stab(.?) for this group. Of course each T" under
which F is o7-transformable is just a particular solution that can be extended by any element in

Stab(<).

Lemma 7.4.4. Let F be a set of signatures. Then F is of -transformable under T iff F is o -

transformable under any T' € T Stab(</).

Proof. Sufficiency is trivial since [s € Stab(</). If F is &/-transformable under 7', then by def-
inition, we have (=2)7®% € & and F' = T-'F C &/. Let T" = TM € T Stab(&/) for any
M € Stab(). It then follows that (=2)T"%? = (=)T®?M®? € /M = o/ and T'"'F = M~1F' C
M~le/ = o/ . Therefore F is </-transformable under any T' € T Stab(</). O
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After restricting by Proposition 7.4.1 and normalizing by Lemma 7.4.4, one only needs to check

a small subset of GLy(C) to determine if F is o/-transformable.

Lemma 7.4.5. Let F be a set of signatures. Then F is o -transformable iff there exists an
H € O9(C) such that FC Ho/ or FC H[}2]«.

Proof. Sufficiency is easily verified by checking that =5 is transformed into .7 in both cases. In
particular, H leaves =2 unchanged.

If F is o/-transformable, then by definition, there exists a matrix 7 such that (=9)T%? € &
and T7'F C /. Since =, is non-degenerate and symmetric, (=2)T®% € & is equivalent to
(=2)T%? € F1a3.

Any signature in Fja3 is expressible as c(v{" + i'v$™), where t € {0,1,2,3} and (vq,vs) is a

pair of vectors in the set

We use Stab(&7) to further normalize these three sets by Lemma 7.4.4. In particular, #; = Ho.%>
and #, = (DHy) 1.%3. Furthermore, the binary signatures in .#; are just the four signatures
[1,0,1], [1,0,4], [1,0,—1], and [1,0, —i] up to a scalar. We also normalize these four as [1,0,1] =
[1,0,—1]D®? and [1,0,4] = [1,0, —i]D®2. Hence F being ./-transformable implies that there exists
amatrix T such that (=2)T%% € {[1,0,1],[1,0,i]} and T~1F C .. Now we apply Proposition 7.4.1.
1. If (=2)T®? = [1,0,1], then by case 1 of Proposition 7.4.1, we have T € O3(C). Therefore
F C Ho/ where H =T € O5(C).
2. If (=2)T%% = [1,0,1], then by case 2 of Proposition 7.4.1, there exists an H € O2(C) such
that 7= H [} °]. Therefore F C T'o/ = H [} ] o/ where H € O5(C).

This completes the proof. ]

Using these two lemmas, we can characterize all o -transformable signatures. We first define

the three sets &4, o, and o73.
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Definition 7.4.6. A symmetric signature f of arity n is in o7 if there exists an H € Oy(C) and
a nonzero constant ¢ € C such that f = cH®" <H]®n + [,11]®n), where 8 = o!"*?" for some

r€{0,1,2,3} and t € {0, 1}.

When such an H exists, we say that f € o/ with transformation H. If f € 4 with I3, then
we say f is in the canonical form of @7 . If f is in the canonical form of @7, then by Lemma 7.4.2,
for any 0 < k < n — 2, we have fr12 = fi and one of the following holds:

e fo=0,o0r

e fi=0,o0r

e fi==xifg#0,or

e nis odd and f; = (14 /2)ifo # 0 (all four sign choices are permissible).

Notice that when n is odd and ¢t = 1 in Definition 7.4.6, it has some complication as described by

the factor af™*2r,

Definition 7.4.7. A symmetric signature f of arity n is in o if there exists an H € Oy(C) and

a nonzero constant ¢ € C such that f = cH®" ([H@m + [ 1-]®n>.

—1

Similarly, when such an H exists, we say that f € 9% with transformation H. If f € o4 with
I5, then we say f is in the canonical form of . If f is in the canonical form of @7, then by
Lemma 7.4.2, for any 0 < k < n — 2, we have fy10 = —fi. Non-degeneracy of f implies f1 # +ifo.
It is worth noting that {[}], [ 1;]} is setwise invariant up to scale under any transformation in
O3 (C) up to nonzero constants. That is, these vectors are the eigenvectors of orthogonal matrices.
Thus for any H € O5(C), we can write |} _11-]71 H [} 1] = D, where D is either a diagonal or

anti-diagonal matrix. It is also helpful to view this equation as H [ ;] = [ %] D.

Using this fact, the following lemma gives a characterization of @%. It says that any signature

in 27 is essentially in canonical form.

Lemma 7.4.8. Let f be a symmetric arity n signature. Then f € ot iff f = ¢ <H]®n + 5 [_12-]®n>

for some nonzero constants ¢, 8 € C.

i

Proof. Assume f = c ([ 1 4 g [_li}@)n) for some ¢, 8 # 0. Consider the orthogonal transforma-

tion H = [‘g_b ], where a :% B2n +,8_ﬁ> and b = % <B% —B_ﬁ). We pick a and b so that

a
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a+bi=p%,a—bi=p8m,and (a+bi)(a—bi) =a®+ b= 1. Also (gj,l;;i)” — 3. Then

1 ®n Xmn
a—+bi a—bi
H®"f =¢ + 05
—at+b ai+0b
- XN XN
1
=c| (a+bi)" + (a—bi)"B
—1 1
én ®n
1 1
—¢\/B + ,
—1 1
so f can be written as
n QN
“1\® 1 1
f=eV/BHTEL L+
i —1i

Therefore f € 5.
On the other hand, the desired form f = ¢([}]*" + 8 [_11]®n) follows from the fact that

{[}], [_IJ} is fixed setwise under any orthogonal transformation up to nonzero constants. O

Definition 7.4.9. A symmetric signature f of arity n is in 73 if there exists an H € Oy(C) and

a nonzero constant ¢ € C such that f = cH®" ([é](@" +i" [ L ]®n> for some r € {0,1,2,3}.

—x

Again, when such an H exists, we say that f € o/ with transformation H. If f € o/ with
I5, then we say f is in the canonical form of /. If f is in the canonical form of <7, then by
Lemma 7.4.2, for any 0 < k < n — 2, we have fx1o = if; and one of the following holds:

e fu=0,o0r

e f1=0,0r

® fl = iaifo 7é 0.

Now we characterize the o/-transformable signatures.

Lemma 7.4.10. Let f be a non-degenerate symmetric signature. Then f is o -transformable iff

e UahUds.
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Proof. Assume that f is «7-transformable of arity n. By applying Lemma 7.4.5 to {f}, there exists

an H € O2(C) such that f € Ho/ or f € H[} %] /. This is equivalent to (H 1)®"f € & or

(HH)®nf e [§ 9], Since f is non-degenerate and symmetric, we can replace & in the previous

expressions with %#123. Now we consider the possible cases.

1.

If (H-1)®"f € %, then a further transformation by % [1 2] € O2(C) puts it into the

canonical form of ..

CIf (H1H)®" f € F,, then it is already in the canonical form of o7 .

If (H-1)®nf € Z3, then it is already of the equivalent form of % given by Lemma 7.4.8.

I (H YO f e [ 9] 7, then a further transformation by % [1 1] € O3(C) puts it into the

canonical form of .

I (HYHEf € [§ 0] F, then it is already in the canonical form of 7.

0
o
If (H-H)®nf e [§9].Z3, then it is of the form |:a13]®n + 1" [_13]®n and a further transfor-

[0}

mation by [0 *01] € O4(C) puts it into the canonical form of @7. To see this,

®n Xn n n ®n
0 —1 1 1 —a? a’
+ ’I:T — + ir
1 0 a’ —a? 1 1
r XN 1 Qn
1 1
= (~a®)" + (=)
1 1
a3 a3
- Qn Xn -
3\ 1 2n+r
= (—a’) +i
« —«

Let f = H®"f be f after the claimed orthogonal transformation. By examining each case

separately, where f is expressed as the sum of two tensor powers, up to a global factor A # 0, the

following forms are possible:

1.
2.

-

f=01%"+5 [,11]®n where 3 = a*2" for some r € {0,1,2,3} and t € {0,1} (type #);
F=10%"+B8[4]7" where 8 =" (type o%);

(L8 4 [,10[]@” for some r € {0,1,2,3} (type «43).

Conversely, if there exists a matrix H € O2(C) such that H®"f is in one of the canonical
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forms of o, o, or /3, then one can directly check that f is .@/-transformable. In fact, the

transformations that we applied above are all invertible. ]

We also have a similar characterization for #-transformable signatures. We define the stabilizer
group of & similar to Stab(<). It is easy to see the left and right stabilizers coincide, which we
denote by Stab(%?). Furthermore, Stab(.%?) is generated by nonzero scalar multiples of matrices of

the form [} 9] for any nonzero v € C and X = [{}].

Lemma 7.4.11. Let F be a set of signatures. Then F is PP-transformable iff there exists an
H € 03(C) such that FC HZ or FC H H }Z] P,

Proof. Sufficiency is easily verified by checking that =5 is transformed into & in both cases. In
particular, H leaves =, unchanged.

If F is P-transformable, then by definition, there exists a matrix 7' such that (=)T%? € &
and T-'F C &. The non-degenerate binary signatures in & are either [0,1,0] or of the form
[1,0,v], up to a scalar. However, notice that [1,0,1] = [1,0, /] [é VE)% ]®2 and [(1) VE)%] € Stab(22).
Thus, we only need to consider [1,0, 1] and [0, 1,0]. Now we apply Proposition 7.4.1.

1. If (=2)T®? = [1,0,1], then by case 1 of Proposition 7.4.1, we have T € O3(C). Therefore

FCHZ where H=T € O(C).
2. If (=9)T®% = [0,1,0], then by case 3 of Proposition 7.4.1, there exists an H € O2(C) such

that T = %H [+ 2]. Therefore F C H [} 1] & where H € O5(C). O

We also have similar definitions of the sets &?; and &,.

Definition 7.4.12. A symmetric signature f of arity n is in &?; if there exists H € O2(C) and a

nonzero constant ¢ € C such that f = cH®" ([ 1 1" + 8 [_11]®n), where 3 # 0.

When such an H exists, we say that f € &2, with transformation H. If f € & with I, then
we say f is in the canonical form of &7;. If f is in the canonical form of &7, then by Lemma 7.4.2
for any 0 < k < n — 2, we have fiy12 = fi. Since f is non-degenerate, fi; # £fy is implied.

It is easy to check that @ C £7;. The corresponding definition for &5 coincides with Defini-
tion 7.4.7 for As. In other words, we define 2 = As.
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Now we characterize the &2-transformable signatures as we did for the «7-transformable signa-

tures in Lemma 7.4.10.

Lemma 7.4.13. Let f be a non-degenerate symmetric signature. Then f is &2-transformable iff

fe P uUPs.

Proof. Assume that f is Z-transformable of arity n. By applying Lemma 7.4.11 to {f}, there
exists an H € O2(C) such that f € HZ or f € H [} };] 2. This is equivalent to (H 1)®"f € &
or (H-)enf e [1 1] 2.
The symmetric signatures in & take the form [0, 1,0], or [a,0,...,0,b] = a[1,0]®™ + b[0, 1]®",
where ab # 0 since f is non-degenerate. Now we consider the possible cases.
1 If (HH)onf = HJ} = 5 ([%]®2 - [_1,-]®2>, then it is already of the equivalent form of
Py = afy given by Lemma 7.4.8.
2. If (H1)®"f = a[J]%" + b[9]®", then a further transformation by % [121] € 02(C) puts
it into the canonical form of ;.
3. (HHef =1 }i]®2 [g} =2 [(ﬂ = (H]®2 + [,11]@)2), then it is already in the canonical
form of 4.
4. If (HHonf = [} ji]@m (a[(l)]®" —|—b[?]®n>, then it is already of the equivalent form of
Py = afy given by Lemma 7.4.8.
Conversely, if there exists a matrix H € O2(C) such that H®" f is in one of the canonical forms

of H1 or P, then one can directly check that f is &-transformable. In fact, the transformations

that we applied above are all invertible. ]

Combining Lemma 7.4.10 and Lemma 7.4.13, we have a necessary and sufficient condition for

a single non-degenerate signature to be /- or #-transformable.

Corollary 7.4.14. Let f be a non-degenerate signature. Then f is of - or &2-transformable iff
fePrUPU of.

Notice that our definitions of %1, ¥, and o3 each involve an orthogonal transformation. For

any single signature f € 9, U P U o3, Holant(f) is tractable. However, this does not imply that
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Holant(Z1), Holant(%%,), or Holant(<#) is tractable. One can check, using Theorem 7.2.1, that

Holant(Z?,) is tractable while Holant(%?;) and Holant(.73) are #P-hard.

7.4.2 Dichotomies when /- or &-transformable Signatures Appear

In this subsection, we prove three dichotomies when /- or &-transformable signatures appear.

First though, we prove an interpolation result.

Lemma 7.4.15. Let a,b € C. If ab # 0, then for any set F of compler-weighted signatures

containing [a,0,...,0,b] of arity r > 3,
Holant(F U £Q2) <p Holant(F).

The reduction also holds when restricted to planar graphs.

Proof. Since a # 0, we can normalize the first entry to get [1,0,...,0,z|, where = # 0. First,
we show how to obtain an arity 4 generalized equality signature. If r = 3, then we connect two
copies together by a single edge to get an arity 4 signature. For larger arities, we form self-loops
until realizing a signature of arity 3 or 4. By this process, we have a signature g = [1,0,0,0,y],
where y # 0. If y is a pth root of unity, then we can directly realize =4 by connecting p copies of
g together, two edges at a time as in Figure 6.8. Otherwise, y is not a root of unity and we can
interpolate =4 as follows.

Consider an instance €2 of Holant(FU{=4}). Suppose that =4 appears n times in 2. We stratify
the assignments in €2 based on the assignments to =4. We only need to consider the all-zero and
all-one assignments since any other assignment contributes a factor of 0. Let ¢ be the number of

all-one assignments to =4 in §2. Then there are n — i all-zero assignments and the Holant on 2 is

n

Holant(92) = Z Cis

1=0

where ¢; is the sum over all such assignments of the product of evaluations of all other signatures

on .
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We construct from €2 a sequence of instances €25 of Holant(F) indexed by s > 1. We obtain
from © by replacing each occurrence of =4 with a gadget g5 created from s copies of [1,0,0,0,y],

connecting two edges together at a time as in Figure 6.8. The Holant on €2 is

n

Holant(2,) = ) _(y°)c:.

i=0
For s > 1, this gives a coefficient matrix that is Vandermonde. Since y is neither 0 nor a root of
unity, y°® is distinct for each s. Therefore, the Vandermonde system has full rank. We can solve for

the unknowns ¢; and obtain the value of Holant(€2).

With =4, it is easy to construct all equality signatures of even arity, so we are done. ]

Our characterizations of o/-transformable signatures in Lemma 7.4.10 and Z-transformable
signatures in Lemma 7.4.13 are up to transformations in O2(C). Since an orthogonal transformation
never changes the complexity of the problem, in the proofs of following lemmas, we assume any

signature in @7 for i = 1,2,3, or &; for j = 1,2, is already in the canonical form.

Lemma 7.4.16. Let F be a set of symmetric signatures. Suppose F contains a non-degenerate
signature f € Py of arity n > 3. Then Holant(F) is #P-hard unless F is &P-transformable or

& -transformable.

Proof. By assumption, for any 0 < k <n — 2, frio = fr and f1 # £ fy since f is not degenerate.
We can express f as

®n Rn

1 1
f=ag +ax ;
1 -1

where ag = (fo + f1)/2 and a1 = (fo — f1)/2. For this f, we can further perform an orthogonal
transformation by He = % H }1] so that f is transformed into the generalized equality signature
27/2[ay,0,...,0,a1] of arity n, where aga; # 0. By Lemma 7.4.15, we can realize any equality
signature of even arity. Thus, #CSP?(HyF) <7 Holant(F).

Now we apply Theorem 7.1.1, the #CSP? dichotomy, to the set HoF. If this problem is #P-

hard, then Holant(F) is #P-hard as well. Otherwise, this problem is #CSP? tractable. Therefore,
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there exists some T of the form [(1] o?k]’ where the integer k € {0,1,...,7}, such that THyF is a
subset of &7 or &.

If THyF C 2, then we have HoF C T~122. Notice that T € Stab(#), so T™'& = 2.
Thus, F is &-transformable under this Hy transformation. Otherwise, THoF C /. It is easy
to verify that (=2)((T'Hs) !)®? is [1,0,i %] € &/. Thus, F is «/-transformable under this T H

transformation. O

Lemma 7.4.17. Let F be a set of symmetric signatures. Suppose F contains a non-degenerate
signature f € Po of arity n > 3. Then Holant(F) is #P-hard unless F is &P-transformable or

A -transformable.

Proof. By assumption, for any 0 < k <n—2, frio = —fr and f1 # £ify since f is not degenerate.

We can express f as

where ag = (fo +if1)/2 and a1 = (fo —if1)/2, and apa; # 0. Then under the holographic
vas  yar

-1
waoi — na”} , we have

transformation 7’ = [

Z/®nf = (:n) = +

and

Holant(=5 | F U {f}) =r Holant([1,0,1](Z'"H®? | Z/F U {Z/®" f})

=7 Holant(2aga1[0,1,0] | Z'F U {=,}).

Thus, we have a bipartite graph with =, on the right and (#2) = [0,1,0] on the left up to a
nonzero scalar, so all equality signatures of arity a multiple of n are realizable on the right side.
To see this, first notice that we can move equality signatures from the right side to the left side

using the binary disequality because the binary disequality just reverses signatures (i.e. exchanges
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Vi

(a) Vertices assigned [1, ai, i, —a]. (b) Vertices assigned [1, a4, ¢, —a, —1].

Figure 7.7: Constructions to realize [1,0,4].

the 0 and 1 input bits), which leaves the equality signatures unchanged. Now we do an induction.
Suppose we can realize the equality =(;_1),, on the right side for some integer £ > 1. We create
a new signature on the right using one =(;_;),, and two =, on the right and one =,, on the left.
Since n > 3, we can connect one wire of the left =, to each of the three equality signatures on
the right. The remaining wires of the left =, can be connected arbitrarily to the signatures on the
right. The resulting signature is an equality of arity (kK — 1)n+ 2n —n = kn. Since we have =g, on
both sides for any integer k > 1, #CSP"(Z'F) <p Holant(F).

Now we apply Theorem 7.1.1, the #CSP? dichotomy, to the set Z’F. If this problem is #P-

hard, then Holant(F) is #P-hard as well. Otherwise, this problem is #CSP" tractable. Let w be

10

a primitive 4n-th root of unity. Then under the holographic transformation T = [0 ok

] for some

integer k, TZ'F is a subset of &7 or P. If TZ'F C &2, then we have Z'F C T~1%. Notice that

T € Stab(Z), so T~ = &. Thus, F is &-transformable under this Z’ transformation.
Otherwise, TZ'F C /. It is easy to verify that (=2)((TZ')~1)®?is [0,1,0] € &/ up to a scalar.

Thus, F is «7-transformable under this TZ’ transformation. ]

Lemma 7.4.18. Let F be a set of symmetric signatures. Suppose F contains a non-degenerate

signature f € of3 of arity n > 3. Then Holant(F) is #P-hard unless F is <of -transformable.

Proof. By assumption, for any 0 < k <n — 2, we have fy1o =if;. We can express f as

®n ®n

for some integer 7.

A self loop on f yields f/, where f, = fi + fr+2 = (14 @) fr. Thus up to the constant (1 + 7),
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f' is just the first n — 2 entries of f. By doing more self loops, we eventually obtain a quaternary
signature when n is even or a ternary one when n is odd. There are eight cases depending on the
first two entries of f and the parity of n. However, for any case, we can realize the signature [1,0, i].
We list them here. (In the calculations below, we omit certain nonzero constant factors without
explanation.)

e [0,1,0,¢]: Another self loop gives [0, 1]. Connect it back to the ternary to get [1,0,4].

e [1,0,4,0]: Another self loop gives [1,0]. Connect it back to the ternary to get [1,0,1].

[1, i, i, —a]: Another self loop gives [1, «i]. Connect two copies of it to the ternary to get
[1,—a]. Then connect this back to the ternary to finally get [1,0,1]. See Figure 7.7a.

e [1,—ai,i,al: Same construction as the previous case.

e [0,1,0,7,0]: Another self loop gives [0, 1,0]. Connect it back to the quaternary to get [1,0,1].
e [1,0,4,0,—1]: Another self loop gives [1,0, ] directly.
e [1,«i,i,—a,—1]: Another self loop gives [1,ai,i]. Connect two copies of it together to get

[1, —cv, —i]. Connect this back to the quaternary to get [1,0,:]. See Figure 7.7b.
e [1,—ai,i,a,—1]: Same construction as the previous case.
With [1, 0, 4] in hand, we can connect three copies to get [1,0, —i]. Now we construct a bipartite
graph, with ZU{=2} on the right side and [1, 0, —i] on the left, and do a holographic transformation

by Z = [_O‘aﬂ to get

Holant([1,0, —i] | F U {f,=2}) = Holant([1,0, —i|(Z~1)®? | ZF U{Z®"f, Z%?%(=3)})
=7 Holant([1,0,1] | ZF U{[1,0,...,0,i"],[1, —i,1]})

=7 Holant (qu {[1,0,...,0,, 1, -, 1]}) .

Notice that f becomes [1,0,...,0,i*] where k = r + 2n (after normalizing the first entry) and =
becomes [1, —i,1]. On the other side, [1,0, —i] becomes [1,0,1]. By Lemma 7.4.15, we can realize
any equality signature of even arity. Thus, #CSP?(ZF U {[1, —i,1]}) <7 Holant(F).

Now we apply Theorem 7.1.1, the #CSP? dichotomy, to the set ZFU{[1, —i, 1]}. If this problem

is #P-hard, then Holant(F) is #P-hard as well. Otherwise, this problem is #CSP? tractable.
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Therefore, there exists some T of the form [(1) c?d]’ where the integer d € {0,1,...,7}, such that
TZFU{T%?[1,—i,1]} is a subset of & or Z.

However, T®2[1, —i, 1] can never be in &. Thus TZF U {T®?%[1,—i,1]} C <. Further notice
that if d € {1,3,5,7} in the expression of T, then T®2[1, —4, 1] is not in .«7. Hence, T must be of the
form [(1) i%]’ where the integer d € {0,1,2,3}. For such T, T®?[1,—i,1] € &, and T~/ = o as

T € Stab(«7). Thus, TZFU{T®?[1, —i, 1]} C o simply becomes ZF C /. Moreover, (=2)(Z1)®?

is [1,4,1] € &. Therefore, F is o/ -transformable under this Z transformation. t

7.5 Main Result

In this section, we prove our main dichotomy theorem. We begin with a dichotomy for a single

signature, which we prove by induction on its arity.

Theorem 7.5.1. If f is a non-degenerate symmetric signature of arity at least 3 with complex
weights in Boolean variables, then Holant(f) is #P-hard unless f € 21U PoUets or f is vanishing,

in which case the problem is computable in polynomial time.

Recall that &4 C Z and o = 5, and f € PPy U Py U oA iff f is o/-transformable or

P-transformable by Corollary 7.4.14.

Proof. Let the arity of f be n. The base cases of n = 3 and n = 4 are proved in Theorem 6.1.3 and
Theorem 6.6.3 respectively. Now assume n > 5.
With the signature f, we form a self loop to get a signature f’ of arity at least 3. We consider
the cases separately whether f’ is degenerate or not.
e Suppose f' = [a,b]®("2) is degenerate. There are three cases to consider.
1. If a = b = 0, then f’ is the all zero signature. For f, this means fri o = —f; for
0<k<n-—2 sofe€ P by Lemma 7.4.8, and therefore Holant(f) is tractable.
2. If a® + b? # 0, then f’ is nonzero and [a, b] is not a constant multiple of either [1,i] or
[1,—i]. We may normalize so that a®> + b*> = 1. Then the orthogonal transformation
[ 9 b] transforms the column vector [a,b] to [1,0]. Let f be the transformed signature

from f, and f' = [1,0]®("=2) the transformed signature from f’.
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Since an orthogonal transformation keeps =9 invariant, this transformation commutes
with the operation of taking a self loop, i.e., f’ = (f)’. Here (f)" is the function obtained
from f by taking a self loop. So fo + fg = 1 and for every integer 1 < k < n — 2, we
have fk = — fk+2. With one or more self loops, we eventually obtain either [1,0] when
n is odd or [1,0,0] when n is even. In either case, we connect an appropriate number
of copies of this signature to f to get a arity 4 signature g = [fo, fl, fg, —fl, —fg]. We
show that Holant(g) is #P-hard. To see this, we first compute det(]\/\fg) = —2(fo +
(2 + f3) = —2(f2 + f3), since fo + f» = 1. Therefore if fZ + f3 # 0, Holant(g)
is #P-hard by Lemma 6.5.4. Otherwise f? + f22 = 0, and we consider fg =1 fl since
the other case is similar. Since f is non-degenerate, f is non-degenerate, which implies
fa # 0. We can express § as [1,0]®4 — f,[1,i]®%. Under the holographic transformation
by T' = [(1) i((:%)ll//ﬂ, we have
Holant(=3 | §) =r Holant([1, 0, 1]T%% | (T~1)®%g)

=7 Holant(h | =4),
where

and § is transformed by T~! into the arity 4 equality =4, since

®4 ®4 ®4 ®4

T + = -2

Il
l.Q>

By Theorem 6.1.1, Holant(ﬁ | =4) is #P-hard as fa #0.

. If a®> +b? = 0 but (a,b) # (0,0), then [a,b] is a nonzero multiple of [1,#i]. Ignoring the
constant multiple, we have f' = [1,i]®(»=2) or [1, —i]®("~2). We consider the first case
since the other case is similar.

In the first case, the characteristic polynomial of the recurrence relation of f’ is x — 1,
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<Pt D

) The circles are assigned f and the ) The circles are assigned f.
squares are assigned #s.

Figure 7.8: Two gadgets used when f/ = [1, 44|22,

so that of f is (x —i)(2? +1) = (x —4)?(x +14). Hence there exist ag, a1, and ¢ such that
fr = (ao + alk)ik + C(—i)k

for every integer 0 < k < n. Let f* and f~ be two signatures of arity n such that
f,j = (ap + a1k)i* and fi = c(—i)* for every 0 < k < n. Hence f; = f,j + f, and we
write f = ft+ f~. If a; = 0, then f’ is the all zero signature, a contradiction. If ¢ = 0,
then f is vanishing, one of the tractable cases. Now we assume ajc # 0 and show that
Holant(f) is #P-hard. Hence rd"(f*) = 1 and rd~(f~) = 0. Under the holographic

1

transformation Z = 7 [

11

i _i], we have

Holant (=3 | f) =7 Holant([1,0,1]2%2 | (Zz=1)®" f)

=7 Holant([0, 1, 0] | f)v

where f takes the form [fo, f1,0,...,0,¢] with ¢ = 27/2¢ # 0 and f1 # 0, since f is
the Z~!-transformation of the sum of f* and f~, with rd*(fT) =1 andrd (f~) =0
respectively. On the other side, (=2) = [1,0, 1] is transformed into (#2) = [0, 1,0]. Now
consider the gadget in Figure 7.8a with f assigned to both vertices. This gadget has the
binary signature [0, ¢ o, 2¢ fl], which is equivalent to [0, fo,2 fl] since ¢ # 0. Translating

back by Z to the original setting, this signature is g = [fo + fl, —ifl, fo — fl] This can
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be verified as

.
1 1 0 fol |1 1 2f0+f1 —if1

i =il |fo 2fi| i —i —ifi  fo—fi

Since fl # 0, it can be directly checked that g & Z; .
If fo # 0, then g is non-degenerate. In this case we construct some function in 7. We
connect f’ back to f, getting a binary signature p = Z®2[0,0,¢]. Then we connect p
to f, the resulting signature is p’ = Z®”_2[f0, f1,0,... ,0] of arity n — 2 > 3 up to the
constant factor of ¢ # 0. Notice that p’ is non-degenerate and p’ € ¥ . By Lemma 7.3.3,
Holant({p’, g}) is #P-hard, hence Holant(f) is also #P-hard.
Otherwise suppose fo = 0. Then we have g = [1,—i]®? after ignoring the nonzero
factor fl. Connecting this degenerate signature to f, we get a signature h = (f,g).
We note that g annihilates the signature f~ = ¢[1, —i]®", and thus h = (f*,g). Then
rd*(f*) =1, vd¥(g) = 0, and we can apply Lemma 4.4.13. It follows that rd*(h) = 1
and arity(h) > 3. This implies that h is non-degenerate and h € ¥ .
Moreover, assigning f to both vertices in the gadget of Figure 7.8b, we get a non-
degenerate signature h’ € ¥~ of arity 4. To see this, consider this gadget after a
holographic transformation by Z. In this bipartite setting, it is the same as assigning
f =10,£1,0,...,0,¢] (or equivalently [0,1,0,...,0,¢"], where ¢’ = ¢/f1 # 0) to both
the circle and triangle vertices in the gadget of Figure 7.5a. The square vertices there
are still assigned (#£2) = [0,1,0]. While it is not apparent from the gadget’s geometry,
this signature is in fact symmetric. In particular, its values on inputs 1010 and 1100 are
both 0. The resulting signature is b/ = (Z~1)®4h’ = [0,0,0,¢”,0]. Hence rd~(K/) = 1,
and therefore h’ is non-degenerate and b/ € ¥ .
By Lemma 7.3.6, Holant({h, h'}) is #P-hard, hence Holant(f) is also #P-hard.

e Suppose f’ is non-degenerate. If f’ is not in one of the tractable cases, then Holant(f’)

is #P-hard and so is Holant(f). We now assume Holant(f’) is not #P-hard. Then, by

inductive hypothesis, f' € 9 U Py U o or [’ is vanishing. If f' € 92 U Py U o, then
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applying Lemma 7.4.16, Lemma 7.4.17, or Lemma 7.4.18 to f’ and the set {f, f’}, we either
have that Holant({f, f'}) is #P-hard, so Holant(f) is #P-hard as well, or that f is /- or
P-transformable, so by Corollary 7.4.14, f € 91 U Py U 3.

Otherwise, f’ is vanishing, so f' € ¥ for ¢ € {+,—} by Theorem 4.4.12. For simplicity,
assume that f’ € #+. The other case is similar. Let rd*(f’) = d — 1, where 2d < n and d > 2

since f’ is non-degenerate. Then the entries of f’ can be expressed as

where ¢(z) is a polynomial of degree exactly d — 1. However, notice that if f’ satisfies
some recurrence relation with characteristic polynomial ¢(z), then f satisfies a recurrence
relation with characteristic polynomial (2 4 1)t(x). In this case, t(z) = (z —i)?. Then the

corresponding characteristic polynomial of f is (x —4)9*! (x4 i), and thus the entries of f are
fr = i*p(k) + c(=i)*

for some constant ¢ and a polynomial p(z) of degree at most d. However, the degree of p(x)
is exactly d, otherwise the polynomial ¢(z) for f’ would have degree less than d — 1. If ¢ = 0,

then f is vanishing, a tractable case. Otherwise, ¢ # 0, and we show the problem is #P-hard.

11

Under the transformation Z = % [1 2], we have

Holant(=5 | f) =¢ Holant([1,0,1]2%2 | (Z~1)®"f)

=, Holant([0,1,0] | /),

where f = [fo, fisooos fa,0, . ,0,c], with fa # 0. Taking a self loop in the original setting
is equivalent to connecting [0, 1,0] to a signature after this transformation. Thus, doing this
once on f, we can get ]?’ = [fl, ey fd, 0,...,0] corresponding to f’, and doing this d —2 times
on f, we get a signature h = [fd_g, fat, f4,0, ... ,0,0/c] of arity n — 2(d — 2) = n — 2d + 4.

The last entry is ¢ when d = 2 and is 0 when d > 2.



167

As n > 2d, we may do two more self loops and get [fd,O, ...,0] of arity K = n — 2d. Now
connect this signature back to fvia [0,1,0]. It is the same as getting the last n—k+1 = 2d+1
signature entries of f . We may repeat this operation zero or more times until the arity k' of
the resulting signature is less than or equal to k. We claim that this signature has the form
g=10,...,0,c]. In other words, the k' + 1 entries of § consist of the last ¢ and &’ many 0’s
in the signature f , all appearing after fd. This is because there are n —d — 1 many 0 entries
in the signature f after fd, andn—d—1>k>Fk.

Translating back by the Z transformation, having both [f,0,...,0] of arity k and § =
[0,...,0,c] of arity &' is equivalent to, in the original setting, having both [1,7]®* and [1, —i]®".
If k > K/, then we can connect [1, —i]®* to [1,i]®* and get [1,i]®*~*). Replacing k by k— &/,
we can repeat this process until the new k& < k’. If the new k < &/, then we can continue as in
the subtractive Euclid algorithm. We continue this procedure and eventually we get [1,7]®"
and [1, —i]®!, where t = ged(k, k'), where k = n — 2d and k¥’ < k, as defined in the previous
paragraph. Now putting &/t many copies of [1, —i]®! together, we get [1, —i]®*.

In the transformed setting, [1, —i]®* is [0,...,0, 1] of arity k. Then we connect this back to
h via [0,1,0]. Doing this is the same as forcing k£ connected edges of h to be assigned 0,
because [0, 1, 0] flips the assigned value 1 in [0,...,0,1] to 0. Thus we get a signature of arity
n —2d+ 4 — k = 4, which is [fd_g, fd_l,fd,0,0]. Note that the last entry is 0 (and not c).

Then we are done by Corollary 6.5.7 after transforming back to the original setting. O
Now we are ready to prove of our main theorem.

Proof of hardness for Theorem 7.2.1. Assume that Holant(F) is not #P-hard. If all of the non-
degenerate signatures in F are of arity at most 2, then the problem is tractable case 1. Otherwise
we have some non-degenerate signatures of arity at least 3. For any such f, by Theorem 7.5.1,
f e P1UP5U 4 or fis vanishing. If any of them is in &y U Py U A3, then by Lemma 7.4.16,
Lemma 7.4.17, or Lemma 7.4.18, we have that F is &7~ or &-transformable, which are tractable
cases 2 and 3.

Now we assume that all non-degenerate signatures of arity at least 3 in F are vanishing, and
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there is a nonempty set of such signatures in F. By Lemma 7.3.6, they must all be in #7 with the
same o € {+,—}. By Lemma 7.3.3, we know that any non-degenerate binary signature in F has
to be in Zg. Furthermore, if F contains an f € ¥7 such that rd?(f) > 2, then by Lemma 7.3.1,
the only unary signatures allowed in F are some multiple of [1, oi], and all degenerate signatures in
F are a tensor product of some multiple of [1,0i]. Thus, all non-degenerate signatures of arity at
least 3 as well as all degenerate signatures belong to ¥, and all non-degenerate binary signatures
belong to #9. This is tractable case 4.

Finally, we have the following: (i) all non-degenerate signatures of arity at least 3 in F belong
to ¥7; (ii) all signatures f € F N ¥ have rd?(f) < 1, which implies that f € Zg; and (iii) all
non-degenerate binary signatures in F belong to #9. Hence all non-degenerate signatures in F
belong to #9. All unary signatures also belong to %9 by definition. This is indeed tractable case 5.

The proof is complete. O

If F is finite, then the criterion of Theorem 7.2.1 is decidable in polynomial time [31, 34].

7.6 Closing Thoughts

A planar dichotomy implies a nonplanar dichotomy This dichotomy was generalized by
restricting to planar graphs [27]. We were surprised to find new cases that are planar tractable but
not by holographic reductions to matchgates and ultimately the FKT algorithm.

A dichotomy for Pl-Holant(F) implies a dichotomy for Holant(F). This is because Holant(F)
can be viewed as the special case of Pl-Holant(F) when F contains this “crossover signature” X,

which has signature matrix

1 000

0010
Mx =

0100

0 0 01

Clearly Pl-Holant(F) <7 Holant(F). For the other direction, take an instance € of Holant(F) and

embed the underlying graph in the plane so that at most two edges cross at any point. At each
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of these points, add a vertex assigned X to replace these crossed edges. This does not change the

Holant value and is now an instance of Pl-Holant(F) since X € F.
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Chapter 8

Dichotomy for #CSP over Planar
Graphs

We prove a dichotomy theorem for symmetric complex-weighted Boolean #CSP when the constraint
graph of the input must be planar. The problems that are #P-hard over general graphs but
tractable over planar graphs are precisely those with a holographic reduction to matchgates. This
generalizes a theorem [46] to the case of real weights. The main idea is to use the popular pinning
technique, but because of the planarity restriction, this only possible in the Hadamard basis. This

work was published in [73, 74].

8.1 Background

In 1979, Valiant [125] defined the class #P to explain the apparent intractability of counting perfect
matchings in a graph. Yet over a decade earlier, Kasteleyn [89, 88] gave a polynomial-time algorithm
to compute this quantity for planar graphs. This was an important milestone in a decades-long
research program by physicists in statistical mechanics to determine what problems the restriction
to the planar setting renders tractable [5, 83, 109, 145, 146, 97, 120, 87, 89, 68, 88, 101, 102, 141].
More recently, Valiant introduced matchgates [128, 127] and holographic algorithms [132, 131] that

rely on Kasteleyn’s algorithm to solve certain counting problems over planar graphs. Subsequently,
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the signatures with holographic transformations to matchgates were characterized (as described in
Section 4.3).

From the viewpoint of computational complexity, we seek to understand exactly which in-
tractable problems the planarity restriction enable us to efficiently compute. Partial answers to
this question have been given in the context of various counting frameworks [138, 36|, including
the dichotomy from Chapter 5 and a dichotomy for symmetric complex-weighted Boolean #CSP
in [46]. In every case, the problems that are #P-hard over general graphs but tractable over planar
graphs are essentially those given in Section 4.3. In this chapter, we give more evidence for this
phenomenon by extending the dichotomy in [46] from real to complex weights. This extension also
generalizes the dichotomy in [53] by restricting to planar graphs.

Our main result is stated as follows.

Theorem 8.1.1. Let F be any set of symmetric, complex-valued signatures in Boolean variables.
Then P1-#CSP(F) is #P-hard unless F satisfies one of the following conditions, in which case it
1s tractable:

1. #CSP(F) is tractable (cf. [53]); or

2. F is realizable by matchgates (cf. Section 4.3).

A more explicit description of the tractable cases can be found in Theorem 8.5.3.

Although this theorem is stated for the framework of counting constraint satisfaction problems
(#CSP), our proof is in the more general framework of Holant problems. From the Holant per-
spective, the set £Q = {=,, | n > 1} of EQUALITY signatures is always available in #CSP(F). By
the signature theory of Cai and Lu [43], the Hadamard matrix H = [1 | defines the only" holo-
graphic transformation under which £Q becomes matchgate realizable. Let F denote HF for any
set F of signatures. Then £Q = {[1,0],[1,0,1],[1,0,1,0],...} is the set of unweighted signatures
with even support. Therefore, #CSP(F), which is equivalent to Holant(F U £Q) by Lemma 2.2.1,
is further equivalent to Holant(F U 5@) by Lemma 3.2.2.

In many previous dichotomy theorems for Boolean #CSP(F), the proof of hardness began by

pinning. The goal of this technique is to realize the constant functions [1,0] and [0, 1] and was

1Up to transformations under which matchgates are closed.
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always achieved by a nonplanar reduction. In the nonplanar setting, [1,0] and [0, 1] are contained
in each of the maximal tractable sets. Therefore, pinning in this setting does not imply the collapse
of any complexity classes. However, the signatures in £Q U {[1,0],[0,1]} are not simultaneously
realizable by matchgates. If we are to prove our main theorem, one should not expect to be able
to pin for P1-#CSP(F), since otherwise #P would collapse to P. Instead, apply the Hadamard
transformation and consider Pl—Holant(j-: Ué@) In this Hadamard basis, pinning becomes possible
again since [1,0] and [0, 1] are included in every maximal tractable set. Indeed, we prove our
pinning result in this Hadamard basis in Section 8.4. The pinned version of Pl-Holant(F U 6/'\9),
which assumes that the signatures [1,0] and [0, 1] are available, is denoted by Pl-Holant®(F U c‘f\Q)
(where ¢ stands for constants).

Our other main technique is domain pairing. This technique is used to overcome a parity
restriction. If all signatures have even arity, then the signature of any gadget will also have even
arity. Domain pairing is a type of reduction that allows us to realize a signature of odd arity given
only signatures of even arity.

We use Theorem 6.1.1 with G = £Q, which is the special case of Pl-#CSP(F) when F contains
a single binary signature. Furthermore, we perform a holographic transformation by the Hadamard
matrix H = H _11] Under this transformation, it is easy to see that the conditions fyf2 = f? and
fofa = —f% A fo = —f2 are invariant while the conditions f; = 0 and fy = f> map to each other.
Therefore, by an apparent coincidence, the tractability conditions remain the same. To be clear,
we restate Theorem 6.1.1 when restricted to planar graphs both before and after a holographic

transformation by H with G = £Q.

Theorem 8.1.2 (Special case of Theorem 6.1.1). For any fo, f1, fo € C, both Pl-Holant([fo, f1, fo] |
£Q) and Pl-Holant([fo, f1, f2] | 5@) are #P-hard unless one of the following conditions hold, in
which case both problems are computable in polynomial time:

1. fofo= fi;

2. f1 =0;

3. fof2 = —ff and fo = —fa;

4. fo = fa
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In the standard basis of the PI-#CSP framework, the set M of signatures is tractable and

consists of signatures with the following expressions.”

Theorem 8.1.3 (Special case of Theorem 4 in [42]). A symmetric signature [fo, f1,..., fn] 18
realizable under the basis H _11} iff it takes one of the following forms:

1. there exists constants A\, a, 8 € C and € = +1, such that for all ¢, 0 < < n,
fo=A(a+B)"" (a=B)" +e(a—B8)""(a+B);
2. there exists a constant A € C, such that for all ¢, 0 < { <n,
fo=An—20)(-1)%
3. there exists a constant A € C, such that for all £, 0 < { <n,
fo=MAn—20).

We note that case 1 corresponds to the general case (¢ = +1 for signatures with even parity and
e = —1 for signatures with odd parity) while case 3 corresponds to the perfect matching signatures
[0,1,0,...,0] and case 2 corresponds to their reversals.

The tractability results for the Pl-#CSP framework are already known and given in Chapter 4.

We state this tractability in the Hadamard basis with [1,0] and [0, 1] present.

Theorem 8.1.4. Let F be any set of symmetric, complex-valued signatures in Boolean variables.
Then Pl-Holant®(F U 6/'@) is tractable if F C o/, F C 3/5, or FC .M.
8.2 Domain Pairing

In this section, we discuss a technique called domain pairing, which pairs input variables to simulate

a problem on a domain of size four and then reduces a problem in the Boolean domain to it. As

2Even though Theorem 8.1.3 is technically about generator signatures, neither generators nor recognizers are
mentioned because Theorems 3 and 4 in [42] coincide when the basis is an orthogonal transformation.
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'
a2 b

Figure 8.1: Gadget designed for the paired domain. One vertex is assigned [1,0,1,0]
and the other is assigned [z, 0,y, 0].

explained in the previous section, we work in the Hadamard basis instead of the standard basis.
The goal then becomes a dichotomy for Pl-Holant(F U 5/'22)

By a simple parity argument, gadgets constructed with signatures of even arity can only realize
other signatures of even arity. In particular, this means that =4 cannot by itself be used to construct
=3. Nevertheless, there is a clever argument that can realize =3 using =4. The catch is the domain
changes from individual elements to pairs of elements. Thus, we call this reduction technique
domain pairing. This technique was first used in the proof of Lemma III.2 in [46] with real weights.
It was also used in the proof of Lemma 4.6 in [72] in the parity case and in Lemma IV.5 in [80]
with real weights as well as grouping more than just two domain elements.

We prove a generalization of the domain pairing lemma for complex weights.

Lemma 8.2.1 (Domain pairing). Let a,b,x,y € C. Suppose f = [z,0,y,0] and g = [a,0,...,0,b]
with arity at least 3. If aby # 0 and x* # y?, then Pl-Holant({f, g} U g@) is #P-hard.

Proof. We reduce from Pl-Holant([z,y,y] | £Q) to Pl-Holant({f, g} U é{é) This first problem is
#P-hard by Theorem 8.1.2 since y # 0 and x? # y?. By Lemma 7.4.15, we have £Qs.

An instance of Pl-Holant([z,y,y] | £Q) is a planar bipartite graph G = (U, V, E)) in which every
vertex in U has degree 2. We replace every vertex in V' of degree k (which is assigned =, € £Q)
with a vertex of degree 2k and assign =95 € £Qs. Furthermore, we bundle two adjacent variables
to form k bundles of 2 edges each. The k£ bundles correspond to the k incident edges of the original
vertex with degree k.

If the inputs to these EQUALITY signatures are restricted to {(0,0), (1,1)} on each bundle, then
these EQUALITY signatures take value 1 on ((0,0),...,(0,0)) and ((1,1),...,(1,1)) and take value 0
elsewhere. Thus, if we restrict the domain to {(0,0),(1,1)}, it is the EQUALITY signature =.

To simulate [z, y, y], we connect f = [z,0,y,0] toe=[1,0,1,0] € £0 by a single edge as shown
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in Figure 8.1 to form a gadget with signature

h(ay,az,bi,b2) = > fla1,b1,¢) - e(ag, by, c).
c=0,1

We replace every (degree 2) vertex in U (which is assigned [z,y,y]) by a degree 4 vertex assigned
h, where the variables of h are bundled as (a1, a2) and (b1, b2).

The vertices in this new graph G’ are connected as in the original graph G, except that every
original edge is replaced by two edges that connect to the same side of the gadget in Figure 8.1.
Notice that h is only connected by (aj,a2) and (b1,b2) to some bundle of two incident edges of
an EQUALITY signature. Since this EQUALITY signature enforces that the value on each bundle is
either (0,0) or (1,1), we only need to consider the restriction of h to the domain {(0,0),(1,1)}. On
this domain, h = [z,y,y] is a symmetric signature of arity 2. Therefore, the Holant of G’ has the

same Holant value as the original graph G. O
There are two scenarios that lead to Lemma 8.2.1. The proof of the first is immediate.

Corollary 8.2.2. Let a,b,z,y € C. Suppose f = [2,0,y] and g = [a,0,...,0,b] with arity at
least 3. If abzy # 0 and x* # y*, then Pl-Holant({f, g} U 5@) is #P-hard.

Proof. Connect three copies of f = [x,0,] to [1,0, 1, 0], with one on each edge, to get x[x2,0,y?, 0]

and apply Lemma 8.2.1. 0

The second scenario that leads to Lemma 8.2.1 is Lemma 8.2.4. The proof of Lemma 8.2.4
applies Corollary 8.2.2 after interpolating a unary signature in one of two ways. The next lemma

considers one of those ways.

Lemma 8.2.3. Let x € C. Suppose F is a set of signatures containing f = [1,x,1]. If x ¢ {0,+1}

and My has infinite order modulo a scalar, then
Pl-Holant(F U {[a, b]} U 6/'\Q) <7 Pl-Holant(F U 5/‘\Q)

for any a,b € C.
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Proof. Consider the unary recursive construction (My, s) in Figure 6.1, where s = [}]. The deter-
minant of My is 1 — 22 # 0. The determinant of [s Mys] is z # 0. By assumption, M/ has infinite

order modulo a scalar. Therefore, we can interpolate any unary signature by Lemma 6.2.4. O

Lemma 8.2.4. Let a,b € C. Suppose f = [a,0,...,0,b] with arity at least 3. If ab # 0 and a* # b*,
then Pl-Holant({f} UEQ) is #P-hard.

Proof. Since a # 0, we normalize f to [1,0,...,0,z], where x # 0 and % # 1. If the arity of f
is even, then after some number of self-loops, we have [1,0,x] and are done by Corollary 8.2.2.
Otherwise, the arity of f is odd. After some number of self-loops, we have g = [1,0,0, z]. If we had
the signature [1, 1], then we could connect this to g to get [1,0, 2] and be done by Corollary 8.2.2.
We now show how to interpolate [1,1] in one of two ways. In either case, we use the signature
[1, z], which we obtain via a self-loop on g.

Suppose (), the real part of x, is nonzero. Connecting [1,z] to [1,0,1,0] gives h = [1,z, 1].
The eigenvalues of M}, are A = 1+ x. Since R(x) # 0 iff |f\‘—f| # 1, the ratio of the eigenvalues is
not a root of unity, so M}, has infinite order modulo a scalar. Therefore, we can interpolate [1,1]
by Lemma 8.2.3.

Otherwise, R(z) = 0 but z is not a root of unity since x # +i. Connecting [1,z] to g gives
h = [1,0,2?%]. Consider the unary recursive construction (M, s) in Figure 6.1, where s = [1]. The
determinant of M, is 2% # 0, so its eigenvalues are nonzero. Also, the determinant of [s M},s] is
x(x? — 1) # 0. The ratio of the eigenvalues of M, is 22, which is not a root of unity since z is not
a root of unity. Therefore M}, has infinite order modulo a scalar and we can interpolate [1, 1] by

Lemma 6.2.4. 0

8.3 Mixing of Tractable Signatures

In this section, we determine which tractable signatures combine to give #P-hardness. To help
understand the various cases considered in the lemmas, Figure 8.2 contains a Venn diagram of the
signatures in &7, ﬁ and /.

The first two lemmas consider the case when one of the signatures is unary.
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A

P

[1,b,1,b,...]
with b £ 0Ab* £ 1

1OT]W1thT750/\r4751
1,0,7,0,72 () sz withr £Z0A7r2 #£1
s withr £Z0Ar2 #1

Figure 8.2: Venn diagram of the tractable Pl-#CSP signature sets in the Hadamard
basis. Each signature has been normalized for simplicity of presentation. For a signa-
ture f, the notation “f>;” is short for “arity(f) > k”. Notice that # N P — & is
empty.
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Lemma 8.3.1. Let a,b € C. Suppose f € of — 2. If ab # 0 and a* # b%, then the problem
Pl-Holant({[a, 0], f} U 5@) is #P-hard.

Proof. Up to a nonzero scalar, the possibilities for f are

o [1,0,%i];

e [1,0,...,0,x] of arity at least 3 with 2% = 1;

o [1,£1,—1,F1,1,+1,—1,F1,...] of arity at least 2;

e [1,0,—1,0,1,0,—1,0,...,0 or 1 or (—1)] of arity at least 3;

e [0,1,0,—1,0,1,0,—1,...,0 or 1 or (—1)] of arity at least 3.

We handle these cases below.

1. Suppose f =[1,0, £i]. Connecting [a,b] to [1,0,1,0] gives [a, b, a], and connecting two copies
of [1,0,=£i] to [a,b,a], one on each edge, gives g = [a, £ib, —a]. Then Pl-Holant(g | 5@) is
#P-hard by Theorem 8.1.2.

2. Suppose f = [1,0,...,0,2] of arity at least 3 with #* = 1. Connecting [a,b] to f gives
g = la,0,...,0,bx] of arity at least 2. Note that (bx)* = b* # a*. If the arity of g is exactly 2,
then Pl-Holant({f,g} U f@) is #P-hard by Corollary 8.2.2, so we are done. Otherwise, the
arity of g is at least 3 and Pl-Holant({g} U f@) is #P-hard by Lemma 8.2.4.

3. Suppose f = [1,£1,—1,...] of arity at least 2. Connecting some number of [1,0] gives
[1,+1, —1] of arity exactly 2. Connecting [a,b] to [1,0,1,0] gives [a, b, a] and connecting two
copies of [a, b, a] to [1,41,—1], one on each edge, gives g = [a® & 2ab — b?, +(a® + b?), —a® &

2ab + b%]. This is easily verified by

a bl |1 1| |a b a?+2ab—-0>  £(a®+V?)
b a| |1 1| |b a +(a®+b%)  —a®+2ab+ b

Then Pl-Holant(g | c‘j@) is #P-hard by Theorem 8.1.2.

4. Suppose f =[1,0,—1,0,...] of arity at least 3. Connecting some number of [1,0] gives g =
[1,0,—1,0] of arity exactly 3. Connecting [a, b] to g gives h = [a, —b, —a]. Then Pl-Holant(h |
fj@) is #P-hard by Theorem 8.1.2.
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5. The argument for f =1[0,1,0,—1,...] is similar to the previous case. O

Lemma 8.3.2. Let a,b € C. If f € M4 — &/ and ab # 0, then Pl-Holant({[a,b], f} U z‘f@) is
#P-hard.

Proof. Up to a nonzero scalar, the possibilities for f are as follows:
e [1,0,7] with r # 0 and r* # 1;
e [1,0,7,0,72,0,...] of arity at least 3 with r # 0 and r? # 1;
e [0,1,0,7,0,72,...] of arity at least 3 with r # 0 and r? # 1;
e [0,1,0,...,0] of arity at least 3;
e [0,...,0,1,0] of arity at least 3.
We handle these cases below.
1. Suppose f = [1,0,7] with 7% # 1 and r # 0. Connecting [a,b] to [1,0,1,0] gives [a,b,a] and
connecting two copies of [1,0,7] to [a, b, a], one on each edge, gives g = [a, br, ar?]. If a? # b2,
then Pl-Holant(g | g@) is #P-hard by Theorem 8.1.2.
Otherwise, a? = b? and we begin by connecting [a, b] to [1, 0, 7] to get [a, br]. Then by the same
construction, we have g = [a, br?, ar?] and Pl-Holant(g | é{@) is #P-hard by Theorem 8.1.2.
2. Suppose f = [1,0,7,0,...] of arity at least 3 with 72 # 1 and r # 0. Connecting some number
of [1,0] gives g = [1,0,r,0] of arity exactly 3. Connecting [a,b] to g gives h = [a,br,a]. If
a® # b*r, then Pl-Holant(h | fj@) is #P-hard by Theorem 8.1.2.

2 = b%*r and we begin by connecting [1,0] and [a,b] to [1,0,r,0] to get [a,br].

Otherwise, a
Then by the same construction, we have g = [a, br?, ar] and Pl-Holant(g | c‘f\Q) is #P-hard by
Theorem 8.1.2.

3. The argument for f =1[0,1,0,r,...] is similar to the previous case.

4. Suppose f = [0,1,0,...,0] of arity & > 3. Connecting k — 2 copies of [a,b] to f gives
g = a*73[(k — 2)b,a,0]. Then Pl-Holant(g | 5@) is #P-hard by Theorem 8.1.2.

5. The argument for f =[0,...,0,1,0] is similar to the previous case. ]

Now we consider the general case of two signatures from two different tractable sets. Three

tractable sets give rise to three pairs of tractable sets to consider, each of which is covered in one
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of the next three lemmas.
Lemma 8.3.3. If f € o — Z and g€ 7 — o/, then Pl-Holant({f,g} U é/’@) is #P-hard.

Proof. The only possibility for g is [a,b,a,b,...], where ab # 0 and a* # b*. Connecting some

number of [1,0] to g gives [a,b] and we are done by Lemma 8.3.1. O
Lemma 8.34. If fe o/ — . # and g € M — </, then Pl-Holant({f,g} U 5/’22) is #P-hard.

Proof. Suppose f does not contain a 0 entry. Then after connecting some number of [1,0] to f, we
have a unary signature [a,b] with ab # 0, and are done by Lemma 8.3.2.

Otherwise, f contains a 0 entry. Then f = [z,0,...,0,y] of arity at least 3 with zy # 0 (and
z* = y*). Up to a nonzero scalar, the possibilities for g are as follows:

e [1,0,7] with r # 0 and r* # 1;

e [1,0,7,0,72,0,...] of arity at least 3 with r # 0 and r? # 1;

e [0,1,0,7,0,72,...] of arity at least 3 with r # 0 and 72 # 1;

e [0,1,0,0,...,0] of arity at least 3;

e [0,...,0,0,1,0] of arity at least 3.

We handle these cases below.

1. Suppose g = [1,0,7] with 7 # 0 and 7* # 1. Then we are done by Corollary 8.2.2.

2. Suppose g = [1,0,7,0,...] of arity at least 3 with r # 0 and 72 # 1. After connecting some
number of [1,0] to g, we have h = [1,0,r,0] of arity exactly 3. Then Pl-Holant({f,h} U c‘f\Q)
is #P-hard by Lemma 8.2.1.

3. Suppose g = [0,1,0,7,...] of arity at least 3 with r # 0 and 72 # 1. After connecting some
number of [1,0] to g, we have h = [0,1,0, 7] of arity exactly 3. Connecting two more copies
of [1,0] to h gives [0,1]. Then we apply a holographic transformation by 7= [} }], so f is
transformed to f = [y,0,...,0,z] and h is transformed to h = [r,0,1,0]. Every even arity
signature in 5@ remains unchanged after a holographic transformation by 7. By attaching
[0,1]T = [1,0] to every even arity signature in Tc‘f@, we obtain all of the odd arity signatures
in £0 again. Then Pl-Holant ({f, h} U 6/'\Q) is #P-hard by Lemma 8.2.1.
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Figure 8.3: The vertices are assigned g = [0,1,0,...,0].

4. Suppose g = [0,1,0,...,0] of arity & > 3. The gadget in Figure 8.3 with g assigned to
both vertices has signature h = [k — 1,0,1]. Then Pl-Holant({f, h} U g@) is #P-hard by
Corollary 8.2.2.

5. The argument for g = [0,...,0,1,0] is similar to the previous case. O

Lemma 8.3.5. If f € .# — P and g € P — M and {f,9} € </, Pl-Holant({f, g} U 5@) is
#P-hard.

Proof. The only possibility for g is [a, b, a,b,...] with ab # 0. Connecting some number of [1, 0] to
g gives h = [a,b]. If f & o7, then Pl-Holant({f, h} U E@) is #P-hard by Lemma 8.3.2. Otherwise,
f e, sog¢ o and Pl-Holant({f, g} U 5@) is #P-hard by Lemma 8.3.3. O

We summarize this section with the following theorem, which says that the tractable signature

sets cannot mix. Signatures from different tractable sets, when put together, lead to #P-hardness.

Theorem 8.3.6 (No Mixing). Let F be any set of symmetric, complez-valued signatures in Boolean
variables. If F C of U Z U A, then Pl-Holant(F U 5/’22) is #P-hard unless F C o/, F C ,@, or
F C A, in which case Pl-Holant®(F U 5@) is tractable.

Proof. 1f F is a subset of &7, cﬁ, or ./, then the tractability is given in Theorem 8.1.4. Otherwise
F is not a subset of &7, ﬁ or .. Then F contains a signature g € (ﬁu M) — of since F L .
Suppose F contains a signature f € &/ — P—M. Ifg e ﬁ—sz%, then Pl—Holant(]:Ug@) is #P-hard
by Lemma 8.3.3. Otherwise, g € .# — o/ and Pl-Holant(F U g@) is #P-hard by Lemma 8.3.4.
Now assume that F C 2 U .#. Since (3/50 M) — o is empty (see Figure 8.2), either g €
P— it~ orge€ M—P—of. Ifg e 55—///—%, then there exists a signature f € M — P since
Fg 2. Tn which case, Pl—Holant(]:UgQ) is #P-hard by Lemma 8.3.5. Otherwise, g € .# — P —of
and there exists a signature f € P — M since F Z . In which case, Pl-Holant(F Ué/'\Q) is #P-hard
by Lemma 8.3.5. O
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8.4 Pinning for Planar Graphs

The idea of “pinning” is a common reduction technique between counting problems. For the #CSP
framework, pinning fixes some variables to specific values of the domain by means of the constant
functions [17, 58, 13, 80]. In particular, for counting graph homomorphisms, pinning is used when
the input graph is connected and the target graph is disconnected. In this case, pinning a vertex of
the input graph to a vertex of the target graph forces all the vertices of the input graph to map to
the same connected component of the target graph [59, 14, 70, 122, 23]. For the Boolean domain,
the constant 0 and constant 1 functions are the signatures [1, 0] and [0, 1] respectively.

From these works, the most relevant pinning lemma for the Pl-#CSP framework is by Dyer,
Goldberg, and Jerrum in [58], where they show how to pin in the #CSP framework. However, the
proof of this pinning lemma is highly nonplanar. Cai, Lu, and Xia [46] overcame this difficultly in
the proof of their dichotomy theorem for the real-weighted P1-##CSP framework by first undergoing
a holographic transformation by the Hadamard matrix H = H 31] and then pinning in this
Hadamard basis.® We stress that this holographic transformation is necessary. Indeed, if one were
able to pin in the standard basis of the Pl-#CSP framework, then P = #P would follow since
PL#CSP(.#) is tractable but PL#CSP(.# U {[1,0],[0,1]}) is #P-hard by our main dichotomy in
Theorem 8.5.3 (or, more specifically, by Lemma 8.3.2).

Since Pl-#CSP(F) is equivalent to Pl-Holant(F U £Q), the expression of PI-#CSP(F) in the
Hadamard basis is Pl-Holant(HF U 5@) Then we already have [1,0] € £Q, so pinning in the

Hadamard basis of PI-#CSP(F) amounts to obtaining the missing signature [0, 1].

8.4.1 The Road to Pinning

We begin the road to pinning with a lemma that assumes the presence of [0,0,1] = [0, 1]®2, which
is the tensor product of two copies of [0, 1]. In our pursuit to realize [0, 1], this may be as close as we
can get, such as when every signature has even arity. Another roadblock to realizing [0, 1] is when

every signature has even parity. Recall that a signature has even parity if its support is on entries

3The pinning in [46], which is accomplished in Section IV, is not summarized in a single statement but is implied
by the combination of all the results in that section.
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Figure 8.4: The circles are assigned [a,0,0,0,b, c|.

of even Hamming weight. By a simple parity argument, gadgets constructed with signatures of
even parity can only realize signatures of even parity. However, if every signature has even parity

and [0, 0, 1] is present, then we can already prove a dichotomy. To prove this, we use the following

lemma.
Lemma 8.4.1. Let a,b,c € C. If ab # 0, then Pl-Holant([a,0,0,0,b, c|) is #P-hard.
Proof. Let f be the signature of the gadget in Figure 8.4 with [a,0,0,0,b,c| assigned to both

vertices. The signature matrix of f is

a2 0 0 0
b2 b2 be
b2 b2 be

o O O

be be 3b2% + 2

which is redundant. Its compressed form is nonsingular since its determinant is 6a2b* # 0. Thus,

we are done by Lemma 6.5.4. O

Lemma 8.4.2. Suppose F is a set of symmetric signatures with complex weights containing [0, 0, 1].
If every signature in F has even parity, then either Pl—Holant(]—"Ué{Q) is #P-hard or F is a subset
of o, é’: or M , in which case Pl-Holant®(F U 5@) is tractable.

Proof. The tractability is given in Theorem 8.1.4. If every non-degenerate signature in F is of arity
at most 3, then F C .# since all signatures in F satisfy the (even) parity condition.

Otherwise F contains some non-degenerate signature of arity at least 4. For every signature
feFwith f =[fo, f1,---, fm] and m > 4, using [0, 0, 1] and [1, 0], we can obtain all subsignatures
of the form [fx_2,0, fx, 0, fr12] for any even k such that 2 < k < m — 2. If any subsignature g of

this form satisfies fr—ofr+2 # f,f and fir # 0, then we are done by Lemma 6.5.4.
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Otherwise all subsignatures of signatures in F of the above form satisfy fr_ofrro = f,f or
fr = 0. There are two types of signatures with this property. In the first type, the signature entries
of even Hamming weight form a geometric progression. More specifically, the signatures of the first

type have the form
[an?()?an_l/B?O?"'707a/3n_1707/3n] or [aﬂ/?o?Qn_llB?O?"'707a/3n_170713n70]

for some «, 8 € C, which are in .Z. In the second type, the signatures have arity at least 4 or 5
and are of the form [z,0,...,0,y] or [z,0,...,0,y,0] respectively, with zy # 0 and an odd number
of 0’s between z and y (since they have even parity). If all signatures in F are of the first type,
then F C .Z.

Otherwise F contains a signature f of the second type. Suppose f = [z,0,...,0,y,0] of arity at
least 5 with zy # 0. After some number of self-loops, we have g = [z,0,0,0,y, 0] of arity exactly 5.
Then we are done by Lemma 8.4.1.

Otherwise f = [z,0,...,0,y] of arity at least 4 with 2y # 0. If 2* # y*, then we are done by
Lemma 8.2.4.

Otherwise z* = y*. This puts every signature of the second type in .«7. Therefore F C .o/ U .#

and we are done by Theorem 8.3.6. 0

The conclusion of every result in the rest of this section states that we are able to pin (under
various assumptions on F). Formally speaking, we repeatedly prove that Pl-Holant®(F U fj@) is
#P-hard (or in P) if and only if Pl-Holant(F U 5@) is #P-hard (or in P). The difference between
these two counting problems is the presence of [0, 1] in Pl-Holant®(F U S/\Q) We always prove this
statement in one of three ways:

1. either we show that Pl-Holant®(F U 6@) is tractable (so Pl-Holant(F U f@) is as well);

2. or we show that Pl-Holant(F U g@) is #P-hard (so Pl-Holant®(F U g\Q) is as well);

3. or we show how to reduce Pl-Holant®(F U 5@) to Pl-Holant(F U 5@) by realizing [0, 1] using

signatures in F U 6/'\Q

Lemma 8.4.3. Let F be any set of complez-weighted symmetric signatures containing [0,0,1].
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Figure 8.5: The circles are assigned [1,0,1,0] and the triangles are assigned [1,0, z].

Then P1l-Holant®(F U 5/‘\Q) is #P-hard (or in P) iff Pl-Holant(F U 5/’\Q) is #P-hard (or in P).

Proof. If we had a unary signature [a,b] where b # 0, then connecting [a,b] to [0,0, 1] gives the
signature [0, 5], which is [0,1] after normalizing. Thus, in order to reduce Pl-Holant®(F U £Q) to
Pl-Holant(F Ufj@) by constructing [0, 1], it suffices to construct a unary signature [a, b] with b # 0.

For every signature f € F with f = [fo, f1,..., fm], using [0,0,1] and [1,0], we can obtain all
subsignatures of the form [fx_1, fx] for any odd k such that 1 < k < m. If any subsignature satisfies
fx # 0, then we can construct [0, 1].

Otherwise all signatures in F have even parity and we are done by Lemma 8.4.2. O
There are two scenarios that lead to Lemma 8.4.3, which are the focus of the next two lemmas.

Lemma 8.4.4. For x € C, let F be any set of complex-weighted symmetric signatures containing
[1,0,x] such that x ¢ {0,£1}. Then Pl—Holantc(}"Ué{Q) is #P-hard (or in P) iff Pl—Holant(]:Ué{Q)
is #P-hard (or in P).

Proof. There are two cases. In either case, we realize [0, 0, 1] and finish by applying Lemma 8.4.3.

First we claim that the conclusion holds provided |z| ¢ {0,1}. Combining k copies of [1,0, x]
gives [1,0,2*]. Since |z| ¢ {0,1}, x is neither zero nor a root of unity, so we can use polynomial
interpolation to realize [a,0,b] for any a,b € C, including [0, 0, 1].

Otherwise |z| = 1. The gadget in Figure 8.5 has signature [fo, f1, fo] = [ +22,0,2x]. If 2 = 44,
then we have [0, 0, +-2i], which is [0, 0, 1] after normalizing.

Otherwise x # =i, so fo # 0. Since z # 0, we have fy # 0. Since x # +1, we have |fy| < 2.

2z
1422

However, |f2| = 2. Therefore, after normalizing, the signature [1,0,y] with y = has |y| > 1,

so it can interpolate [0, 0, 1] by our initial claim since |y| ¢ {0,1}. O
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Lemma 8.4.5. Let F be any set of complex-weighted symmetric signatures containing a signature
[fo, f1, ..., fn] that is not identically zero but has fo = 0. Then Pl—Holantc(}"Ué{@) is #P-hard (or
in P) iff Pl-Holant(F U S/\Q) is #P-hard (or in P).

Proof. If fi # 0, then we connect n — 1 copies of [1,0] to f to get [0, f1], which is [0,1] after
normalizing. If f; = 0, then n > 2. If fo # 0, then we connect n — 2 copies of [1,0] to f to get
[0,0, fo], which is [0,0,1] after normalizing. Then we are done by Lemma 8.4.3. If f; = fo = 0,
then n > 3. After some number of self-loops, we get a signature with exactly one or two initial 0’s,

which is one of the above scenarios. O

As a significant step toward pinning for any signature set F, we show how to pin given any

binary signature. Some cases resist pinning and are excluded.

Lemma 8.4.6. Let F be any set of complex-weighted symmetric signatures containing a binary
signature f. Then Pl—Holantc(]:U@) is #P-hard (or in P) iff Pl—Holant(}"Ugé) is #P-hard (or

in P) unless f € {[0,0,0],[1,0,—1],[1,7,7%],[1,b,1]}, up to a nonzero scalar, for any b,r € C.

Proof. Let f = [fo, f1, f2]. If fo = 0 and either f; # 0 or f2 # 0, then we are done by Lemma 8.4.5.
Otherwise, f = [0,0,0] or fo # 0, in which case we normalize fy to 1. If Pl-Holant(f | g@) is
#P-hard by Theorem 8.1.2, then Pl-Holant(F U 6/'\Q) is also #P-hard. Otherwise, f is one of the

tractable cases, which implies that
€ {[0,0,0], [1,7,7], [1,0,], [1,£1, ~1], 1,0, 1]}

If f=11,£1,—1], then we connect f to [1,0,1,0] to get [0,£2], which is [0, 1] after normalizing.
If f =11,0,z], then we are done by Lemma 8.4.4 unless x € {0,£1}. The remaining cases are all

excluded by assumption, so we are done. O

8.4.2 Pinning in the Hadamard Basis

Before we show how to pin in the Hadamard basis, we handle two simple cases.
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Lemma 8.4.7. If F is a set of signatures containing [1, £i], then we have Pl—Holantc(]:Ué{@) <r

Pl-Holant(F U £Q).
Proof. Connect two copies of [1, £i] to [1,0, 1,0] to get [0, £24], which is [0, 1] after normalizing. [

The next lemma considers the signature [1,b,1,b~!], which we also encounter in Theorem 8.5.1,

the single signature dichotomy.

Lemma 8.4.8. Let b€ C. Ifb ¢ {0, %1}, then Pl-Holant({[1,b,1,b~1]} UEQ) is #P-hard.

Proof. Connect two copies of [1,0] to f = [1,b,1,b!] to get [1,b]. Connecting this back to f gives

g =[1+b2,2b,2]. Then Pl-Holant(g | £Q) is #P-hard by Theorem 8.1.2. O
Now we are ready to prove our pinning result.

Theorem 8.4.9 (Pinning). Let F be any set of complex-weighted symmetric signatures. Then

Pl-Holant¢(F U £Q) is #P-hard (or in P) iff Pl-Holant(F U £Q) is #P-hard (or in P).

This theorem does not exclude the possibility that either framework can express a problem of in-
termediate complexity. It merely says that if one framework cannot express a problem of intermedi-
ate complexity, then neither can the other. Our goal is to prove a dichotomy for Pl-Holant(F U é{@)

By Theorem 8.4.9, this is equivalent to proving a dichotomy for Pl-Holant®(F U E/'é)

Proof of Theorem §8.4.9. For simplicity, we normalize the first nonzero entry of every signature in
F to 1. If F contains the degenerate signature [0,1]®" for some n > 1, then we take self-loops on
this signature until we have either [0, 1] or [0,0, 1] (depending on the parity of n). If we have [0, 1],
we are done. Otherwise, we have [0,0, 1] and are done by Lemma 8.4.3.

Now assume that any degenerate signature in F is not of the form [0, 1]®". Then we can replace
these degenerate signatures in F by their unary versions using [1,0]. This does not change the
complexity of the problem. If F contains only unary signatures, then F C Z and Pl-Holant“(F U
6/’22) is tractable by Theorem 8.1.4.

Otherwise F contains a signature f of arity at least two. We connect some number of [1, 0] to

f until we obtain a signature with arity exactly two. We call the resulting signature the binary
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prefix of f. If this binary prefix is not one of the exceptional forms in Lemma 8.4.6, then we are
done, so assume that it is one of the exceptional forms.

Now we perform case analysis according to the exceptional forms in Lemma 8.4.6. There are
five cases below because we consider [1,7,72] as [1,0,0] and [1,7,72] with r # 0 as separate cases.
In each case, we either show that the conclusion of the theorem holds or that f € o7 U PUM.

After the case analysis, we then handle all of these tractable f together.

1. Suppose the binary prefix of f is [0,0,0]. If f is not identically zero, then we are done by
Lemma 8.4.5.
Thus, in this case, we may assume f = [0,0,...,0] is identically zero.

2. Suppose the binary prefix of f is [1,0, —1]. If f is not of the form
[1,0,-1,0,1,0,—1,0,...,0 or 1 or (—1)], (8.4.1)

then after one self-loop, we have a signature of arity at least one with 0 as its first entry but
is not identically zero, so we are done by Lemma 8.4.5.
Thus, in this case, we may assume f has the form given in (8.4.1).

3. Suppose the binary prefix of f is [1,0,0]. If f is not of the form [1,0,...,0], then after
connecting some number of [1,0], we have [1,0,...,0,z] of arity at least 3, where x # 0. If
x* # 1, then Pl-Holant({f} U é/’@) is #P-hard by Lemma 8.2.4, so Pl-Holant(F U (‘E\Q) is also
#P-hard.

Otherwise, ¢ = 1. Suppose that x is not the last entry in f. Then connecting one fewer
[1,0] than before, we have g = [1,0,...,0,z,y] and there are two cases to consider. If the
index of x in ¢ is odd, then after some number of self-loops, we have h = [1,0,0, z,y]. The
determinant of the compressed signature matrix of h is —2z% # 0. Thus, Holant(h) is #P-hard
by Lemma 6.5.4, so Pl-Holant(F U 6/’\Q) is also #P-hard.

Otherwise, the index of z in g is even. After some number of self-loops, we have h =
[1,0,0,0,2,y]. Then by Lemma 8.4.1, Holant(h) is #P-hard, so Pl-Holant(F U 5/’22) is also
#P-hard.
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Thus, in this case, we may assume either f = [1,0,...,0] or f =[1,0,...,0,2] with z* = 1.

TL],

. Suppose the binary prefix of f is [1,7,72], where r # 0. If f is not of the form [1,r,...,r

m m—+1

and

then after connecting some number of [1,0], we have [1,r,...,7™, y], where y # r

m > 2. Using [1, 0], we can get [1,r]. If » = +i, then we are done by Lemma 8.4.7, so assume
that r # £i. Then we can attach [1,7] back to the initial signature some number of times
to get g = [1,7, 7% 2] after normalizing, where 2 # r3. We connect [1,7] once more to get
h = [14+72 r(1+72),r24+rx]. If h does not have one of the exceptional forms in Lemma 8.4.6,
then we are done, so assume that it does.

Since the second entry of h is not 0 and = # 73, the only possibility is that h has the form
[1,b,1] up to a scalar. This gives = r~!. Note that r # +1 since  # r3. A self-loop on
g = [1,7,7% r71] gives [1 +r% r + r~1], which is [1,77!] after normalizing. Connecting this
back to g gives h = [2,2r,72 + r72]. We assume that h has one of the exceptional forms in
Lemma 8.4.6 since we are done otherwise. If h has the form [1,r,72] up to a scalar, then
r* = 1, a contradiction, so it must have the form [1,b,1] up to a scalar. But then r? = 1,
which is also a contradiction.

Thus, in this case, we may assume f = [1,r,...,r"].

. Suppose the binary prefix of f is [1,b,1]. If b = £1, then this binary prefix is degenerate
and was considered in the previous case, so assume that b # +1. If f is not of the form
[1,b,1,b,...], then suppose that the index of the first entry in f to break the pattern is even.
Then after connecting some number of [1,0], we have [1,b,1,...,b,y], where y # 1. Then
after some number of self-loops and normalizing, we have g = [1,b,1, b, z], where z # 1. The
determinant of its compressed signature matrix is (b*> — 1)(1 — ) # 0. Thus, Holant(g) is
#P-hard by Lemma 6.5.4, so Pl-Holant(F U g@) is also #P-hard.

Otherwise, the index of the first entry in f to break the pattern is odd. Then after connecting
some number of [1,0], we have [1,b,1,...,1,y], where y # b. Then after some number of self-
loops and normalizing, we have [1,b, 1, 2], where  # b. We do a self-loop to get g = [2,b+ z].
If b = 0, then connecting g to [1,0,1, 2] gives h = [2,2,2 + 22]. We assume that h has one

of the exceptional forms in Lemma 8.4.6 since we are done otherwise. Because x # 0, the
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only possibility is that h has the form [1,7,7%] up to a scalar. Then we get 22 = —4, so
g = [2,z] = 2[1, +i] and we are done by Lemma 8.4.7. We use the signature g again below.

Otherwise, b # 0. Using [1,0], we can get h = [1,b,1]. If the signature matrix M}, of
h has finite order modulo a scalar, then M,f = I, for some positive integer ¢ and some
nonzero complex value §. Thus after normalizing, we can construct the anti-gadget [1, —b, 1]

by connecting ¢ — 1 copies of h together. Connecting [1,0] to [1,—b,1] gives [1,—b] and

connecting this to [1,b, 1, z] gives [1 — b%,0,1 — bx]. If 1:25 ¢ {0,+£1}, then we are done by

Lemma 8.4.4.

bz

Otherwise, y = i_bz € {0,+1}. For y =0, we get z = b~! and are done by Lemma 8.4.8 since

b¢ {0,+1}. For y = 1, we get b = x, a contradiction. For y = —1, we get 2 — b*> — bz = 0.
Then connecting [1, —b, 1] to g = [2,b+ ] gives [2 — b? — bz, x — b] = [0, x — b], which is [0, 1]
after normalizing.
Otherwise, M}, has infinite order modulo a scalar, so we can interpolate [0, 1] by Lemma 8.2.3
since b ¢ {0, £1}.

Thus, in this case, we may assume f = [1,b,1,b,...].

At this point, every signature in F (including the unary signatures) must be of one of the

following forms:

[0,...,0], which is in & N 2 N .;
[1,0,—1,0,1,0,—1,0,...,0 or 1 or (—1)], which is in & N .
[1,0,...,0,x], where z* = 1, which is in .27;

[1,b,1,b,...,1 or b], which is in 2.

In particular, every possible unary signature either fits into the first case or the last case. Therefore

FC o/ UPU.# and we are done by Theorem 8.3.6. O

8.5

Main Result

In this section, we prove our main dichotomy theorem. But first a dichotomy for a single signature.

Theorem 8.5.1. If f is a non-degenerate symmetric signature of arity at least 2 with complex
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weights in Boolean variables, then Pl-Holant({f} U E\Q) is #P-hard unless f € o/ U P U M, in

which case the problem is computable in polynomial time.

Proof. When f € o/U ﬁU//l, the problem is tractable by Theorem 8.1.4. When f & /U ﬁU///, we
prove that Pl-Holant®({ f} U(‘,{@) is #P-hard, which is sufficient because of pinning (Theorem 8.4.9).
Using [1,0] and [0, 1], we can obtain any subsignature of f.

Notice that once we have [0, 1] and 5@, we can realize every signature in T@, where T =
[03]. In fact, every even arity signature in 5@ is also in Téé, and we obtain all the odd arity
signatures in T' 5@ by attaching [0, 1] to all the even arity signatures in 5@ Therefore, a holographic
transformation by T does not change the complexity of the problem. Furthermore, o7 U PUM is
closed under 7. We use these facts later.

The possibilities for f can be divided into three cases:

e f satisfies the parity condition;

e f does not satisfy the parity condition but does contain a 0 entry;

e f does not contain a 0 entry.

We handle these cases below.

1. Suppose that f satisfies the parity condition. If f has even parity, then we are done by
Lemma 8.4.2.
Otherwise, f has odd parity. If f has odd arity, then under a holographic transformation by
T =1[94], f is transformed to f, which has even parity. Then either Pl-Holant®({f} U E/\Q) is
#P-hard by Lemma 8.4.2 (and thus Pl—Holantc({f}Ué{Q) is also #P-hard), or f € &/U PUM
(and thus f € %UﬁU/f/).
Otherwise, the arity of f is even. Connect [0,1] to f to get a signature g with even parity
and odd arity. Then either Pl-Holant({g} U fj@) is #P-hard by Lemma 8.4.2 (and thus
Pl-Holant®({f} U £Q) is also #P-hard), or g € & U P U . In the latter case, it must
be that g € .# since non-degenerate generalized equality signatures cannot have both even
parity and odd arity. (See Figure 8.2 at the end of the Appendix, which contains a Venn
diagram of the signatures in & U PUM , up to constant factors.) In particular, the even

parity entries of g form a geometric progression. Therefore f € .# since f has odd parity
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and the same geometric progression among its odd parity entries.

. Suppose that f contains a 0 entry but does not satisfy the parity condition. Since f does not
satisfy the parity condition, there must be at least two nonzero entries separated by an even
number of 0 entries. Thus, f contains a subsignature g = [a,0, ...,0,b] of arity n = 2k+1 > 1,
where ab # 0.

If K =0, then n = 1 and we can shift either to the right or to the left and find the 0 entry
in f and obtain a binary subsignature h of the form [c,d, 0] or [0, c,d], where cd # 0. Then
Pl-Holant(h | 5/'\Q) is #P-hard by Theorem 8.1.2, so Pl-Holant({f} U g@) is also #P-hard.
Otherwise k > 1, so n > 3. If a* # b, then Pl-Holant({g} Uc‘f@) is #P-hard by Lemma 8.2.4,
so Pl-Holant({f} U 5@) is also #P-hard.

Otherwise, a* = b, so g € &7. If f = g, then we are done, so assume that f # g, which
implies that there is another entry just before a or just after b. If this entry is nonzero, then
f has a subsignature h of the form [c, a, 0] or [0,b,d], where ¢d # 0. Then Pl-Holant(h | 5@)
is #P-hard by Theorem 8.1.2, so Pl-Holant({f} U 6/’22) is also #P-hard.

Otherwise, this entry is 0 and f has a subsignature h of the form
[0,a,0,...,0,0] or [a,0,...,0,b,0]

of arity at least 4. If the arity of h is even, then after some number of self-loops, we have a
signature h’ of the form [0,a,0,0,b] or [a,0,0,b,0] of arity exactly 4. Then Pl-Holant(h') is
#P-hard by Lemma 6.5.4 since ab # 0, so Pl-Holant({f} U é{@) is also #P-hard.

Otherwise, the arity of h is odd. After some number of self-loops, we have a signature h’ of
the form [0, a,0,0,0,b] or [a,0,0,0,b,0] of arity exactly 5. Then Pl-Holant(h’) is #P-hard by
Lemma 8.4.1 since ab # 0, so Pl-Holant({f} U fj@) is also #P-hard.

. Suppose f contains no 0 entry. If f has a binary subsignature g such that Pl-Holant(g | 5{@)
is #P-hard by Theorem 8.1.2, then Pl-Holant({f} U g@) is also #P-hard.

Otherwise every binary subsignature [a, b, ¢| of f satisfies the conditions of some tractable case
in Theorem 8.1.2. The three possible tractable cases are degenerate with condition ac = b?

(case 1), affine &/ with condition ac = —b* A a = —c (case 3), and a Hadamard-transformed
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product type Z with condition a = ¢ (case 4). If every binary subsignature [a,b,c] of f
satisfies ac = b2, then f is degenerate, a contradiction. If every binary subsignature [a, b, c]
of f satisfies ac = —b> Aa = —¢, then f = [1,£1,—1,F1,1,4+1,-1,F1,...] € & (up to a
scalar) and we are done. If every binary subsignature [a, b, c] of f satisfies a = ¢, then f € P
and we are done.

Otherwise, there exists two binary subsignatures of f that do not satisfy the same tractable
case in Theorem 8.1.2. More specifically, f has arity at least 3 and there exists a ternary
subsignature g = [a,b,¢,d] such that h = [a,b,¢] and h' = [b,¢,d] exclusively satisfy the
conditions of different tractable cases in Theorem 8.1.2. By symmetry in the statement of the
tractable conditions in Theorem 8.1.2, under a holographic transformation by [ {], we can
we can switch the order of h and h’. Suppose f contains a binary subsignature that satisfies
the condition of the affine case. Let h be that subsignature. Then for either case of I/, we
have g = [1,¢,—1,¢] after normalizing, where 2 = 1. Connecting two copies of [0,1] to g
gives [—1,¢e]. Connecting this back to g gives ¢’ = [0,—2¢,2]. Then Pl-Holant(g' | 6/'@) is
#P-hard by Theorem 8.1.2, so Pl-Holant({f} U 6/'\Q) is also #P-hard.

Otherwise, we may assume that h satisfies the product-type condition (but not the degenerate
condition) and A’ satisfies the degenerate condition. Then g = [1,b, 1, b7 '] after normalizing,
where b? # 1. Then Pl-Holant(g | £0) is #P-hard by Lemma 8.4.8, so Pl-Holant({f} U 5/’22)
is also #P-hard. O

Now we are ready to prove our main dichotomy theorem.

Theorem 8.5.2. Let F be any set of symmetric, complex-valued signatures in Boolean variables.

Then P1l-Holant(F U g@) is #P-hard unless F C of , F C e@, or F C M, in which case the problem

18 computable in polynomial time.

Proof. The tractability is given in Theorem 8.1.4. When F is not a subset of <7, L@, or M, we

prove that Pl-Holant®(F U 5@) is #P-hard, which is sufficient because of pinning (Theorem 8.4.9).

For any degenerate signature f € F, we connect some number of [1, 0] to f to get its correspond-

ing unary signature. We replace f by this unary signature, which does not change the complexity.
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Thus, assume that the only degenerate signatures in F are unary signatures.
If F ¢ o/ UPU.A, then the problem is #P-hard by Theorem 8.5.1. Otherwise, F C .«/UZU.#

and we are done by Theorem 8.3.6. O
We also have the corresponding theorem for the Pl-#CSP framework in the standard basis.

Theorem 8.5.3. Let F be any set of symmetric, complex-valued signatures in Boolean variables.
Then PI-#CSP(F) is #P-hard unless F C o/, F C P, or F C <///\, in which case the problem is

computable in polynomial time.

8.6 Closing Thoughts
Designing the proof One of the anonymous reviewers of [74] made the following comment.

“Tt is hard to imagine how hard it is to design the case-by-case proof in [Sections 8.2, 8.3,

and 8.4].”

Let me try to explain how this is done. The short answer is that you don’t design the case-by-case
proof. You design the overall structure of the proof and the case-by-case aspects of the proof design
themselves.

One should begin by considering important ideas from previous work that were successful. We
had just finished [29], the Holant dichotomy that was proven in Chapter 7. The hardness proof of
the dichotomy for any set of signatures (see the end of Section 7.5) was easy to prove given the
tools to which we availed ourselves by that point. The primary tool was a dichotomy for a single
signature (Theorem 7.5.1). Thus, the plan is to prove a single signature dichotomy for P1-#CSP,
which we eventually did in Theorem 8.5.1.

Nearly all of the previous dichotomy theorems for #CSP (including nearly all of the dichotomy
theorems for the special case of counting graph homomorphisms), used the pinning technique. This
makes it an easy decision to attempt to pin in our new setting. As previously discussed, the only
chance of pinning in Pl-#CSP must occur in the Hadamard basis. Thus, the plan is to pin in

Pl-Holant(F U £Q).
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The other tool used in the Holant dichotomy is “mixing” results, though it is not as clearly
delineated as in the current chapter (the whole of Section 8.3). Partial mixing with vanishing sig-
natures was given in Section 7.3. The mixing results for signatures in &/ or & are implicit in the
P1-#CSP? dichotomy, which was applied in each of the three dichotomies in Subsection 7.4.2. Any-
way, after applying a single signature dichotomy, what you are left with is a bunch of individually
tractable signatures. Thus, it is natural to prove some mixing results.

Furthermore, it is a good idea to prove this mixing result as soon as possible. The proofs of
these dichotomy theorems are typically begun with a (possibly rough) conjecture of the tractable
cases. By proving mixing results, you gain a clearer picture of the final dichotomy that you are
trying to prove. For example, when we began [29], we knew that a new tractable case would involve
vanishing signatures. But even after characterizing them (presented here in Section 4.4), we still
didn’t know the statement of the dichotomy that we wanted to prove. We had to determine what
signatures combine with vanishing ones and remain tractable. This is where (attempting to) prove
a dichotomy theorem helps you. You just try to prove as much hardness as possible. When you
can prove no more, you stop and try to show instead that the problem is tractable.

Now the question to ask is: how can the mixing results be proved? This is generally done by
reduction from small arity cases, which is (partially) why we first proved a planar Holant dichotomy
for a single signature of arity 4 (presented here in Chapter 6). It also happened that we used the
technique of domain pairing. This technique was also used to prove the Pl-#CSP dichotomy with
real weights, so it was natural to see how this technique could help us as well.

Given this plan for the high-level proof structure, you then go and execute. The “design” of our

proof at the “case” level (in Sections 8.2, 8.3, and 8.4) is simply a result of optimizing the proof.

Style of presentation I no longer like the
“problem A is #P-hard (or in P) iff problem B is #P-hard (or in P)”

style of presentation. It would not bother me so much if it were just used once in, say, the Pinning
Theorem (Theorem 8.4.9). In total though, it is used five times, and the statements of these results

are rather wordy because of it.
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I think it is possible to reorganize and restate these results as various cases that can be nicely
tied together in a newly worded pinning lemma. This style of presentation is similar to that in
Chapter 11. Roughly speaking, the style used there can be described as follows. First, cases are
shown to be #P-hard whenever possible. Second, if there is some tractable case, then its tractability
is briefly mentioned in prose between hardness proofs to motivate why that case is excluded in the
next proof of #P-hardness (and often why it is excluded in many future proofs of #P-hardness as
well). Finally, everything is tied together in some capstone theorem that considers each case and

either shows that it is tractable or shows that it is #P-hard.
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Chapter 9

Interlude to Compute Some Gadget

Signatures over General Domains

This chapter contains no complexity results. It exists so that complexity results can be proved
in the next two chapters, which study the computational complexity of higher domain Holant
problems. With higher domains, it becomes increasing difficult to verify that a particular gadget

has a particular signature. This work was published in [32, 33].

9.1 Discussion

In the next two chapters, some of the more difficult claims to verify are those when we say that a
particular F-gate has a particular signature. This is an essential difficultly that cannot be avoided.
We are proving that Pl-Holant, (F) is #P-hard for various F (and computing the signature of an
F-gate is a generalization of this problem). Thus, one should not expect to be able to compute
these signatures significantly faster in general than what the naive algorithm can do.

This has always been an issue for any dichotomy theorem about counting problems, but with
larger domain sizes, we seem to be reaching the limit of what can be computed by hand for the
signatures of gadget constructions that are presented in our proofs. To counter this, the standard

techniques are to utilize the smallest gadgets (that suffice) or an infinite family of related gadgets
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with a (small) description of finite size, which we certainly employ. Additionally, we point out some
tricks, where they exist, to save as much work as possible.

Beyond all this, we also face another problem. We would like to express the signature of a
gadget as a function of the domain size. To compute the signature of a gadget for every domain
size is no longer a finite computation. However, each entry of the gadget’s signature is a polynomial
in the domain size of degree at most the number of internal edges in the gadget. To obtain these
polynomials, one can interpolate them by computing the signature for small domain sizes. It is
easy to write a program to do this.

When computing by hand, there is another possibility that works quite well. One partitions the
internal edge assignments into a limited number of parts such that the assignments in each part

contribute the same quantity to the Holant sum. This is best explained with some examples.

9.2 Gadget Computations

The contents of this section would typically appear in an appendix (as in [32]). I have included it
here so that no proof depends on a forward reference. I recommend that readers initially skip this
section and return to it for reference as needed. Those feeling particularly motivated are welcome
to try and verify the correctness of these proofs. If so, I highly recommend doing the computation
both by hand and by computer. The kinds of mistakes that I tend to make when working by hand
are not the the kinds of mistakes that I tend to make when coding (and vise versa). When working
solely by hand, it can take me two to three hours to verify the most laborious of these calculations.

The statement of these lemmas and their proofs use the notion of a succinct signature and the

succinct signature types defined in Section 10.1. They also use the following expressions:

A =a—3b+ 2 (9.2.1)
B=A+krb—c) =a+ (k—3)b— (k—2)c; and (9.2.2)

C=B+k20+ (k—2)c] =a+3(k-—1)b+(k—1)(k—2)c. (9.2.3)
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Y ¥ 6§ = =
(a) (b) (c)

(d) (e)

Figure 9.1: Gadgets (a) and (b) are used to construct (1). They are special cases of (c)
and are obtained by replacing the square in (c¢) with either (d) or (e) respectively. All
(circle) vertices are assigned (a, b, c).

Lemma 9.2.1. Suppose k > 3 is the domain size and a,b,c,x,y € C. Let {(a,b,c) be a succinct
ternary signature of type T3 and let (x,y) be a succinct signature of type 2. If we assign (a,b,c)
to the circle vertex and (x,y) to the square vertex of the gadget in Figure 9.1c, then the succinct
unary signature of type 71 of the resulting gadget is (zja + (K — 1)b] + y(k — 1)[2b + (k — 2)c]).

If the square vertex is replaced by Figure 9.1d, then the resulting signature is (a + (k — 1)b). If

the square vertez is replaced by Figure 9.1e, and a + (k — 1)b = 0, then the resulting signature is
(—=(k = 1)(k —2)[2b + (k — 2)c][b? — 4bc — (k — 3)c?]). (9.2.4)

Proof. Since (a,b,c) and (z,y) are domain invariant, the signatures of these gadgets are also domain
invariant. Any domain invariant unary signature has a succinct signature of type 7.

Let g € [k] be a possible edge assignment, which we call a color. Suppose the external edge is
assigned g and consider all internal edge assignments that assign the same colors to both edges.
For such assignments, (z,y) contributes a factor of . Now if this color assigned to both internal
edges is also g, then (a,b,c) contributes a factor of a. Thus, the Holant sum includes one factor
of ax. If the two internal edges are assigned any color different from g, then (a,b, c) contributes a
factor of b. Since there are k — 1 such colors, this adds (k — 1)bz to the Holant sum.

Now consider all internal assignments that assign different colors to the edges. For such assign-
ments, (z,y) contributes a factor of y. First, suppose that one of the internal edges is assigned g.
There are two ways this could happen and (a, b, ¢) contributes a factor of b. Since there are kK — 1
choices for the remaining edge assignment, this adds 2(k — 1)by to the Holant sum. Lastly, suppose

that the two internal edges are not assigned g. Then (a, b, ¢) contributes a factor of ¢. Since there
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are (k — 1)(k — 2) such assignments, this adds (k — 1)(k — 2)cy to the Holant sum. Thus, the
resulting signature is (z[a + (k — 1)b] + y(k — 1)[2b + (k — 2)c]) as claimed.

Replacing the square by Figure 9.1d is equivalent to setting x = 1 and y = 0, which gives
(a + (k — 1)b). Replacing the square by Figure 9.1e is equivalent to setting xz and y to the values

given in Lemma 9.2.2. The resulting signature is indeed (9.2.4). O

e

Figure 9.2: A simple binary gadget.

Lemma 9.2.2. Suppose k > 3 is the domain size and a,b,c € C. Let (a,b,c) be a succinct ternary
signature of type 3. If we assign (a,b,c) to both vertices of the gadget in Figure 9.2, then the

succinct binary signature of type o of the resulting gadget is (x,y), where

z=10a?+3(k -1+ (k—1)(k —2)c? and

y = 2ab + kb + 4(k — 2)bc + (k — 2)(k — 3)c2.

Proof. Since (a, b, ¢) is domain invariant, the signature of this gadget is also domain invariant. Any
domain invariant binary signature has a succinct signature of type 7o.

Let g,r € [k] be distinct edge assignments. We have two entries to compute. To compute
x, suppose that both external edges are assigned g. We begin with the case where both internal
edges have the same assignment. If this assignment is g, then a? is contributed to the sum. If
this assignment is not g, then b? is contributed to the sum for a total contribution of (x — 1)b2.
Now consider the case that the two internal edges have a different assignment. If one of these
assignments is g, then b? is contributed to the sum for a total contribution of 2(x — 1)b?. If neither
assignment is g, then ¢? is contributed to the sum for a total contribution of (k—1)(k —2)c?. These
total contributions sum to the value for x given in Lemma 9.2.2.

To compute y, suppose one external edge is assigned g and the other is assigned r. We begin
with the case where both internal edges have the same assignment. If this assignment is g or r, then

ab is contributed to the sum for a total contribution of 2ab. If this assignment is not g or r, then
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b? is contributed to the sum for a total contribution of (x — 2)b%. Now consider the case that the
two internal edges have a different assignment. If both are assigned g or r, then b? is contributed
to the sum for a total contribution of 2b%. If exactly one is assigned g or r, then bc is contributed
to the sum for a total contribution of 4(x — 2)bc. If neither is assigned g or r, then ¢? is contributed
to the sum for a total contribution of (x — 2)(k — 3)c®. These total contributions sum to the value

for y given in Lemma 9.2.2. O

When checking these proofs, a concern is that some assignments might not have been counted
(or maybe some assignment was counted twice). A sanity check to address this concern is to set
a = b = c =1 and inspect the resulting expression. If computed correctly, the result will be k™,

where m is the number of internal edges, which is the number of internal edge assignments.

Figure 9.3: A simple quaternary gadget.

Lemma 9.2.3. Suppose k > 3 is the domain size and a,b,c € C. Let (a,b,c) be a succinct ternary
signature of type 3. If we assign (a,b,c) to both vertices of the gadget in Figure 9.3, then the

succinct quaternary signature of type T4 of the resulting gadget is
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where

a® + (k — 1)b?,

)
e
e

fr2 =bla+b+ (k—2)d,
f%g = 2b2 + (H— 2)62,

fry =0+ 2be + (k- 3)c?,

fir =g

fie =y

firi ="0[2a+ (k= 2)b],

fia = ac + 20% + (k — 3)be, and
fra =c[4b+ (k —4)d.

Proof. Since (a, b, c) is domain invariant, the signature of this gadget is also domain invariant. The
vertical and horizontal symmetry of this gadget implies that its signature has a succinct signature
of type 74.

Let w, z,y, z € [k] be distinct edge assignments. We have nine entries to compute. Recall that

the edge with the diamond is considered the first input and the rest are ordered counterclockwise.

1. To compute f 11, suppose the external assignment is (w,w,w,w). If the internal edge is also
assigned w, then a? is contributed to the sum. If the internal edge is not assigned w, then b2
is contributed to the sum for a total contribution of (k — 1)b2.

2. To compute f%%, suppose the external assignment is (w,w,w,z). If the internal edge is
assigned w, then ab is contributed to the sum. If the internal edge is assigned x, then b is
contributed to the sum. If the internal edge is not assigned w or x, then bc is contributed to
the sum for a total contribution of (k — 2)bc.

3. To compute f 12, suppose the external assignment is (w,w,z,x). If the internal edge is
assigned w, then b? is contributed to the sum. If the internal edge is assigned x, then b? is

contributed to the sum. If the internal edge is not assigned w or z, then ¢? is contributed to



203

the sum for a total contribution of (x — 2)c.

4. To compute f 13, suppose the external assignment is (w,w,z,y). If the internal edge is
assigned w, then b? is contributed to the sum. If the internal edge is assigned x, then bc is
contributed to the sum. If the internal edge is assigned ¥, then bc is contributed to the sum.
If the internal edge is not assigned w, x or y, then ¢? is contributed to the sum for a total
contribution of (x — 3)c?.

5. To compute f% 3, suppose the external assignment is (w,z,w,z). This entry is the same as
that for (w,w,z,x). The reason is that the signature is unchanged if the two external edges
of the lower vertex are swapped since (a, b, ¢) is symmetric.

6. To compute f 13, Suppose the external assignment is (w,z,w,y). This entry is the same as
that for (w,w,z,y) for the same reason as the previous entry.

7. To compute f; 1, suppose the external assignment is (w,z,z,w). If the internal edge is
assigned w, then ab is contributed to the sum. If the internal edge is assigned x, then ab is
contributed to the sum. If the internal edge is not assigned w or z, then b? is contributed to
the sum for a total contribution of (x — 2)b%.

8. To compute f 11, suppose the external assignment is (w,z,y,w). If the internal edge is
assigned w, then ac is contributed to the sum. If the internal edge is assigned z, then b? is
contributed to the sum. If the internal edge is assigned y, then b? is contributed to the sum.
If the internal edge is not assigned w, x or y, then bc is contributed to the sum for a total
contribution of (k — 3)c?.

9. To compute f 14, suppose the external assignment is (w, x, y, z). If the internal edge is assigned
w, T, ¥y, or z, then bc is contributed to the sum for a total contribution of 4bc. If the internal
edge is not assigned w, x, y or z, then ¢? is contributed to the sum for a total contribution of
(k —4)c?.

These total contributions each sum to their corresponding entry of f given in the statement of

Lemma 9.2.3. 0

Although possible, it would be difficult to compute the signature of the gadget in Figure 9.4c

through partitioning of the internal edge assignments alone. To simplify matters, we utilize the
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calculations from Lemma 9.2.3. Since composing the gadget in Figure 9.4a with the one in Fig-
ure 9.4b gives a symmetric signature, we refrain from distinguishing the external edges of the gadget

in Figure 9.4b.

(a) Inner structure (b) Outer structure (c) Entire binary gadget

Figure 9.4: Decomposition of a ternary gadget. All circle vertices are assigned (a, b, c)
and the square vertex in (b) is assigned the signature of the gadget in (a).

Lemma 9.2.4. Suppose k > 3 is the domain size and a,b,c € C. Let (a,b,c) be a succinct ternary
signature of type 13. If we assign (a,b,c) to all vertices of the gadget in Figure 9./c, then the

succinct ternary signature of type T3 of the resulting gadget is (a’,b', '), where

a =a®+3(k—1)ab® +4(k — 1)b* +3(k — 1)(x — 2)(b*c + bc?) + (5 — 1)(k — 2)(k — 3)c,
Y = a®b + 4ab® + 2(k — 2)abe + (k — 2)ac® + (55 — )b + (k — 2)(k + 5)b%c

+ (k= 2)(7Tk — 18)bc® + (k — 2)(k — 3)2c3, and
¢ = 3ab® + 6abc + 3(k — 3)ac® + (k + 5)b + 3(7Tr — 18)b%c + 9(x — 3)%bc?

+ (k% — 9k% 4 295k — 32)c>.

Furthermore, if A = 0, then

a =30 —2¢,
V = (5k + 14)0° + (k% + 9x — 42)b%c + (Tk? — 33K + 42)bc® + (k — 2) (K% — 6K + 7)c3, and

¢ = (k+ 14)b° + 21(k — 2)b%c + 3(3x* — 15k + 14)bc? + (k> — 9x% + 23K — 14) 3.

Proof. Since (a, b, ¢) is domain invariant, the signature of this gadget is also domain invariant. As

a ternary signature, the rotational symmetry of this gadget implies the symmetry of the signature.
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Any symmetric domain invariant ternary signature has a succinct signature of type 73.

Consider the gadget in Figure 9.4a. We assign (a, b, ¢) to both vertices. Then by Lemma 9.2.3,
the succinct quaternary signature of this gadget is the signature f given in Lemma 9.2.3.

Now consider the gadget in Figure 9.4b. We assign (a,b,c) to the circle vertex and f to the
square vertex. The resulting gadget is the one in Figure 9.4c, which is symmetric. Thus, there is
no need to distinguish the external edges. We have three entries to compute.

Let g,r,y € [k] be distinct edge assignments. To compute a’, suppose that all external edges
are assigned g. We begin with the case where both internal edges have the same assignment. If
this assignment is g, then af 11 is contributed to the sum. If this assignment is not g, then bf 12
is contributed to the sum for a total contribution of (k — 1)bf 12. Now consider the case that
the two internal edges have a different assignment. If one of these assignments is g, then bf 12 s
contributed to the sum for a total contribution of 2(k — 1)bf 12. If neither assignment is g, then
cf13 is contributed to the sum for a total contribution of (x —1)(k — 2)cf13. After substituting
for the entries of f, these total contributions sum to the value for @’ given in Lemma 9.2.4.

To compute b, suppose the left external edges are assigned g and the right external edge is
assigned r. We begin with the case where both internal edges have the same assignment. If
this assignment is g, then bf 11 is contributed to the sum. If this assignment is r, then af 12 is
contributed to the sum. If this assignment is not g or r, then bf 12 is contributed to the sum for
a total contribution of (k — 2)bf 12, Now consider the case that the two internal edges have a
different assignments. If both are assigned g or r, then bf 12 is contributed to the sum for a total
contribution of 2bf 12. If one is assigned g and the other is not assigned r, then cf 12 is contributed
to the sum for a total contribution of 2(x — 2)cf% 2. If one is assigned r and the other is not
assigned g, then bf} 3 is contributed to the sum for a total contribution of 2(x — 2)bf} 3 If neither
is assigned g or r, then cf13 is contributed to the sum for a total contribution of (k —2)(k—3)cf13.
After substituting for the entries of f, these total contributions sum to the value for &’ given in
Lemma 9.2.4.

To compute ¢, suppose the upper-left external edge is assigned g, the lower-left external edge

is assigned r, and the right external edge is assigned y. We begin with the case where both internal
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edges have the same assignment. If this assignment is g, then bf 12 is contributed to the sum. If
this assignment is r, then bf 12 is contributed to the sum. If this assignment is y, then af 13 is
contributed to the sum. If this assignment is not g, r, or y, then bf 13 is contributed to the sum
for a total contribution of (k — 3)bf 15. Now consider the case that the two internal edges have
a different assignments. If the top internal edge is assigned g and the bottom one is assigned r,
then cf 11 is contributed to the sum. If the top internal edge is assigned r and the bottom one
is assigned g, then cf%% is contributed to the sum. If the top internal edge is assigned g and the
bottom one is assigned y, then bf 11 is contributed to the sum. If the top internal edge is assigned
y and the bottom one is assigned g, then bf 13 is contributed to the sum. If the top internal edge
is assigned r and the bottom one is assigned y, then bf 13 is contributed to the sum. If the top
internal edge is assigned y and the bottom one is assigned r, then bf 11 is contributed to the sum. If
the top internal edge is assigned g and the bottom one not assigned r or y, then cf 11 is contributed

to the sum for a total contribution of (k — 3)cf If the bottom internal edge is assigned g and

11.
23
the top one not assigned r or y, then cf 13 is contributed to the sum for a total contribution of
(k — 3)cf 18, If the top internal edge is assigned r and the bottom one not assigned g or y, then
cfﬁ is contributed to the sum for a total contribution of (k — 3)cf% 5. If the bottom internal edge
is assigned r and the top one not assigned g or y, then cf 11 is contributed to the sum for a total

contribution of (k — 3)cf If the one internal edge is assigned y and the other is not assigned

11.
23

g or r, then bfég is contributed to the sum for a total contribution of 2(k — 3)bf . If neither

1
2
internal edge is assigned g r, or y, then cf 14 is contributed to the sum for a total contribution of
(k —3)(k — 4)cf%§. After substituting for the entries of f, these total contributions sum to the

value for ¢ given in Lemma 9.2.4. O

The signature of the gadget in Figure 9.5 is difficult to compute using gadget compositions and
partitioning of internal edge assignments as we have been doing. Instead, we compute this signature
using matrix product, trace, and polynomial interpolation. One can use the same approach to

compute the signature of the gadget in Figure 9.4c as well.

Lemma 9.2.5. Suppose k > 3 is the domain size and a,b,c,z1,y1,22,y2 € C. Let (a,b,c) be a

succinct ternary signature of type T3 and (x1,y1) and (x2,y2) be succinct binary signatures of type
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Figure 9.5: A more complicated binary gadget.

To. If to the gadget in Figure 9.5 we assign {(a,b,c) to the circle vertices, {(x1,y1) to the square
vertex, and (x2,y2) to the triangle vertex, then the succinct binary signature of type o of the

resulting gadget is (x,y), where

x = m1@2a” + 2(k — 1)(21y2 + 2251 + Y1y2)ab + 2(k — 1)(k — 2)y1y20ac
+ (k= 1)[Bz12s + k(2192 + T231) + (TK — 12)y192]b>
+2(k — 1)(k — 2)[2(z1y2 + z2y1) + (3 — T)y1y2]be
+ (k= 1)(k — 2)[z122 + (K — 3) (212 + T2y1) + (K° — 5K + T)y1y2]c? and
y = y1yaa® + 2z122 + 2192 + 2291 + 3(k — 2)y1y2lab + 2(k — 2)[z1y2 + Tay1 + (K — 3)y1y2Jac
+ [kz120 + (Th — 12)(21y2 + T2y1) + 3(3k2 — 11k + 11)y12)b°
+2(k — 2)[2z129 + (3K — T)(w1y2 + 22y1) + 3(K* — 4K + 5)y1ya)be

+ (k= 2)[(k — 3)z122 + (K% — 5k + 7) (212 + 22y1) + (K° — 6K2 + 14K — 13)]c2,

Furthermore, if (z1,11) = ~(w" + £k — 1,w" — 1) and (z2,y2) = ~(w* + Kk — 1,w® — 1), then

K

B2 B2
x:?[(I>wr+5—|—(/<;—1)(wr+ws—|—\lf+l)] and y:?[<I>wr+5—(wr—l—w5+\lf+1)+lf],
where ® = %—22 and ¥ = (”;EQ)QIQ.

Proof. Since (a,b,c), (x1,y1), and (x2,y2) are domain invariant, the signature of this gadget is also
domain invariant. Any domain invariant binary signature has a succinct signature of type 7o.
We compute a/, b, and ¢ using the algorithm for Holant,(F) when every non-degenerate

signature in F is of arity at most 2, which is to use matrix product and trace. Then we finish with
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polynomial interpolation. Let M, (t) be a k-by-x matrix such that

a 1=j5=t
b i=j#t

b i#jand (i=torj=t)

¢ otherwise.

abbb

For example, My(1) = [’g be g] If we fix an input of (a, b, c) to t € [k], then the resulting binary
bccd

signature (which is no longer domain invariant) has the signature matrix Mj(t).

Consider z and y as polynomials in k£ with coefficients in Zla, b, ¢, z1, y1, T2, y2]. Then

1’(/’6) =tr (Mli(l) [yl']H + (2131 - yl)IH]Mn(l) [yQJn + ($2 - y2)1n]) and

y(k) = tr (Mﬁ(l) [Z/IJP» + (21— yl)IH]MH@) [y2=]n + (w2 — y2)In]>-

Since there are just four internal edges in this gadget, both of z(k) and y(k) are of degree at most 4
in k. Therefore, we interpolate each of these polynomials using their evaluations at 3 < x < 7 and

obtain the expressions for  and y given in Lemma 9.2.5. O
Remark. Lemma 9.2.2 is the special case of Lemma 9.2.5 with (z1,y1) = (22, y2) = (1,0).

In order to apply a holographic transformation on a particular signature, it is convenient to
express the signature as a sum of degenerate signatures. Let e,; be the standard basis vector of

length x with a 1 at location ¢ and 0 elsewhere. Also let 1, be the all 1’s vector of length x. Then
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the succinct ternary signature (a, b, c) on domain size k can be expressed as

€ri D Cri & ek j

(@b, = AP+ (@=03 B4+ (5= 3 | + ens @ eny @ ens (9.2.5)
=1 i,5€[k]
i#] + ek Ve Qe
= 1)1%3 + (a—0b) Z 6%3 + (¢ —b) Z €r,0(1) @ €k o(2) @ €k o(3)- (9.2.6)
=1 0:1,2,3—[k]

o injective

The expression in (9.2.5) contains 1 + & + 3k(k — 1) = 3x% — 2k + 1 summands. In general, this
is smaller than the one in (9.2.6), which contains 1 + & + k(k — 1)(k — 2) = &% — 3k% + 3k + 1
summands. It is advantageous to find an expression that minimizes the number of summands. This
leads to less computation in the proof of Lemma 9.2.6. However, determining the fewest number
of summands for a given signature is exactly the problem of determining tensor rank, which is a

problem well-known to be difficult [76].

Figure 9.6: Local holographic transformation gadget construction for a ternary signa-
ture.

There is a gadget construction that mimics the behavior of a holographic transformation. This
construction is called a local holographic transformation [53]. For z,y € C, let (z,y) be a succinct
binary signature of type 7. Consider the gadget in Figure 9.6. If we assign (a, b, c) to the circle
vertex and (z,y) to the square vertex, then the resulting signature of this gadget is the same as
applying a holographic transformation on (a, b, ¢) with basis T = yJ,, + (z — y)I,.. We use this fact

in the following proof.

Lemma 9.2.6. Suppose k > 3 is the domain size and a,b,c,z,y € C. Let {(a,b,c) be a succinct
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signature of type 3 and let T = yJ. + (x — y)I.. Then T®3(a,b,c) = (', V', '), where

d =a [xg + (k — l)yg]
+3b(k—1) [:UQy + zy? + (k — 2)y3]
+e(k—1)(k—2) [3xy2 + (k — 3)y3]
V = a 2%y +zy® + (5 — 2)y°]
+ b2 + ka’y + (Tk — 12)2y? + (367 — 11k + 11)y°]
+e(k —2) [22%y + (3k — T)ay® + (k% — 4k + 5)y*] , and
¢ =a[3zy* + (k — 3)y°]
+3b [22%y + (3K — T)zy® + (k* — 4k + 5)y°]

+c[2® +3(k — 3)2y + 3(k* — 5k + Tay® + (k° — 657 + 14k — 13)y°] .
In particular,

d =t =(x—-y?20+Ax—y)] and V- =(z-y)*D,
where ® = (b —¢)(x —y) + By. Furthermore, if A =0, then

a =30 —2¢,
V =[x+ (k— 1y {ba® + 2[2b + (k — 3)clzy + [(3k — 5)b + (k* — 5k + 6)cly?} and

d =[x+ (k—1y] {cz® + 2[3b+ (k — 4)c]lzy + [(3x — 6)b + (k> — 5k + T)cly*} .
If k=3, x=-1, and y = 2, then
a’' = —3(5a + 12b — 8c¢), V' = —3(2a + 3b + 4c), and ¢ =3(4a —12b—c).

Proof. Let f = T%3{a,b,c). Since (a,b,c) and (r,y) are domain invariant, the signature of the

gadget in Figure 9.6, which is the same signature f, is also domain invariant. As a ternary signature,
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the rotational symmetry of this gadget implies the symmetry of the signature. Any symmetric
domain invariant ternary signature has a succinct signature of type 73.

The entries of fare polynomials in x with coefficients from Z[a, b, c,x,y]. The degree of these
polynomials is at most 3 since the arity of (a, b, ¢) is 3. We compute the entries of f: T%3(a,b,c)
as elements in Za, b, ¢, z,y| for domain sizes 3 < k < 6 by replacing (a, b, c) with an equivalent
expression from either (9.2.5) or (9.2.6). Then we interpolate the entries of f as elements in
(Z|a, b, c,x,y])[k]. The resulting expressions for the signature entries are as given in the statement
of Lemma 9.2.6.

It is straightforward to verify the expressions for @’ — b and b’ — ¢’ given those for d’, v, and ¢'.

Recall that 2 = a — 3b + 2¢. If A = 0, then it follows that @’ — 3’ + 2¢’ = 0 as well since

a -3 +2d =d —b -2 - )
= (z —y)*[20 + Az — y)] - 2(z — y)*D
= Az —y)> = 0.
The expressions for b’ and ¢’ when A = 0 directly follow from their general expressions above. [
By composing smaller gadgets, we can easily compute the signatures of rather large gadgets.

- @@

(a) Inner structure ) Outer structure ) Entire binary gadget

Figure 9.7: Decomposition of a binary gadget. All circle vertices are assigned (a, b, ¢)
and the square vertex in (b) is assigned the signature of the gadget in (a).

Lemma 9.2.7. Suppose k > 3 is the domain size and a,b,c € C. Let {a,b,c) be a succinct ternary

signature of type 13. If (a,b,c) is assigned to every vertex of the gadget in Figure 9.7c, then the
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resulting signature is the succinct binary signature (x,y) of type To, where

z=a+6(k —1)a?b® + 16(k — 1)ab® + 12(k — 1)(k — 2)ab’c + 12(k — 1)(k — 2)abc?
+4(k —1)(k — 2)(k — 3)ac® + 3(k — 1) (5K — T)b* + 4(k — 1)(k — 2)(k + 5)bc
+6(k — 1)(k — 2)(Tk — 18)b*c* + 12(k — 3)*(k — 1)(k — 2)bc?
+ (k= 1)(k — 2) (k> — 9x% + 29K — 32)c! and
y = 2a3b + (k + 4)a®b? + 4(k — 2)a®be + (k — 2)a’c® + 2(9k — 11)ab® + 2(k — 2)(3k + 8)ab’c
+2(k — 2)(12k — 31)abc® + 2(k — 2)(2k2 — 11k 4 16)ac® + (7K + 3k — 24)b*
4+ 2(k — 2)(k? + 31k — T0)b3c + (k — 2)(48Kx% — 234k + 301)b%c?

+2(k — 2)(65% — 45K% + 121K — 116)bc® + (k — 2)(k — 3) (K> — Tk? + 195 — 20)c™.

Proof. Since (a, b, c) is domain invariant, the signature of this gadget is also domain invariant. Any
domain invariant binary signature has a succinct signature of type 7».

Consider the gadget in Figure 9.7a. We assign (a, b, ¢) to both vertices. By Lemma 9.2.3, this
gadget has the succinct quaternary signature f of type 74, where f is given in Lemma 9.2.3.

Now consider the gadget in Figure 9.7b. We assign (a,b,c) the circle vertices and f to the

square vertex. By partitioning the internal edge assignments into parts with the same contribution
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Table 9.1: The signature of the gadget in Figure 9.8¢c is (x,y) for the x and y above.

r=a®+9(k — 1)a*b? + 32(k — 1) 303 +18(k — 1) (k — 2)a®b?c + 12(k — 1)(k — 2)a’bc?

+2(k — 1)(k —2)(k — 3)a3c + 3(k — 1)(16k — 7)a®b? + 6(k — 1)(k — 2)(k + 19)ab3¢c
+18(k — 1)(k — 2)(4K — T)a 2b2 21 6(k—1)(k — 2)(k% + 2k — 13)a?bc?

+3(k — 1)(k — 2)(3k% — 17k + 25)a’c + 6(k — 1)(K? + 27k — 42)ab®

+6(k — 1)(k — 2)(40k — 41)ab*c + 24(k — 1)(k — 2)(3x% 4 8k — 36)ab’c>

+6(k — 1)(k — 2)(k% 4 50K% — 285k + 393)ab’c?

+6(k — 1)(k — 2)(13x> — 108x% + 311k — 307)abc?

+6(k —1)(k — 2)(k — 3) (k> — 8K + 24K — 26)ac®

)
)
)
)
)
+ (k — 1)(k® + 83k — 189k + 81)b° + 18(k — 1)(rk — 2)(4K% + 13k — 43)b°¢c
— 1)(k — 2)(7K% 4+ 222K% — 1156k + 1442)b* 2
— 1)(k — 2)(k* + 2213 — 1725K2 4 4576k — 4153)b°c3

—1)(k — 2)(43k"* — 44153 4 1791k2 — 3393k + 2505)b%¢?

—1)(k—2)(k — 3)(3k™ — 29k3 + 1162 — 228k + 182)bc

(k —2)(k® — 155 + 98k — 361k3 4 798K — 1004k + 556)c°
and
y = 2a°b + (k + 8)a*h® + 4(k — 2)a*be + 2(k — 2)a*® + 4(9x — 11)a3b® + 2(k — 2)(3k + 17)a®b?c

+4(k — 2)(7r — 18)a®bc® + 2(k — 3)2(k — 2)a3c3 + (23k2 + 49k — 114)a*b?

+2(k — 2)(K? + 94k — 147)a*b3c + 6(k — 2)(12K2 — 34;@ + 17)a*b?*c?

+2(k — 2)(3% 4 9x% — 97k + 149)a?b + (k — 2) (953 — 68K + 181k — 171)a?c?
+2(3K3 + 73k% — 183k + 99)ab® + 2(k — 2)(96K% — 43k — 255)ab’c

+ 4(r — 2)(16K3 + 94k% — 655k + 855)ab’c?

+ 2(k — 2)(3x% 4 15953 — 1233k% + 3164x — 2809)ab’c?

+ 2(k — 2)(39x" — 375k3 4 1425k2 — 2555k + 1825)abc?

+2(k — 2)(3K° — 36K + 1813 — 482k2 + 686K — 418)ac®
+ (k4 503 — 1762 — 396k + 486)1°
+ 2(k — 2)(28k3 + 251K2 — 1302k + 1467)b°c
+ (k — 2)(19x% + 745k3 — 5374K% 4 12664k — 10320)b*¢?
+2(k — 2)(K° + 224k* — 2062K> + T371K% — 12357k + 8227)b3¢?
+ (k — 2)(1295° — 1464k" + 6952K% — 17464k% + 23397k — 13387)b%c?
+ 2(k — 2)(9x° — 12357 + 727k — 2405K> + 4754K% — 5374k + 2718)bc®
+ (k — 3)(k — 2) (k5 — 13k° + T4k* — 239> + 470K% — 544k + 292)F
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to the sum, one can verify that this gadget has the succinct binary signature (z,y) of type 1o, where

+(r—1)f12 2b* + (k — 2)c?]
+2(rk? = 35 +2)f13 [b? + 2bc + (rk — 3)¢?]
+(k=1)f11 2b2+(/1—2)c2]

Y= f% 1 2ab+ (k — 2)[)2]

+f12 [20% 4+ 4(k — 2)be + (* — 5K + 6)c?]
+2(k = 2)f13 [36° + 2(2k — B)be + (K% — 5k + T)¢?]

+f13 [26% 4+ 4(k — 2)be + (5% — 5k + 6)¢?]
+2(r = 2)f11 [36* +2(2k — 5)be + (k% — 5k + 7)c7]

[
[
[
[
[
[
[
[
[4be + (k — 4)c?] and
[
[
[
[
[
[
[
[
[

+ (k* = 5K +6) f
Substituting for the entries of f gives the result stated in Lemma 9.2.7. O

Lemma 9.2.8. Suppose k > 3 is the domain size and a,b,c € C. Let (a,b,c) be a succinct ternary
signature of type 3. If {(a,b,c) is assigned to every vertex of the gadget in Figure 9.8¢c, then the
resulting signature is the binary succinct signature (x,y) of type T2, where x and y are given in

Table 9.1.
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= Ty

(a) Inner structure ) Outer structure ) Entire binary gadget

Figure 9.8: Decomposition of a binary gadget. All circle vertices are assigned (a, b, ¢)
and the triangle vertices in (b) is assigned the signature of the gadget in (a).

Proof. Since (a, b, c) is domain invariant, the signature of this gadget is also domain invariant. Any
domain invariant binary signature has a succinct signature of type 7o.

Consider the gadget in Figure 9.8a. We assign (a, b, c) to all vertices. By Lemma 9.2.4, this
gadget has the succinct ternary signature f = (ag, by, co) of type 74, where ag, by, and ¢y are given
in the statement of Lemma 9.2.4 as a/, ¥/, and ¢’ respectively.

Now consider the gadget in Figure 9.8b. We assign f to the vertices. By Lemma 9.2.2, the

resulting gadget has the binary succinct signature (x,y) of type 7o, where

z=a2+3(k— 102+ (k—1)(k —2)c2 and

y = 2apbg + kb3 + 4(k — 2)boco + (k — 2)(k — 3)c3.

Substituting for ag, bg, and ¢y gives the result in Table 9.1. O

Beyond the gadgets in this section, there are two 9-by-9 recurrence matrices that appear in our
proofs in Chapter 11 (see Table 11.1 and Table 11.3). No entry in those recurrence matrices is any
harder to compute than any signature entry appearing in this section. The difficulty with these

recurrence matrices is the sheer number of terms that must be computed.
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Chapter 10

Dichotomy for Counting Edge

Colorings over Planar Regular Graphs

In this chapter, we prove that counting edge colorings using x colors is #P-hard over planar r-
regular graphs for all K > r > 3. The problem is polynomial-time computable in all other parameter
settings. We reduce from evaluating the Tutte polynomial of a planar graph. If x = r, then we
reduce from the point (k+1,x+1). If & > 7, then we reduce from the point (1 — &, 0), which is the
problem of counting vertex colorings using « colors. To express our reductions, we introduce notion

to succinctly represent signatures with duplicate entries. This work was published in [32, 33].

10.1 Background

An edge k-coloring of a graph G is a labeling of the edges of G with colors such that any two
adjacent edges have different colors. A fundamental problem in graph theory is to determine how
many colors are required to edge color a graph G. The obvious lower bound is A(G), the maximum
degree of the graph. By Vizing’s Theorem [139], an edge coloring using just A(G) + 1 colors always
exists for simple graphs. Whether A(G) colors suffice depends on the graph G.

Consider the edge coloring problem over 3-regular graphs. It follows from the parity condition

(Lemma 10.2.3) that any graph containing a bridge does not have an edge 3-coloring. For bridgeless
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planar simple graphs, Tait [119] showed that the existence of an edge 3-coloring is equivalent to
the Four-Color Theorem. Thus, the answer for the decision problem over planar 3-regular simple
graphs is that there is an edge 3-coloring iff the graph is bridgeless.

Without the planarity restriction, determining if a simple 3-regular graph has an edge 3-coloring
is NP-complete [79]. This hardness extends to finding an edge k-coloring over simple k-regular
graphs for all k > 3 [99]. However, these reductions are not parsimonious, and, in fact, it is claimed
that no parsimonious reduction exists unless P = NP [141, p. 118]. The counting complexity of
this problem has remained open.

We prove that counting edge colorings over planar regular graphs is #P-hard.! This solves a

long-standing open problem.
Theorem 10.1.1. #xk-EDGECOLORING is #P-hard over planar r-regular graphs for all k > r > 3.

When this considers fails to hold, the problem is trivially computable in polynomial time. This
theorem is proved in Theorem 10.2.7 for x = r and Theorem 10.3.8 for k > r. In both cases, we
reduce from evaluating the Tutte polynomial of a planar graph. If k = r, then we reduce from the
point (k + 1,k + 1). If kK > r, then we reduce from the point (1 — x,0), which is the problem of
counting vertex colorings using k colors.

As a Holant problem, counting edge x-colorings over planar r-regular graphs is expressed as
Pl-Holant, (ALL-DISTINCT, ), where ALL-DISTINCT, is a signature of arity r over a domain of size
x that takes value 1 when all inputs are distinct and 0 otherwise. We also denote this signature by
AD,. An arity r signature defined over a domain size k is fully specified by k" values. However,
some special cases like AD, can be defined using far fewer values. In addition to being symmetric,
it is also invariant under any permutation of the £ domain elements. We call the second property
domain invariance. The signature of an F-gate in which all signatures in F are domain invariant

is itself domain invariant.

Definition 10.1.2 (Succinct signature). Let 7 = (P1, Ps,..., P;) be a partition of [k]" listed in

some order. We say that f is a succinct signature of type 7 if f is constant on each P;. A set F of

1Vizing’s Theorem is for simple graphs. In Holant problems as well as counting complexity such as graph homo-
morphism or #CSP, one does not typically require the graphs to be simple. However, our hardness result for counting
edge 3-colorings over planar 3-regular graphs also holds for simple graphs (Theorem 10.2.8).
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signatures is of type 7 if every f € F has type 7. We denote a succinct signature f of type 7 by
(f(P1),..., f(Pp)), where f(P) = f(x) for any z € P.

Furthermore, we may omit 0 entries. If f is a succinct signature of type 7, we also say f is a
succinct signature of type 7" with length ¢/, where 7’ lists ¢ parts of the partition 7 and we write f
as (f1, f2,..., for), provided all nonzero values f(P;) are listed. When using this notation, we will

make it clear which zero entries have been omitted.

For example, a symmetric signature over the Boolean domain (i.e. K = 2) is denoted by
[fo, f1,---, fr], where f, is the output on inputs of Hamming weight w. This corresponds to
the succinct signature type (Po, Pi,...,P,), where P, is the set of inputs of Hamming weight
w. A similar succinct signature notation was used for symmetric signatures on domain size 3 [51,
p. 1282]. Other uses of this definition have been implicit (cf. the comments just before Lemma 6.2.2
and Lemma 6.3.1).

We use several succinct signature types in our proof of Theorem 10.1.1. For domain invariant
unary signatures, there are only two signatures up to a nonzero scalar. Using the trivial partition
that contains all inputs, we denote these two succinct unary signatures as (0) and (1) and say that
they have succinct type 7.

Domain invariant binary signatures are necessarily symmetric. We call their succinct signature
type 72 = (P1, P»), where P, = {(x,y) € [k]?: |{z,y}| =i} for 1 <i < 2.

Domain invariant ternary signatures may not be symmetric, but for those that are, then have
a succinct signature of type 73 defined as follows. The succinct signature type 13 = (P1, P, P3) is
a partition of [k]? with P; = {(x,y,2) € [k} : {z,y, 2}| =i} for 1 <i < 3. The notation {x,y,2}
denotes a multiset and [{x,y, z}| denotes the number of distinct elements in it. In particular, the
succinct ternary signature for AD3 is (0,0, 1).

We note that the number of succinct signature types for signatures of arity r over a domain of
size k that are both symmetric and domain invariant is the number of partitions of r into at most
k parts. This is related to the partition function from number theory, which is not to be confused
with the partition function with its origins in statistical mechanics and has been intensively studied

in complexity theory of counting problems.
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While there are some other succinct signature types that we define later as needed, there is one
more important type that we define here. Any quaternary signature f that is domain invariant has
a succinct signature of length at most 15. When a signature has both vertical and horizontal sym-
metry, there is a shorter succinct signature that has only length 9. We say a signature f has vertical
symmetry if f(w,z,y,2) = f(x,w, z,y) and horizontal symmetry if f(w,z,y,2) = f(z,y,z,w). For
example, the signature of the gadget in Figure 10.6 has both vertical and horizontal symmetry. Ac-
cordingly, let 74 = (P% L P% 2, P} 2, P% 35 P% 2, P% 3, P% 1 P% 1 P% ;‘,) be a type of succinct quaternary

signature with partitions

Py ={(w,z,y.2) € []' |w=2=y=2},

e

W w=r=vEv@=a=zty

12 =¢ (w,m,y,2) €[k ,
Viw=y=z#z)V(x=y=2z2+#w)
Pry = {(w,2,y,2) € W' |w =2 #y =2},
Py ={(w,z,y,2) €[]' |(w=z#y#2#2)V({y=2#w#z#2)},

Py = {(w,z,y,2) € []' |w=y #z =z},

Pys ={(w,z,y,2) €[s]' |(w=y#a#z#yV(e=2£wFy#2)}
Py ={(w,2,y,2) € [5]' |w=2#2 =y},

Py ={(w,z,y,2) €[s]' |(w=2#2#y#2)V(e=y#w#2z#y)}, and
Pyy = {(w,2,y,2) € []' | w,z,y, z are all distinct}.

Lemma 6.2.4 is about interpolating unary signatures over the Boolean domain for planar Holant
problems, but the same proof applies equally well for higher domains using a binary recursive

construction (like that in Figure 10.4) and a succinct signature type with length 2.

Lemma 10.1.3 (Rephrasing of Lemma 6.2.4). Suppose F is a set of signatures and T is a succinct
signature type with length 2. If there exists an infinite sequence of planar F-gates defined by
an initial succinct signature s € C**1 of type T and recurrence matric M € C?*? satisfying the

following conditions,
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(a)

Figure 10.1: Plane graph (a), its directed medial graph (c), and both superimposed (b).

1. det(M) #0;

2. det([s Ms|) #0;

3. M has infinite order modulo a scalar;
then

Pl-Holant(F U {(x,y)}) <r Pl-Holant(F),

for any x,y € C, where (z,y) is a succinct binary signature of type 7.

10.2 Number of Colors Equals the Regularity Parameter

In this section, we consider x = r > 3. We reduce from evaluating the Tutte polynomial of a planar
graph at the point (k + 1,k + 1). This problem is #P-hard by Theorem 6.1.4.

To express our reduction from these points on the Tutte polynomial, we need to consider
Eulerian subgraphs in directed medial graphs. The definition of an undirected medial graph was

given in Definition 6.4.2. We extend this definition to directed graphs.

Definition 10.2.1 (cf. Section 4 in [64]). The directed medial graph Gy, of G colors the faces of
G, black or white depending on whether they contain or do not contain, respectively, a vertex of

G. Then the edges of the medial graph are directed so that the black face is on the left.

Figure 6.4 and Figure 10.1 give examples of a medial graph and a directed medial graph respec-
tively. A (directed) medial graph is always a planar 4-regular graph. We say a graph is an Eulerian
(di)graph if every vertex has even degree (resp. in-degree equal to out-degree), but connectedness

is not required. Thus, a (directed) medial graph is Eulerian.



221

Building on previous work [105, 135, 63, 1], Ellis-Monaghan gave the following connection with
the diagonal of the Tutte polynomial. A monochromatic vertex is a vertex with all its incident

edges having the same color.

Lemma 10.2.2 (Equation (17) in [64]). Suppose G is a connected plane graph and G, is its
directed medial graph. For k € N, let C(C_jm) be the set of all edge r-labelings of G so that each

(possibly empty) set of monochromatic edges forms an Eulerian digraph. Then

kT(Gk+1,k4+1) = Z om(e), (10.2.1)
ceC(Gm)

where m(c) is the number of monochromatic vertices in the coloring c.

—

The Eulerian partitions in C(G,,) have the property that the subgraphs induced by each par-
tition do not intersect (or crossover) each other due to the orientation of the edges in the medial
graph. We call the counting problem defined by the sum on the right-hand side of (10.2.1) counting
weighted Eulerian partitions over planar 4-regular graphs. This problem also has an expression as
a Holant problem using a succinct signature. To define this succinct signature, it helps to know
the following basic result about edge colorings.

When the number of available colors coincides with the regularity parameter of the graph, the
cuts in any coloring satisfy a well-known parity condition. This parity condition follows from a
more general parity argument (see (1.2) and the Parity Argument on page 95 in [117]). We state

this simpler parity condition and provide a short proof for completeness.

Lemma 10.2.3 (Parity Condition). Let G be a k-regular graph and consider a cut C' in G. For
any edge k-coloring of G,

c1=ca=--=¢; (mod2),

where ¢; is the number of edges in C' colored i for 1 <i < k.

Proof. Consider two distinct colors ¢ and j. Remove from G all edges not colored ¢ or j. The
resulting graph is a disjoint union of cycles consisting of alternating colors 4 and j. Each cycle in

this graph must cross the cut C' an even number of times. Therefore, ¢; = ¢; (mod 2). O
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Consider all quaternary {AD,}-gates on domain size k > 3. These gadgets have a succinct

Signature of type Tcolor = (P%%,P%%,P%%,P%%,Pég,f’o), where

Py = ey ) el lw=z=y=2}

Pyy = {wa,y ) €W lw=aky=2)

Pyy = {(w,zp,2) € W lw=y#a =2},

Pyy = {(w,2,5,2) € W] [w=2 £z =y},

Py ={(w,z,y,2) € [K]* | w, z,y, z are distinct}, and
Po=[nl' = Pry = Prg = Py = Py = Py,

Any quaternary signature of an {AD, }-gate is constant on the first five parts of Tcolor since AD,, is

domain invariant. Using Lemma 10.2.3, we can show that the entry corresponding to Py is 0.

Lemma 10.2.4. Suppose k > 3 is the domain size and let F' be a quaternary {AD,}-gate with

succinct signature [ of type Teolor- Then f(Pp) = 0.

Proof. Let 09 € Py be an edge k-labeling of the external edges of F. Assume for a contradiction
that o9 can be extended to an edge k-coloring of F. We form a graph G from two copies of F
(namely, F} and F3) by connecting their corresponding external edges. Then G has a coloring o that
extends og. Consider the cut C = (Fy, F3) in G whose cut set contains exactly those edges labeled
by 0¢. By Lemma 10.2.3, the counts of the colors assigned by oy must satisfy the parity condition.

However, this is a contradiction since no edge r-labeling in P, satisfies the parity condition. O

By Lemma 10.2.4, we denote a quaternary signature f of an {AD, }-gate by the succinct signa-
ture (f(P11), f(P12), f(Py2), f(P11), f(Py 4 )) of type Teolor, Wwhich has the entry for Py omitted.?

When k = 3, P;g is empty and we define its entry in the succinct signature to be 0.

2If k > 4, then Lemma 10.2.3 further implies that these signatures are also 0 on P; 4. However, when x = 4, this

23
value might be nonzero. The AD4 signature is an example of this. Instead of using this observation that depends on
K in our proof, we only construct gadgets such that their signatures are 0 on P14 for any value of «.

23
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Lemma 10.2.5. Let G be a connected plane graph and let G, be the medial graph of G. Then
kT(G;k+ 1,k + 1) = Pl-Holant, (G,; (2,1,0,1,0)),

where the Holant problem has domain size k and (2,1,0,1,0) is a succinct signature of type Teolor-

Proof. Let f =(2,1,0,1,0). By Lemma 10.2.2, we only need to prove that

> 2™ = PlL-Holant,(Gm: ), (10.2.2)
ceC(Gm)

where the notation is from Lemma 10.2.2.

Each ¢ € C(G,y) is also an edge r-labeling of G,,,. At each vertex v € V(G,,), the four incident
edges are assigned at most two distinct colors by c. If all four edges are assigned the same color,
then the constraint f on v contributes a factor of 2 to the total weight. This is given by the
value in the first entry of f. Otherwise, there are two different colors, say =z and y. Because the
orientation at v in Gy, is cyclically “in, out, in, out”, the coloring around v can only be of the
form xxyy or xyyx. These correspond to the second and fourth entries of f. Therefore, every term
in the summation on the left-hand side of (10.2.2) appears (with the same nonzero weight) in the
summation Holant,(Gn,; f).

It is also easy to see that every nonzero term in Holant,(G,,; f) appears in the sum on the
left-hand side of (10.2.2) with the same weight of 2 to the power of the number of monochromatic

vertices. In particular, any coloring with a vertex that is cyclically colored xyxy for different colors

z and y does not contribute because f(Py2) = 0. O

>
Remark. This result shows that this planar Holant problem is at least as hard as computing the
Tutte polynomial at the point (k + 1,k + 1) over planar graphs, which implies #P-hardness. Of
course they are equally difficult in the sense that both are #P-complete. In fact, they are more

directly related since every 4-regular plane graph is the medial graph of some plane graph.

By Theorem 6.1.4 and Lemma 10.2.5, the problem Pl-Holant.((2,1,0,1,0)) is #P-hard. We

state this as a corollary.
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Figure 10.2: Quaternary gadget used in the interpolation construction below. All
vertices are assigned AD,. The bold edge represents k — 2 parallel edges.

Corollary 10.2.6. Suppose k > 3 is the domain size. Let (2,1,0,1,0) be a succinct quaternary
signature of type Teolor- Then Pl-Holant,((2,1,0,1,0)) is #P-hard.

With this connection established, we can now show that counting edge colorings is #P-hard

over planar regular graphs when the number of colors and the regularity parameter coincide.
Theorem 10.2.7. #xk-EDGECOLORING is #P-hard over planar k-reqular graphs for all k > 3.

Proof. Let (2,1,0,1,0) be a succinct quaternary signature of type Teolor. We reduce from the prob-
lem Pl-Holant,((2,1,0, 1,0)), which is #P-had by Corollary 10.2.6. We reduce to Pl-Holant, (ADy),
which expresses counting edge k-colorings over planar x-regular graphs as a Holant problem.
Consider the gadget in Figure 10.2, where the bold edge represents x — 2 parallel edges. We
assign AD, to both vertices. Up to a nonzero factor of (k — 2)!, this gadget has the succinct
quaternary signature f = (0,1,1,0,0) of type Teolor- Now consider the recursive construction in

Figure 10.3. All vertices are assigned the signature f. Let fs be the succinct quaternary signature

N1 N2 Ns+1

Figure 10.3: Recursive construction to interpolate (2,1,0,1,0). The vertices are as-
signed the signature of the gadget in Figure 10.2.
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of type Teolor for the sth gadget of the recursive construction. Then f; = f and fs = M?® fy, where

0 k=1 0 0 0 1]
1 k=2 0 0 0 0
M=1o0 0 010 and  fo= 10
0 0 100 1
0 0 00 1 0]

The signature fj is simply the succinct quaternary signature of type 7eolor for two parallel edges.

We can express M via the Jordan decomposition M = PAP~!, where

1 1-x 0 0 0
1 1 0 0 0
P=10 0o 1 1 0
0 0 1 -10
0 0 0 0 1
and A = diag(k — 1,—1,1,—1,1). Then for ¢t = 2s, we have
_ -t I _ - - _ -
kK—1 0 0 0 0 1 2 0000 1 y+1
0 -10 0 0 0 01000 0 y
fi=P| 0o 0o 1 0 ol P'lo/=Ploo 1o ofP " lol=|o0 |,
0 0 0 -1 0 1 00010 1 1
0 0 0 0 1] 0] 000 0 1 o] | o |

where 2 = (k — 1)" and y = 1.

Consider an instance  of Pl-Holant,((2,1,0,1,0)). Suppose (2,1,0,1,0) appears n times in €.
We construct from 2 a sequence of instances ; of Pl-Holant,(f) indexed by ¢, where t = 2s with
s > 0. We obtain §2; from Q by replacing each occurrence of (2,1,0,1,0) with the gadget f;.

As a polynomial in x = (k — 1)!, Pl-Holant, (%; f) is independent of ¢ and has degree at most

n with integer coefficients. Using our oracle for Pl-Holant,(f), we can evaluate this polynomial



226

at n + 1 distinct points z = (k — 1)?* for 0 < s < n. Then via polynomial interpolation, we can
recover the coefficients of this polynomial efficiently. Evaluating this polynomial at = k + 1 (so

that y = 1) gives the value of Pl-Holant,,(€2; (2,1,0,1,0)), as desired. O

Remark. For k = 3, the interpolation step is actually unnecessary since the succinct signature of

f2 happens to be (2,1,0,1,0).
When k = 3, it is easy to extend Theorem 10.2.7 by further restricting to simple graphs.
Theorem 10.2.8. #3-EDGECOLORING is #P-hard over simple planar 3-reqular graphs.

Proof. By Theorem 10.2.7, it suffices to efficiently compute the number of edge 3-colorings of a
planar 3-regular graph G that might have self-loops and parallel edges. Furthermore, we can
assume that G is connected since the number of edge colorings is multiplicative over connected
components. If G contains a self-loop, then there are no edge colorings in G, so assume G contains
no self-loops. If G also contains no parallel edges, then G is simple and we are done.

Thus, assume that GG contains n vertices and parallel edges between some distinct vertices u
and v. If v and v are connected by three edges, then this constitutes the whole graph, which has
six edge 3-colorings. Otherwise, u and v are connected by two edges. Then there exist vertices u’
and v such that v and v are connected by a single edge, v and v’ are connected by a single edge,
and u' # v'. In any edge 3-coloring of G, it is easy to see that the edges (u,u’) and (v,v") must be
assigned the same color. By removing u, v, and their incident edges while adding an edge between
u’ and v’, we have a planar 3-regular graph G’ on n — 2 vertices with half as many edge colorings

as G. Then by induction, we can efficiently compute the number of edge 3-colorings in G’. O

Section 11.4, we give an alternative proof of Theorem 10.2.7, which uses the interpolation
techniques we develop in Section 11.3. The purpose of Section 11.4 is to show how a recursive
construction in an interpolation proof can be used to form a hypothesis about possible invariance
properties. One example of an invariance property is that any planar {AD, }-gate with a succinct

quaternary signature (a, b, c,d, e) of type Teolor must satisfy a + ¢ =0b+ d (Lemma 11.4.1).
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Figure 10.4: Recursive construction to interpolate any succinct binary signature of type
To. All vertices are assigned the same succinct binary signature of type 7o.

10.3 Number of Colors Exceeds the Regularity Parameter

Now we consider £ > r > 3. we reduce from the problem of counting vertex r-colorings over
planar graphs. This problem is also #P-hard by the same dichotomy for the Tutte polynomial

(Theorem 6.1.4) since the chromatic polynomial is a specialization the Tutte polynomial.

Proposition 10.3.1 (Proposition 6.3.1 in [12]). Let G = (V, E) be a graph. Then x(G;\), the

chromatic polynomial of G, is expressed as a specialization of the Tutte polynomial via the relation
X(G;A) = (~)VITHENMD T(G5 1 - ), 0),

where k(G) is the number of connected components of the graph G.

The first step in the proof is to interpolate every possible binary signature that is domain

invariant, which are necessarily symmetric. These signatures have the succinct signature type 7o.

Lemma 10.3.2. Suppose k > 3 is the domain size and let x,y € C. If we assign the succinct

binary signature (z,y) of type 1o to every vertex of the recursive construction in Figure 10./, then

z (k—1)y

y m+(n_2)y] with eigenvalues x + (k — 1)y and x — y.

the corresponding recurrence matric is [

Proof. Let f; be the signature of the ¢th gadget in this construction. To obtain fy11 from fo,
we view fp as a column vector and multiply it by the recurrence matrix M = [Z xf(;i)gy)y} In
general, we have f; = M*fy, where fy is the initial signature, which is just a single edge and has

the succinct binary signature (1,0) of type 72. The (column) eigenvectors of M are [}] and [177]

with eigenvalues x + (k — 1)y and x — y respectively, as claimed. O

Consider the recursive construction in Figure 10.4. To every vertex, we assign the succinct

binary signature (z,y). Since the initial signature is s = (1,0), the determinant of the matrix



228

—oe—ej-

Figure 10.5: Binary gadget used in the interpolation construction of Figure 10.4. Both
vertices are assigned AD, and the bold edge represents r — 1 parallel edges.

[s Ms] is simply y. In order to interpolate all binary succinct signatures of type 7o, we need to
satisfy the second condition of Lemma 10.1.3, which is y # 0. However when y = 0, the recurrence
matrix is a scalar multiple of the identity matrix, which implies that the eigenvalues are the same.
For two dimensional interpolation using a matrix with a full basis of eigenvectors, as is the case here,
the third condition of Lemma 10.1.3 is equivalent to the ratio of the eigenvalues not being a root
of unity. In particular, the eigenvalues cannot be the same. Therefore, when using the recursive
construction in Figure 10.4, it suffices to satisfy the first and third conditions of Lemma 10.1.3. We

state this as a corollary.

Corollary 10.3.3. Suppose F is a set of signatures. Let s = (1,0) of type T2 be the initial succinct
binary signature and let M € C?*2 be the recurrence matriz for some infinite sequence of planar
F-gates defined by the recursive construction in Figure 10.4. If M satisfies the following conditions,
1. det(M) #0;
2. M has infinite order modulo a scalar;
then

Pl-Holant, (F U {{(z,y)}) <r Pl-Holant,(F),

for any x,y € C, where (z,y) is a succinct binary signature of type To.

Lemma 10.3.4. Suppose k is the domain size with k > r for any integer r > 3, and x,y € C. Let

F be a signature set containing AD,.. Then
Pl-Holant,, (F U {{(z,y)}) <7 Pl-Holant,(F),

where (x,y) is a succinct binary signature of type To.

Proof. Let (n)p = n(n—1)---(n — k+ 1) be the kth falling power of n. Consider the gadget in

Figure 10.5. We assign AD, to both vertices. The succinct binary signature of type 7o for this



229

gadget is f = ((k — 1),—1, (k — 2),—1). Up to a nonzero factor of (x — 2),_2, we have the signature
1
fI: mf: </€—1,/€—7“>.
Consider the recursive construction in Figure 10.4. We assign f’ to all vertices. Then by
Lemma 10.3.2, the two eigenvalues of the corresponding recurrence matrix are (r — 1) > 0 and
(k= 1)(k =7+ 1) > 0. Thus, M is nonsingular. Furthermore, the eigenvalues are not equal since

k ¢ {0,7}. Therefore, we are done by Corollary 10.3.3. O

Next we show that Pl-Holant,(AD,) is at least as hard as Pl-Holant,(AD3). To overcome a
difficulty when r is even, we use the the concept of a planar pairing, which was introduced in

Section 6.3.

Lemma 10.3.5. Suppose k is the domain size with k > r for any integer v > 3. Then
Pl-Holant, (AD3) <7 Pl-Holant,(AD,.).

Proof. By Lemma 10.3.4, we can assume that (1, 1) is available. Take AD, and first form ¢t = [%1
self-loops. Then add a new vertex on each self-loop and assign (1,1) to each of these new vertices.
Up to a nonzero factor of (k — 3)g, the resulting signature is ADj3 if r is odd and ADy if r is even.
To reduce from r = 3 to r = 4, we use a planar pairing, which can be efficiently computed by
Lemma 6.3.4. We add a new vertex on each edge in a planar pairing and assign (1,1) to each of

these new vertices. Then up to a nonzero factor of k — 3, the signature at each vertex of the initial

graph is effectively ADsg. O

The succinct binary signature (1 — &, 1) of type 72 has a special property. Let u be any constant
unary signature, which has a succinct signature of type 71. If (1 — &, 1) is connected to u, then the
resulting unary signature is identically zero.

This observation is the key to what follows. We use it in the next lemma to achieve what would
appear to be an impossible task. The requirements, if duly specified, would result in multiple
conditions to be satisfied by nine separate polynomials pertaining to some construction in place
of the gadget in Figure 10.6. And yet we are able to use just one degree of freedom to cause

seven of the polynomials to vanish, satisfying most of these conditions. In addition, the other two
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Figure 10.6: The Bobby Fischer gadget, which achieves many objectives using only a
single degree of freedom.

polynomials are not forgotten. They are nonzero and their ratio is not a root of unity, which allows
interpolation to succeed.

This ability to satisfy a multitude of constraints simultaneously in one magic stroke reminds us
of some unfathomably brilliant moves by Bobby Fischer, the chess genius extraordinaire, and so we
name this gadget (Figure 10.6) the Bobby Fischer gadget.

This gadget is the new idea that allows us to prove Theorem 10.3.8.

Lemma 10.3.6. Suppose k > 3 is the domain size and a,b € C. Let F be a signature set containing
the succinct ternary signature {(a,b,b) of type 13 and the succinct binary signature (1 —k, 1) of type
0. If a #£ b, then

Pl-Holant,,(F U {=4}) <r Pl-Holant,(F).

Proof. Consider the gadget in Figure 10.6. We assign (a, b, b) to the circle vertices and (1 — &, 1) to
the square vertex. This gadget has a succinct quaternary signature of type 74, which has length 9.
However, all but two of the entries in this succinct signature must be 0.

To see this, consider an assignment that assigns different values to the two edges incident to
the circle vertex on top. Since the assignment to these two edges differ, the signature (a,b,b)
contributes a factor of b regardless of the value of its third edge, which is connected to the square
vertex assigned (1—k, 1). From the perspective of (1—x, 1), this behavior is equivalent to connecting
it to the succinct unary signature b(1) of type 71. Thus, the sum over the possible assignments to
this third edge is 0. The same argument shows that the two edges incident to the circle vertex on
the bottom do not contribute anything to the Holant sum when assigned different values.

Thus, any nonzero contribution to the Holant sum comes from assignments where the top two

dangling edges are assigned the same value and the bottom two dangling edges are assigned the
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same value. There are only two entries that satisfy this requirement in the succinct quaternary
signature of type 74 for this gadget, which are the entries for PH and P% 1 To compute those
two entries, we use the following trick. Since the two external edges of each circle vertex must
be assigned the same value, we think of them as just a single edge. Then the effective succinct
binary signature of type 7o for the circle vertices is just (a,b). By connecting the first (a,b) with
(1—k, 1), the result is (a—b)(1 —k, 1) like it is an eigenvector. Connecting the other copy of (a, b) to
(a—b)(1—k,1) gives (a—b)?(1 —k, 1). This computation is expressed via the matrix multiplication
(b, + (@ —b) [ — kI][bJs + (@ —b) 1] = (a —b)[J — kL] [bJx + (a — b) L] = (a — b)?[J. — KI].
Thus up to a nonzero factor of (a — b)?, the corresponding succinct quaternary signature of type
74 for this gadget is f = (1 — k,0,0,0,0,0,1,0,0).

Consider the recursive construction in Figure 10.3. We assign f to all vertices. Let fs be
the signature of the sth gadget in this construction. The seven entries that are 0 in the succinct
signature of type 74 for f are also 0 in the succinct signature of type 74 for f;. Thus, we can express
fs via a succinct signature of type 75 with length 2, defined as follows. The first two parts in 74
are PH and P%% from the succinct signature type 74. The last part contains all the remaining
assignments. Then the succinct signature for fs of type 74 is M?fy, where M = [16” (1)] and
fo = (1,1), which is just the succinct signature of type 74 for two parallel edges.

Clearly the conditions in Lemma 10.1.3 hold, so we can interpolate any succinct signature of
type 74. In particular, we can interpolate our target signature =4, which is (1,0) when expressed

as a succinct signature of type 7;. O

Remark. The nine polynomials mentioned before Lemma 10.3.6 correspond to the nine entries of
some quaternary gadget with a succinct signature of type 74. In light of Lemma 10.3.4, this gadget
might involve many succinct binary signatures (x,y) of type 7o for various choices of z,y € C.
Each distinct binary signature provides an additional degree of freedom to these polynomials. Our
construction in Figure 10.6 only requires one binary signature (x,y) and we use our one degree of

freedom to set % =1-—k.

With the aid of the succinct unary signature (1) of type 71 and the succinct binary signature

(0,1) of type 79, the assumptions in the previous lemma are sufficient to prove #P-hardness.
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Figure 10.7: Local holographic transformation gadget construction for a ternary signa-
ture.

Corollary 10.3.7. Suppose k > 3 is the domain size and a,b € C. Let F be a signature set
containing the succinct ternary signature (a,b,b) of type 73, the succinct unary signature (1) of type
T1, and the succinct binary signatures (1 — k, 1) and (0,1) of type 12. If a # b, then Pl-Holant, (F)
1s #P-hard.

Proof. By Lemma 10.3.6, we have =4. Connecting (1) to =4 gives =3. With =3, we can construct
the equality signatures of every arity. Along with the binary disequality signature #o, which is the
succinet binary signature (0, 1) of type 72, we can express the problem of counting the number of
vertex k-colorings over planar graphs. By Proposition 10.3.1, this is, up to a nonzero factor, the

problem of evaluating the Tutte polynomial at (1 — x,0), which is #P-hard by Theorem 6.1.4. [

Now we can show that counting edge colorings is #P-hard over planar regular graphs when

there are more colors than the regularity parameter.
Theorem 10.3.8. #r-EDGECOLORING is #P-hard over planar r-reqular graphs for all k > r > 3.

Proof. By Lemma 10.3.5, it suffices to consider » = 3. By Lemma 10.3.4, we can assume that any
succinct binary signature of type 7 is available.

Consider the gadget in Figure 10.7. We assign ADj3 to the circle vertex and (3 — k,1) to
the square vertices. By Lemma 9.2.6, the succinct ternary signature of type 73 for this gadget is
f=2k=2)(=(k—=3)(k—1),1,1).

Now take two edges of AD3 and connect them to the two edges of (1,1). Up to a nonzero factor
of (k —1)(k — 2), this gadget has the succinct unary signature (1) of type 71. Then we are done by

Corollary 10.3.7. O
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10.4 Closing Thoughts

Genesis [ think the story about how this work began is fascinating. Let me share it with you.

After publishing [73] in December 2012, I was using my free time to work on a draft Wikipedia
page about Holant that I had created the previous December. While adding example problems, 1
came to the section about graph colorings. Edge coloring is the most natural higher domain Holant
problem, and I quickly added it. For each example, I would also add a reference that studied the
problem and determined its counting complexity. But for this problem, I was at a loss. None of
the papers that I knew about or could find had done this. I emailed Jin-Yi Cai on the last day of
the year, and we began an informal discussion about the problem.

January of 2013 was a month that I had been looking forward to for some time. From the 13th
to the 18th, Heng Guo and I were going to attend Dagstuhl Seminar 13031 about Computational
Counting. We arrived a few days early and visited Mingji Xia at the Max Planck Institute for
Informatics. We discussed the problem of edge coloring and came up with some ideas. With help
from Jin-Yi Cai over email, we had (on January 14th) a sketch of a proof that counting edge -
colorings was #P-hard over planar k-regular graphs for x > 3. While at the seminar, we didn’t
have the time to check all the details.

In the meantime, no less than three people approached me and asked if I knew the complexity
of counting edge colorings. I was stunned. Normally I wouldn’t share a result that I wasn’t sure
about, but I made an exception for this special event. When we returned home, we realized that
planarity imposes a restriction that did not arise in our proof sketch.?> With this restriction, we did
not know of any #P-hard problem from which to reduce. Fortunately, we found such a problem.
The coincidence is that it came from other conversations at Dagstuhl.

I presented [73] near the beginning of the seminar. One of the highlights of this work (presented
here in Section 6.4) is a reduction from evaluating the Tutte polynomial of a planar graph at the
point (3,3), a result by Las Vergnas [136]. One of the people at the seminar was Joanna Ellis-
Monaghan. After my talk, she told me that she had generalized the result of Las Vergnas to any

positive integer point on the diagonal [64]. We spent many hours together discussing this result

3The restriction imposed by planarity is the one given in Lemma 11.4.1.
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and many other things, but when I left the seminar, I had still not internalized her generalization.

When I returned home, I began working in parallel. On the one hand, we determined that we
could interpolate anything that satisfied a certain equation (cf. Section 11.4). On the other hand,
I was emailing Joanna Ellis-Monaghan to help clarify my understanding of her generalization. 1
realized (on February 7th) that her generalization corresponded to a Holant problem that satisfied
the same equation!

I typically think of Holant problems being so expressive and techniques like polynomial inter-
polation being so strong that there are many problems one can reduce from in order to prove new
hardness results. This is not one of those cases. I know of no other way to show that count-
ing edge k-colorings is #P-hard over planar k-regular graphs for £ > 3 except by using Joanna

Ellis-Monaghan’s work.

Another remark about the Bobby Fischer gadget The way we presented the Bobby Fischer
gadget is not exactly how we found it. We make it look as though we used one degree of freedom to
satisfy seven conditions (that is, setting seven signature entries to 0), but I think it is more accurate
to say that we use two degrees of freedom to satisfy eight conditions. The eighth condition is implicit
in Lemma 10.3.6. It is that we have a succinct ternary signature (a,b,c) of type 73 with b = c.
This assumption is satisfied in the proof of Theorem 10.3.8 via a local holographic transformation,
which uses one degree of freedom.

The “original Bobby Fischer gadget” was two copies of the same ternary local-holographic-
transformation gadget (one degree of freedom) with one edge from each connected together through
an arbitrary succinct binary signature of type 7 (a second degree of freedom). Then we looked for
any interesting choices of those two parameters. At this point, it is rather obvious to consider the
parameter choices that we did. What remains is to realize that the resulting signature can be used
to interpolate =4 and that =4 quickly leads to a reduction from counting vertex colorings.

The way we presented it is our attempt to be conceptual as possible. We presented it as though

one might have had the foresight to select these parameter choices from the beginning.
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Chapter 11

Dichotomy for Higher Domain Holant
Problems over Planar 3-Regular

Graphs

We adapt and extend our proof techniques from the previous chapter to obtain a dichotomy for
Pl-Holant,(f), where f is a succinct ternary signature of type 73 on domain size x > 3 with complex
weights. A special case of this result is that counting edge k-colorings is #P-hard over planar 3-
regular graphs for all kK > 3. A key ingredient in the proof includes an effective version of Siegel’s
Theorem on finiteness of integer solutions for a specific algebraic curve. We use this to show that
a specific polynomial p(x,y) has an explicitly listed finite set of integer solutions. We also apply
some elementary Galois theory and determine the Galois groups of some specific polynomials. This

work was published in [32, 33].

11.1 Background

What do Siegel’s Theorem and Galois theory have to do with complexity theory? In this chapter,
we show that an effective version of Siegel’s Theorem on finiteness of integer solutions for a specific

algebraic curve and an application of elementary Galois theory are key ingredients in a chain of
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steps that lead to a complexity classification of some counting problems. More specifically, we
consider a certain class of counting problems that are expressible as Holant problems with an
arbitrary domain of size k over 3-regular graphs, and prove a dichotomy theorem for this class of
problems. The hardness, and thus the dichotomy, holds even when restricted to planar graphs.
Among other things, the proof of the dichotomy theorem depends on the following: (A) the specific

polynomial p(z,y) = o — 2x3y _ $2y2 — 34 ny + ys _ 942

— xy has only the integer solutions
(z,y) =(-1,1),(0,0),(1,-1),(1,2),(3,3), and (B) the determination of the Galois groups of some
specific polynomials.

The techniques we developed to prove Theorem 10.1.1 naturally extend to Holant problems

defined by any succinct ternary signature of type 73. We prove a dichotomy theorem for such

functions with complex weights.

Theorem 11.1.1. Suppose k > 3 is the domain size and a,b,c € C. Then either Holant,({a, b, c))
is computable in polynomial time or Pl-Holant,({a,b,c)) is #P-hard. Furthermore, given a,b,c,

there is a polynomial-time algorithm that decides which s the case.

See Theorem 11.8.1 for an explicit listing of the tractable cases. Counting edge x-colorings over
3-regular graphs is the special case when (a, b, c) = (0,0,1).

There is only one previous dichotomy theorem for higher domain Holant problems [51]. It is
a dichotomy for a single symmetric ternary signature on domain size k = 3 in the framework of
Holant® problems, which means that all unary signatures are assumed to be freely available. An
important difference is that Theorem 11.1.1 is for general domain size £ > 3 while the previous
result is for domain size k = 3. Dichotomy theorems for an arbitrary domain size are generally
difficult to prove. The Feder-Vardi Conjecture for decision Constraint Satisfaction Problems (CSP)
is still open [67]. It was a major achievement to prove this conjecture for domain size 3 [15]. The
#CSP dichotomy was proved after a long series of work [17, 16, 14, 58, 13, 53, 22, 35, 60, 71, 36, 20].

In Theorem 11.1.2, the notation f— g denotes the signature that results from connecting one
edge incident to a vertex assigned the signature f to one edge incident to a vertex assigned the
signature g. When f and g are both unary signatures, which are represented by vectors, then the

resulting 0-ary signature is just a scalar.
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Theorem 11.1.2 (Theorem 3.1 in [51]). Let f be a symmetric ternary signature on domain size 3.
Then Holant3(f) is #P-hard unless f is of one of the following forms, in which case, the problem
18 computable in polynomial time.

1. There exists a, B,y € C3 that are mutually orthogonal (i.e. a ™3 =a "y ="y =0) and
f = a® 4 B9 4 4E3,
2. There exists o, B1, B2 € C3 such that o~ B1 = o B2 = By B1 = B3 B2 =0 and
f=a® 4 87 + 65,
3. There exists 3,7 € C3 and fs € (C*)®3 such that B # 0, 373 =0, [z 8=0, and
f=f+8220v+8R7® 8+ B%2

Some domain invariant signatures are tractable by Theorem 11.1.2.

Corollary 11.1.3. Suppose the domain size is 3 and a,b,\ € C. Let f be a succinct ternary
signature of type 3. Then Holant(f) is computable in polynomial time when f has one of the
following forms:

1. f= X1,0,0) =X[(1,0,0)%3+(0,1,0)%3 + (0,0,1)%3];

2. f=3X(=5,-2,4) = \[(1,-2,-2)%% 4 (=2,1,-2)®3 + (-2, -2,1)®?];

3. f= Aa,ba) = “Jg%(l, 1,1)®3 4 %b [(1,w,w2)®3 + (1,w2,w)®3] ,

where w is a primitive third root of unity.

In Corollary 11.1.3, form 1 is the ternary equality signature =3, which is trivially tractable for

any domain size. Then form 2 is just form 1 after a holographic transformation by the matrix
1-2-2
T = [—% % —ﬂ, which is orthogonal after scaling by % This is an example of two problems that

must have the same complexity by Lemma 3.2.2.

The tractability of these two problems for higher domain sizes is stated in the following corollary.
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Corollary 11.1.4. Suppose k > 3 is the domain size and A € C. Let f be a succinct ternary
signature of type t3. Then Holant(f) is computable in polynomial time if f has one of the following
forms:

1. f=X(1,0,0);

2. f=AT®3(1,0,0) = Ak(k? — 6K + 4, —2(k — 2), 4),
where T = kl,, — 2.J.

Note that T' = kI, — 2J,; is an orthogonal matrix after scaling by %
The two cases in Corollary 11.1.4 are respectively product type and transformable to product
type. There are also two affine tractable cases that appear in our dichotomy. We already discussed

them in Section 4.2. We restate the first using our succinct signature notation.

Corollary 11.1.5 (Restatement of Corollary 4.2.11). Suppose the domain size is 3 and suppose
a,c € C. Let T € O3(C) and let {a,0,c) be a succinct ternary signature of type 73. If a® = ¢, then

Holant3(7%3(a, 0, c)) is computable in polynomial time.
The second result requires some additional proof.

Lemma 11.1.6. Suppose the domain size is 4 and \,ju € C. Let (u? 1, 1) be a succinct ternary
signature of type 3. If u = —1 + €2i with ¢ = +1, then Holant(\(u?, 1, u)) is computable in

polynomial time.

Tyyy
Proof. Let T = [Zi%g],wherex = —3—¢iand y = 1 —¢i. Then up to a factor of A" on graphs
yyyz

with n vertices, the output of Holant(\(u?2,1, 1)) is the same as the output for

Holant ({2, 1, 1)) = Holant((—3 — e44,1, —1 + £2i))
=7 Holant(:2 | T®3(:3))
= HOI&H'C((ZQ)T®2 | :3)

= Holant(2(1, —1) | =3).

After removing the factor of 2 from the signature on the left, we are done by Lemma 4.2.14. O
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We restate this lemma as a simple corollary for later convenience.

Corollary 11.1.7. Suppose the domain size is 4 and a,b,c € C. Let (a,b,c) be a succinct ternary
signature of type 13. If a + 5b + 2c = 0 and 5b® + 2bc + c® = 0, then Holant({(a, b, c)) is computable

i polynomaial time.

Proof. Since a = —5b —2c and b = %(—1 + 2i)e, after scaling by = —1 F 24, we have p{a,b,c) =

c{u?,1, 1) and are done by Lemma 11.1.6. O

11.2 Proof Outline and Techniques

As usual, the difficult part of a dichotomy theorem is to carve out exactly the tractable prob-
lems in the class, and prove all the rest #P-hard. A dichotomy theorem for Holant problems
has the additional difficulty that some tractable problems are only known to be tractable via a
holographic reduction, which can make the appearance of the problem rather unexpected. The
problem Holanty ((—3 —4i, 1, —1+2¢)) that we just discussed is of this type. In order to understand
all problems in a Holant problem class, we must deal with such problems. Dichotomy theorems for
graph homomorphisms and for #CSP do not have to deal with as varied a class of such problems,
since they implicitly assume all EQUALITY signatures are available and must be preserved. This
restricts the possible transformations.

Our #P-hardness results are obtained by reducing from evaluations of the Tutte polynomial
over planar graphs. A dichotomy is known for such problems (Theorem 6.1.4).

The chromatic polynomial, a specialization of the Tutte polynomial (Proposition 10.3.1), is
concerned with vertex colorings. On domain size k, one starting point of our hardness proofs is
the chromatic polynomial, which contains the problem of counting vertex colorings using at most
k colors. By the planar dichotomy for the Tutte polynomial, this problem is #P-hard for all x > 3.

Another starting point for our hardness reductions is the evaluation of the Tutte polynomial at
an integer diagonal point (z, ), which is #P-hard for all z > 3 by the same planar Tutte dichotomy.
These are new starting places for reductions involving Holant problems. These problems were known

to have a so-called state-sum expression (Lemma 10.2.2), which is a sum over weighted Eulerian
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partitions. This sum is not over the original planar graph but over its directed medial graph,
which is always a planar 4-regular graph (Figure 6.4 and Figure 10.1). We show that this state-
sum expression is naturally expressed as a Holant problem with a particular quaternary signature
(Lemma 10.2.5).

To reduce from these two problems, we execute the following strategy. First, we attempt to
construct the succinct unary signature (1) of type 7. (Lemma 11.5.1). Second, we attempt to
interpolate all succinct binary signatures assuming that we have (1) (Section 11.6). Lastly, we
attempt to construct a succinct ternary signature (a, b, c) of type 73 with the special property b = ¢
assuming that all these binary signatures are available (Lemma 11.7.1). At each step, there are
some problems specified by (a, b, c) for which our attempts fail. In such cases, we directly obtain a
dichotomy without the help of additional signatures. See Figure 11.1 for a flow chart of hardness
reductions.

Below we highlight some of our proof techniques.

Interpolation within an orthogonal subspace We develop the ability to interpolate when
faced with some nontrivial null spaces inherently present in interpolation constructions. In any
construction involving an initial signature and a recurrence matrix, it is possible that the initial
signature is orthogonal to some row eigenvectors of the recurrence matrix. Previous interpolation
results always attempt to find a construction that avoids this. In the present chapter, this avoidance
seems impossible. In Section 11.3, we prove an interpolation result that can succeed in this situation
to the greatest extent possible. We prove that one can interpolate any signature provided that it
is orthogonal to the same set of row eigenvectors, and the relevant eigenvalues satisfy a lattice

condition (Lemma 11.3.6).

Satisfy lattice condition via Galois theory A key requirement for this interpolation to suc-
ceed is the lattice condition (Definition 11.3.3), which involves the roots of the characteristic poly-
nomial of the recurrence matrix. We use Galois theory to prove that our constructions satisfy this
condition. If a polynomial has a large Galois group, such as S,, or A4,,, and its roots do not all have

the same complex norm, then we show that its roots satisfy the lattice condition (Lemma 11.3.5).
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back to our two starting points of hardness.
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Effective Siegel’s Theorem via Puiseux series We need to determine the Galois groups for
an infinite family of polynomials, one for each domain size. If these polynomials are irreducible,
then we can show they all have the full symmetric group as their Galois group, and hence fulfill the
lattice condition. We suspect that these polynomials are all irreducible but are unable to prove it.

A necessary condition for irreducibility is the absence of any linear factor. This infinite family
of polynomials, as a single bivariate polynomial in (x, k), defines an algebraic curve, which has
genus 3. By a well-known theorem of Siegel [115], there are only a finite number of integer values
of k for which the corresponding polynomial has a linear factor. However this theorem and others
like it are not effective in general. There are some effective versions of Siegel’s Theorem that can be
applied to the algebraic curve, but the best general effective bound is over 102%:%%° [140] and hence
cannot be checked in practice. Instead, we use Puiseux series to show that this algebraic curve has

exactly five explicitly listed integer solutions (Lemma 11.7.6).

Eigenvalue Shifted Triples For a pair of eigenvalues, the lattice condition is equivalent to the
statement that the ratio of these eigenvalues is not a root of unity. A sufficient condition is that the
eigenvalues have distinct complex norms. We prove three results, each of which is a different way
to satisfy this sufficient condition. Chief among them is the technique we call an Figenvalue Shifted
Triple (EST). These generalize the technique of Eigenvalue Shifted Pairs from [93]. In an EST,
we have three recurrence matrices, each of which differs from the other two by a nonzero additive
multiple of the identity matrix. Provided these two multiples are linearly independent over R, we
show at least one of these matrices has eigenvalues with distinct complex norms (Lemma 11.6.11).

(However determining which one succeeds is a difficult task; but we need not know that).

E Pluribus Unum When the ratio of a pair of eigenvalues is a root of unity, it is a challenge
to effectively use this failure condition. Direct application of this cyclotomic condition is often of
limited use. We introduce an approach that uses this cyclotomic condition effectively. A direct
recursive construction involving these two eigenvalues only creates a finite number of different
signatures. We reuse all of these signatures in a multitude of new interpolation constructions

(Lemma 11.6.4), one of which we hope will succeed. If the eigenvalues in all of these constructions
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also satisfy a cyclotomic condition, then we obtain a more useful condition than any of the previous
cyclotomic conditions. This idea generalizes the anti-gadget technique from Chapter 5, which only

reuses the “last” of these signatures.

Local holographic transformation One reason to obtain all succinct binary signatures is for
use in the gadget construction known as a local holographic transformation (Figure 11.8). This
construction mimics the effect of a holographic transformation applied on a single signature. In
particular, using this construction, we attempt to obtain a succinct ternary signature of the form
(a,b,b), where a # b (Lemma 11.7.1). This signature turns out to have some magical properties in

the Bobby Fischer gadget, which we discuss next.

Bobby Fischer gadget Typically, any combinatorial construction for higher domain Holant
problems produces very intimidating looking expressions that are nearly impossible to analyze. In
our case, it seems necessary to consider a construction that has to satisfy multiple requirements
involving at least nine polynomials. However, we are able to combine the signature (a,b,b), where
a # b, with a succinct binary signature of our choice in a special construction that we call the
Bobby Fischer gadget (Figure 10.6). This gadget is able to satisfy seven conditions using just one
degree of freedom (Lemma 10.3.6). This ability to satisfy a multitude of constraints simultaneously
in one magic stroke reminds us of some unfathomably brilliant moves by Bobby Fischer, the chess
genius extraordinaire. We first encountered the Bobby Fischer gadget in the previous chapter in

Section 10.3, but it is a crucial ingredient in the current chapter as well.

11.3 An Interpolation Result

The goal of this section is to generalize an interpolation result from [50], which we rephrase using

our notion of a succinct signature (cf. Lemma 10.1.3).

Theorem 11.3.1 (Theorem 3.5 in [50]). Suppose F is a set of signatures over a domain of size K
and T is a succinct signature type with length 3. If there exists an infinite sequence of planar F-

gates defined by an initial succinct signature s € C3*1 of type T and a recurrence matriz M € C3*3



244

with eigenvalues «, B, and vy satisfying the following conditions:

1. det(M) #0;

2. s is not orthogonal to any row eigenvector of M ;

3. for all (i,j, k) € Z3 — {(0,0,0)} with i +j +k = 0, we have o*BIN* #1;
then

Pl-Holant,.(F U {f}) <r Pl-Holant,(F),
for any succinct ternary signature f of type T.

Our generalization of this result is designed to relax the second condition so that s can be
orthogonal to some row eigenvectors of M. Suppose r is a row eigenvector of M, with eigenvalue A,
that is orthogonal to s (i.e. the dot product 7-s is 0). Consider M*s, the kth signature in the infinite
sequence defined by M and s. This signature is also orthogonal to r since r - M*s = \er . s = 0.
We do not know of any way of interpolating a signature using this infinite sequence that is not also
orthogonal to r. On the other hand, we would like to interpolate those signatures that do satisfy
this orthogonality condition. Our interpolation result gives a sufficient condition to achieve this.

We assume our n-by-n matrix M is diagonalizable, i.e., it has n linearly independent (row and
column) eigenvectors. We do not assume that M necessarily has n distinct eigenvalues (although
this would be a sufficient condition for it to be diagonalizable). The relaxation of the second
condition is that, for some positive integer ¢, the initial signature s is not orthogonal to exactly /¢
of these linearly independent row eigenvectors of M. To satisfy this condition, we use a two-step
approach. First, we explicitly exhibit n — ¢ linearly independent row eigenvectors of M that are
orthogonal to s. Then we use the following lemma to show that the remaining row eigenvectors of M
are not orthogonal to s. The justification for this approach is that the eigenvectors orthogonal to s

are often simple to express while the eigenvectors not orthogonal to s tend to be more complicated.

Lemma 11.3.2. Forn € Z*, let s € C"*! be a vector and let M € C™ ™ be a diagonalizable matriz.
If rank([s Ms ... M"'s]) > ¢, then for any set of n linearly independent row eigenvectors, s is

not orthogonal to at least £ of them.

Proof. Since M is diagonalizable, it has n linearly independent eigenvectors. Suppose for a con-
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tradiction that there exists a set of n linearly independent row eigenvectors of M such that s is
orthogonal to t > n— ¢ of them. Let N € C**" be the matrix whose ¢ rows are the row eigenvectors
of M that are orthogonal to s. Then N[s Ms ... M" 1s] is the zero matrix. From this, it follows

that rank([s Ms ... M" 1s]) < ¢, a contradiction. O
Remark. The last inequality is known as Sylvester’s rank inequality.

The third condition of Theorem 11.3.1 is also known as the lattice condition.

Definition 11.3.3. Fix some ¢ € N. We say that A, A2,..., Ay € C — {0} satisfy the lattice

condition if for all z € Z¢ — {0} with Zle z; = 0, we have Hle AT L

When ¢ > 3, we use Galois theory to show that the lattice condition is satisfied. The idea is
that the lattice condition must hold if the Galois group of the polynomial, whose roots are the \;’s,
is large enough. In [50], for the special case n = ¢ = 3, it was shown that the roots of most cubic

polynomials satisfy the lattice condition using this technique.

Lemma 11.3.4 (Lemma 5.2 in [50]). Let f(z) € Q[z] be an irreducible cubic polynomial. Then

the roots of f(x) satisfy the lattice condition iff f(x) is not of the form ax® + b for some a,b € Q.

In the following lemma, we show that if the Galois group for a polynomial of degree n is one
of the two largest possible groups, S, or A,, then its roots satisfy the lattice condition provided

these roots do not all have the same complex norm.

Lemma 11.3.5. Let f be a polynomial of degree n > 2 with rational coefficients. If the Galois
group of f over Q is S, or A, and the roots of f do not all have the same complex norm, then the

roots of f satisfy the lattice condition.

Proof. We consider A,, since the same argument applies to S, D A,. For 1 <i < n, let a; be the
roots of f such that |a;| < --- < |a,|. By assumption, as least one of these inequalities is strict.
Suppose for a contradiction that these roots fail to satisfy the lattice condition. This means there

exists € Z" — {0} satisfying Y " ; 2; = 0 such that

ajit---apr = 1. (11.3.1)
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Since x is not all 0, it must contain some positive entries and some negative entries. We
can rewrite (11.3.1) as bY" -+ b¥* = ¢i* - - - ¢ft, where s,t > 1, by,...,bs,c1,...,c are s+t distinct
members from {ay,...,a,},y; >0for 1 <i<s,z >0forl <i<t,andyi+ - -+ys =21+ +2.
We omit factors in (11.3.1) with exponent 0.

If n =2, then s =t =1 and |b1| = |c1|. This is a contradiction to the assumption that roots of
f do not all have the same complex norm. Otherwise, assume n > 3. If s = ¢ = 1, then |b1| = |¢1]
again. We apply 3-cycles from A,, to conclude that all roots of f have the same complex norm, a
contradiction. Otherwise s+t > 2. Without loss of generality, suppose s > t, which implies s > 2.
Pick j € {0,...,n—s—t} such that |aj11| <--- <|ajys4¢| contains a strict inequality. We permute
the roots so that b; = a;y; for 1 <i < s and ¢; = ajys4; for 1 <i <t (or possibly swapping by and
by if necessary to ensure the permutation is in A,). Then taking the complex norm of both sides

gives a contradiction. O

Remark. This result can simplify the interpolation arguments in [50]. Since each of their cubic
polynomials is irreducible, the corresponding Galois groups are transitive subgroups of S3, namely
S3 or As (and in fact by inspection, they are all S3). Then Lemma 4.5 from [94] shows that the
eigenvalues of these polynomials do not all have the same complex norm. Thus, the roots of all

polynomials exhibited in [50] satisfy the lattice condition by Lemma 11.3.5.

We apply Lemma 11.3.5 to an infinite family of quintic polynomials that we encounter in Sec-
tion 11.7. If the polynomials are irreducible, then we are able to apply this lemma. Unfortunately,
we are unable to show that all these polynomials are irreducible and thus also have to consider
the possible ways in which they could factor. Nevertheless, we are still able to show that all these
polynomials satisfy the lattice condition.

To conclude, we state and prove our new interpolation result.

Lemma 11.3.6. Suppose F is a set of signatures over a domain of size k and T is a Succinct
signature type with length n € Z7. If there exists an infinite sequence of planar F-gates defined by
an initial succinct signature s € C™*1 of type T and a recurrence matriz M € C™" satisfying the

following conditions,



247

1. M is diagonalizable with n linearly independent eigenvectors;
2. s is mot orthogonal to exactly £ of these linearly independent row eigenvectors of M with
etgenvalues Ai, ..., g;
3. A1, ..., N\ satisfy the lattice condition;
then

Pl-Holant,.(F U {f}) <r Pl-Holant,(F)

for any succinct signature f of type T that is orthogonal to the n — £ of these linearly independent

etgenvectors of M to which s is also orthogonal.

Proof. Let A1, ..., A, be the n eigenvalues of M, with possible repetition. Since M is diagonalizable,
we can write M as TAT ™!, where A is the diagonal matrix [%1 E?Q} with B; = diag(A1,..., A7) and
By = diag(M\g41, ..., A\n). Notice that the columns of T" are the column eigenvectors of M and the
rows of T~ are the row eigenvectors of M. Let t; be the ith column 7 and let T-'s = [a ... ay]T.
Then a; # 0 for 1 <i < £ and a; =0 for £ < i < n, since s is not orthogonal to exactly the first £
row eigenvectors of M.

Now we can write

a1
BfF 0 BfF 0 :
Mrs=1 | T ls=7|" a | = Tdiag(ar A}, ..., A, 0,...,0)
0 B} 0 BS||.
0
Af Af
= Tdiag(aq,...,as0,...,0) A(;f = [aity,..., ot 0,...,0] )E.)?
o i

For 1 <i </, let t; = a;t;. Both the columns of T and the rows of T~ are linearly independent.
From T7'T = I,,, we see that t; for 1 < i < / is orthogonal to the last n — ¢ rows of T~'. Thus
span{ti,...,ty} = span{t],...,t}} is precisely the space of vectors orthogonal to the last n — ¢
rows of T~

Consider an instance 2 of Pl-Holant, (F U {f}). Let V}; be the subset of vertices assigned f
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with ny = |V¢|. Since f is orthogonal to any row eigenvector of M to which s is also orthogonal, we
have f € span{t},...,t;}. Let f = Bit] + --- + Syt},. Then Holant,(Q2; F U {f}) is a homogeneous
polynomial in the f3;’s of total degree ny. For y = (y1,...,y¢) € N, let cy be the coefficient of
BY*--- B in Holant, (Q; F U{f}) so that

Holant, (Q; FU {f}) = Z e BV BY.

Y1t tye=ns

We construct from Q a sequence of instances € of Pl-Holant,(F) indexed by k € N. We obtain

Q. from Q by replacing each occurrence of f with MP*s, for k > 0. Then

Holant, (Q: F) = Y ¢ (AW - A"
Y1t tye=ny
Note that, crucially, the same ¢, coefficients appear. We treat this as a linear system with the
cy’s as the unknowns. The coefficient matrix is a Vandermonde matrix of order (nf ngl), which
is polynomial in ny and thus polynomial in the size of Q. It is nonsingular if every AY' ---)\z’Z is

distinct, which is indeed the case since Ay, ..., A\; satisfy the lattice condition.

Therefore, we can solve for the ¢,’s in polynomial time and compute Holant, (; F U {f}). O

Remark. When restricted to n = ¢ = 3, this proof is simpler than the one given in [50] for
Theorem 11.3.1 due to our implicit use of a local holographic transformation (i.e. the writing of f

as a linear combination of t7,...,t; and expressing Holant, (€; F U {f}) in terms of this).

11.4 Invariance Properties from Row Eigenvectors

Before we launch into our hardness proof of Theorem 11.1.1, we consider a simple example that
shows how to apply the interpolation results from the previous section. This section also shows how
a recursive construction in an interpolation proof can be used to form a hypothesis about possible
invariance properties.

We often find that no matter what constructions one considers, all signatures they produce

satisfy certain invariance. Instead of defining this notion formally, we prove the following lemma
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as an example. After this lemma and its proof, we explain that this invariance can be suggested
by certain recursive constructions in an alternative proof of Theorem 10.2.7, that it is #P-hard to
count edge k-coloring over planar k-regular graphs for all k > 3. This alternative proof uses the

interpolation techniques that we developed in Section 6.2.

Lemma 11.4.1. Suppose k > 3 is the domain size. If F is a planar {AD,}-gate with succinct

quaternary signature (a,b,c,d,e) of type Teolor, then a +c=b+d.

Proof. Fix two distinct colors g,y € [k]. We define the swap of an edge colored g or y to be the
opposite of these two colors. That is, swapping the color of an edge colored g (resp. y) gives the
same edge colored y (resp. g). The ith external edge of F' is the external edge that corresponds to
the ¢th input of F. Recall that the input edges of F' are ordered cyclically.

For 1 < <4, let S; (resp. S.) be the set of colorings of the edges (both internal and external)
of F' with an external coloring in the partition P; of the succinct signature type Teolor Such that the
first external edge of F' is colored g (resp. y) and the remaining external edges are either colored g
or y (as dictated by P;). Note that |S;| = |S]| for 1 <i < 4. Furthermore, the sizes of these sets do

not depend on the choice of g,y € [k]. Thus, it suffices to show that

’SlUSiUSgJ,USéJ :‘SQUSéUS4USi|. (11.4.2)

Let o € S1US] U S3USE be a coloring of F. Starting at the first external edge of F, there is a
unique path 7 that alternates in edge colors between g and y and terminates at another external
edge of F'. Suppose for a contradiction that this path terminates at the third external edge of F.
Also consider the unique path 7o that starts at the second external edge of F', alternates in edge
colors between g and y, and must terminate at the fourth external edge of F. These two paths
must cross somewhere since their ends are crossed. By planarity, they must cross at a vertex, and
yet they must be vertex disjoint. This is a contradiction. Therefore, the path 7 either terminates
at the second or fourth external edge of F'.

Suppose 7 terminates at the second external edge of F. If o € S; (resp. o € S7), then

swapping the colors of every edge in 71 gives a new coloring 7} € S} (resp. 7) € Sa). Similarly, if
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o € S3 (resp. o € S%), then swapping the colors of every edge in 7 gives a new coloring 7} € S}
(resp. 7] € S4).

Otherwise, 7 terminates at the fourth external edge of F. If o € S; (resp. ¢ € S}), then
swapping the colors of every edge in 71 gives a new coloring 7} € S} (resp. 7§ € S4). Similarly, if
o € Ss (resp. o € S%), then swapping the colors of every edge in m; gives a new coloring 7} € S5
(resp. 7} € Sa).

Furthermore, this mapping from S; U S7 U S3 US4 to S U S5 U Sy U S is invertible. Therefore,

we have established (11.4.2), as desired. O

Now we give an alternative proof of Theorem 10.2.7. The recursive construction in this proof
will suggest the invariance in Lemma 11.4.1.

Let g(z,k) = 23 — 22 +  — (k — 1). First we determine the nature of the roots of q(x, k).

Lemma 11.4.2. For all k € Z, the polynomial q(z, k) in x has one real root r € R and two nonreal
complex conjugate roots o, @ € C, such that a +a=1—r and aa =r% —r + 1.

Furthermore, if q(x, k) is reducible in Q[x] and k > 3, then r > 2 is an integer.
Proof. The discriminant of g(x, x) with respect to z is disc,(q(x,x)) = —27x% + 68k — 44 < 0, so

q(x, k) has one real root r € R and two nonreal complex conjugate roots o, @ € C. We have

ata+r=1
at+ (a+a)r=1

aar =k — 1.

It follows that « + @ =1—7, aa =12 —r + 1, and

5:7’3—7’24—7’4—1. (1143)

If g(x,rk) is reducible in Q[z] with x > 3, then r € Z by Gauss’s Lemma and so r > 2

by (11.4.3). O
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Lemma 11.4.3. If k > 3 is an integer, then the roots of 3 — x? + x — (k — 1) satisfy the lattice

condition.

Proof. If q(x, k) is irreducible in Q[z], then its roots satisfy the lattice condition by Lemma 11.3.4.

Otherwise, g(z,k) is reducible in Q[z]. By Lemma 11.4.2, ¢(z, k) has one real root r € Z
satisfying r > 2 and two nonreal complex conjugate roots o, @ € C satisfying o +a =1 — r and
aa@ = r? —r + 1. Suppose there exist i, 7,k € Z such that '@/ = r* and i + j = k. We want to
show that : = 5 =k = 0.

There is an element in the Galois group of ¢(z, ) that fixes Q pointwise and swaps « and a.
Thus o/@ = r*. Dividing these two equations gives (a/@)*™7 = 1. We claim that w = o//@ cannot
be a root of unity and hence ¢ = j. For a contradiction, suppose w is a dth primitive root of unity.
Let f(z) = (v —a)(xr —@) =22+ (r — 1)z + (r> =7 + 1) € Z[z]. Then w belongs to the splitting

field of f over Q, which is an extension of degree two over Q. This implies that the Euler totient

function ¢(d) | 2. Therefore d € {1,2,3,4,6}. Let p = 22 = 1:% = rgl__r’_"H € Q. Since r > 2, we
have p # 0 and hence d # 2. Moreover, f(z) = 22— 2+w+w H)p o+ (2+w+w 1)p~2 Notice
that the quantity 24w +w ™! is 4,1, 2, 3 respectively, when d = 1,3,4,6. As (24+w+w Hp 2 € Z,

1

we get that p~ must be an integer when d = 3,4,6 and half an integer when d = 1. However

pt=—r+4 T%l The only possibility is » = 3 and d = 1; yet it is easy to check that w # 1 when
this holds. This proves the claim.

From a@ = r2 —r + 1, we have (r2 —r + 1)! = (a@)’ = r*. Since r and 72 —r + 1 are relatively

prime and r > 2, we must have i = k = 0. 0

Alternative proof of Theorem 10.2.7. As before, let (2,1,0,1,0) be a succinct quaternary signature
of type Teolor- We reduce from Pl-Holant,((2,1,0,1,0)) to Pl-Holant,(AD), which denotes the
problem of counting edge k-colorings in planar k-regular graphs as a Holant problem. Then by
Corollary 10.2.6, we conclude that Pl-Holant,(AD,) is #P-hard.

Consider the gadget in Figure 10.2, where the bold edge represents x — 2 parallel edges. We
assign AD, to both vertices. Up to a nonzero factor of (k — 2)!, this gadget has the succinct

quaternary signature f = (0,1,1,0,0) of type Teolor- Now consider the recursive construction in
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_O

e

Figure 11.2: Alternate recursive construction to interpolate (2,1,0,1,0). The vertices
are assigned the signature of the gadget in Figure 10.2.

Niy1

Figure 11.2. All vertices are assigned the signature f. Let fs be the succinct quaternary signature

of type Teolor for the sth gadget of the recursive construction. Then fo = f and f; = M?® fy, where

o o o o

The row vectors

(1,-1,1,-1,0) and  (0,0,0,0,1)

are linearly independent row eigenvectors of M, with eigenvalues —1 and 1 respectively, that are
orthogonal to the initial signature fy. Note that our target signature (2,1,0,1,0) is also orthogonal
to these two row eigenvectors.

Up to a factor of (x —1)(z + 1), the characteristic polynomial of M is 2® — 22+ x — (k —1). The
roots of this polynomial satisfy the lattice condition by Lemma 11.4.3. In particular, these three
roots are distinct. By Lemma 11.4.2; the only real root is at least 2. Thus, all five eigenvalues of
M are distinct, so M is diagonalizable.

The 3-by-3 matrix in the upper-left corner of [fo M fy ... M*f] is [ %] Its determinant

00
10
11
is k—1# 0. Thus, [fo Mfy ... M*fo] has rank at least 3, so by Lemma 11.3.2, fy is not orthogonal

to the three remaining row eigenvectors of M.
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Therefore, by Lemma 11.3.6, we can interpolate (2, 1,0, 1,0), which completes the proof. O

Notice that the row eigenvector (1,—1,1,—1,0) suggests that a — b+ ¢ —d = 0 is an invari-
ance shared by all signatures of symmetric ternary constructions. Some row eigenvectors, like
(0,0,0,0,1), only indicate an invariance present in some recursive constructions. (When x = 4,
there are recursive constructions for which (0,0,0,0,1) is not a row eigenvector of the recurrence
matrix.) The row eigenvector (1,—1,1,—1,0) is more intrinsic; it must appear because of the
invariance present in all constructions as shown in Lemma 11.4.1.

This suggests an approach to discover new invariance properties. Given a set F of signatures,
create some recursive construction and inspect the row eigenvectors of the resulting recurrence
matrix. For example, consider the set Fy = {(a,b,¢) | a,b,c € C and 2 = 0}, where A = a—3b+2c.
It seems that Fy is closed under symmetric ternary constructions, such as those in Section 11.7.1.
In particular, (1,—3,2) is a row eigenvector of the recurrence matrix for every recursive ternary
construction with symmetric signatures that we tried. However, we do not know how to prove this

closure property.

11.5 Constructing a Nonzero Unary Signature

The primary goal of this section is to construct the succinct unary signature (1) of type 71. How-
ever, this is not always possible. For example, the succinct ternary signature (0,0,1) = ADg3 of
type 73 (over a domain of size 3) cannot construct (1). This follows from the parity condition
(Lemma 10.2.3). In such cases, we show that the problem is either computable in polynomial time
or #P-hard without the help of additional signatures.

Lemma 11.5.1 handles two easy cases for which it is possible to construct (1).

Lemma 11.5.1. Suppose k > 3 is the domain size and a,b,c € C. Let F be a signature set
containing the succinct ternary signature {(a,b,c) of type 13. If a + (k — 1)b # 0 or [2b + (k —
2)c][b? — 4bc — (k — 3)c?] # 0, then

Pl-Holant, (F U {(1)}) <7 Pl-Holant (F),
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(a) (b)

Figure 11.3: Two simple unary gadgets.

where (1) is a succinct unary signature of type Ti.

Proof. Suppose a + (k — 1)b # 0. Consider the gadget in Figure 11.3a. We assign (a,b,c) to
its vertex. By Lemma 9.2.1, this gadget has the succinct unary signature (u) of type 71, where
u=a -+ (k —1)b. Since u # 0, this signature is equivalent to (1).

Otherwise, a + (k — 1)b = 0, and [2b+ (k — 2)¢][b? — 4bc — (k — 3)c?] # 0. Consider the gadget in
Figure 11.3b. We assign (a, b, ¢) to all three vertices. By Lemma 9.2.1, this gadget has the succinct
unary signature (u') of type 71, where v’ = —(k — 1)(k — 2)[2b+ (k — 2)c][b? — 4bc — (k — 3)c?]. Since

u’ # 0, this signature is equivalent to (1). O

One of the failure conditions of Lemma 11.5.1 is when both a + (k — 1)b = 0 and b* — 4bc —
(k — 3)c? = 0 hold. In this case, (a,b,¢) = e{(—(k —1)(2+ vk +1),2+ sk +1,1). If ¢ = 0, then
a = b= c =0 and the signature is trivial. Otherwise, ¢ # 0. Then up to a nonzero factor of ¢, this
signature further simplifies to AD3 by taking the minus sign when x = 3. Just like AD3, we show
(in Lemma 11.5.3) that all of these signatures are #P-hard.

Similar to the proof of Theorem 10.2.7, we prove the hardness in Lemma 11.5.3 by reducing
from counting weighted Eulerian partitions. The succinct signature type 74 is a refinement of 7cjor,
S0 any succinct signature of type Tcolor can also be expressed as a succinct signature of type 74. In
particular, the succinct signature (2,1,0,1,0) of type Tcolor is written (2,0,1,0,0,0,1,0,0) of type

74. Then the following is a restatement of Corollary 10.2.6.

Corollary 11.5.2. Suppose k > 3 is the domain size. Let (2,0,1,0,0,0,1,0,0) be a succinct

quaternary signature of type t4. Then Pl-Holants((2,0,1,0,0,0,1,0,0)) is #P-hard.
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Figure 11.4: Quaternary gadget used in the interpolation construction below. All
vertices are assigned (—(k —1)v,7,1).

Lemma 11.5.3. Suppose k > 3 is the domain size and a,b,c € C. Let (a,b,c) be a succinct ternary

signature of type 73. If a + (k — 1)b =0 and b* — 4bc — (k — 3)c? = 0, then
(a,b,c) =c(—(k—1)2+evVr+1),2+evVr+1,1),

where € = £1, and Pl-Holant,({a, b, c)) is #P-hard unless ¢ = 0, in which case, the problem is

computable in polynomial time.

Proof. If ¢ = 0, then a = b = ¢ = 0 so the output is always 0. Otherwise, ¢ # 0. Up to a
nonzero factor of ¢, (a,b,c) can be written as (—(k — 1)(2 + evk + 1),2 + vk + 1,1) under the
given assumptions, where ¢ = £1.
Suppose k = 3. If e = —1, then we have (0,0,1) = AD3 and we are done by Theorem 10.2.7.
1-2 -2

Otherwise, ¢ = 1 and we have (8,—4,—1). Let T' = % [—% % —%], which is an orthogonal matrix.

It follows from Theorem 3.2.2 and Lemma 9.2.6 that
Pl-Holants((8, —4, —1)) = Pl-Holants(T®3(8, —4, —1)) = Pl-Holant3((0, 0, 1)),

so again we are done by Theorem 10.2.7.
Now we suppose k£ > 4. Let g = (2,0,1,0,0,0,1,0,0) be a succinct quaternary signature
of type 74. We reduce from Pl-Holant,(g) to Pl-Holant,({a,b,c)). Then by Corollary 11.5.2,
Pl-Holant, ({(a, b, c)) is #P-hard. We write this signature as (—(k—1)y, 7, 1), where v = 24+ev/k + 1.
Consider the gadget in Figure 11.4. We assign (—(k—1)7, 7, 1) to both vertices. By Lemma 9.2.3,
up to a nonzero factor of v — 1, this gadget has the succinct quaternary signature f of type 74,

where

f={k-DH=3"" —(k—2), 3y—1, 2y, 3y—-1, 2v, —(v=301° 2v, ~v+1).
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Now consider the recursive construction in Figure 10.3. We assign f to all vertices. Let fs be the
succinct signature of type 74 for the sth gadget in this recursive construction. The initial signature,
which is just two parallel edges, has the succinct signature fy = (1,0,0,0,0,0,1,0,0) of type 74.
We can express fs as M?® fy, where M is the matrix in Table 11.1.

Consider an instance € of Pl-Holant,(g). Suppose g appears n times in 2. We construct from
Q a sequence of instances €25 of Pl-Holant, (f) indexed by s > 0. We obtain Q4 from €2 by replacing
each occurrence of g with the gadget fs.

We can express M as (y — 1)3P~!AP, where P is the matrix in Table 11.2,

A =diag(—-1,-1,-1,-1,k =2,k — 2,k — 1,k — 1, \),

and \ = %. The rows of P are linearly independent since

det(P) = (v — 1)(k = 2)*(y = 1)°(y = 3)>y #£ 0.

For 1 <14 <9, let r; be the ith row of P. Notice that the initial signature fy and the target
signature g are orthogonal to the same set of row eigenvectors of M, namely {ry,r,rs,75,77,79}.
Up to a common factor of (7 —1)3, the eigenvalues for M corresponding to r4, r¢, and 7g (the three
row eigenvectors of M not orthogonal to fy) are —1, k — 2, and k — 1 respectively. Since xk > 4,
k—2 and k — 1 are relatively prime and greater than 1, so these three eigenvalues satisfy the lattice

condition. Thus by Lemma 11.3.6, we can interpolate g as desired. O

Remark. Although the matrices in Table 11.1 and Table 11.2 seem large, they are probably the
smallest possible to succeed in this recursive quaternary construction. In fact, for quaternary
signatures one would normally expect these matrices to be even larger since there are typically

fifteen different entries in a domain invariant signature of arity 4.

The other failure condition of Lemma 11.5.1 is when both a+ (k—1)b =0 and 2b+ (k—2)c =0
hold. In this case, (a,b,c) = c((k—1)(k—2), —(k—2),2). If this signature is connected to (1), then

the first entry of the resulting succinct binary signature of type 72 is (k—1)(k—2)-1—(k—2)-(k—1) =
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0 while the second entry is —(k — 2) -2+ 2 (k — 2) = 0. That is, the resulting binary signature is
identically zero. This suggests we apply a holographic transformation such that the support of the
resulting signature is only on x — 1 of the domain elements.

If ¢ =0, then a = b = ¢ = 0 and the signature is trivial. Otherwise, ¢ # 0. If kK = 3, then up to
a nonzero factor of ¢, this signature further simplifies to (2, —1,2), which is tractable by case 3 of

Corollary 11.1.3. Otherwise x > 4, and we show the problem is #P-hard.

Lemma 11.5.4. Suppose k > 4 is the domain size. Let f = ((k — 1)(k — 2),—(k — 2),2) be a
succinct ternary signature of type T3. Then Pl-Holant, (f) is #P-hard.

Proof. Consider the matrix T = [] 4] € GL,(C), where T" = yJ._1 + (z — y)lo—1 with z =

17
K+yvE—1 1 . 1 . . .
— i and y = NCESE After scaling by Jr We claim that 7" is an orthogonal matrix.

Let r; be the ith row of ﬁT. First we compute the diagonal entries of %TTT. Clearly rir] = 1.

For 2 <i < Kk, we have

1 1
7”7;7“2-:;[14-1’24-(%—2)@/2] :E[l—i-

(k4 Kk — 1)? k=2 |
(Vr 1 1)2 *wmm] -t

Now we compute the off-diagonal entries. For 2 <+ < k, we have

1 1 ktyVE—1 k-2
T_ oyl = |1 = 0.
R R R e ]

For 2 <1i¢ < j < K, we have

1
rirl = =
Kk

[1+21¢y+(/€—3)y2}=i[1—2(I€+\/E_1) k=3 :|:0

S ERNN
This proves the claim.

We apply a holographic transformation by 7" to the signature f to obtain f: T93 f, which does
not change the complexity of the problem by Lemma 3.2.2. Since the first row of T" is a row of all
1’s, the output of fon any input containing the first domain element is 0. When restricted to the
remaining x — 1 domain elements, fis domain invariant and symmetric, so it can be expressed as

a succinct ternary signature of type 73.
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Up to a nonzero factor of ﬁ, it can be verified that f = (—(k — 2)(2 + k), 2 + /&, 1).
One way to do this is as follows. We write f = (a,b,2) and T = [1 7] € GL,(C), where

T =yJe—1+ (x —y)I4—1. The entries of f are polynomials in  with coefficients from Zla,b,x,y].
The degree of these polynomials is at most 3 since the arity of f is 3. After computing the entries of
J?for domain sizes 3 < k < 6 as elements in Z[a, b, x, y], we interpolate the entries of fas elements
in (Z[a,b,z,y])[x]. Then replacing a,b, z,y with their actual values gives the claimed expression
for the signature.

Since k > 4, fis #P-hard by Lemma 11.5.3, which completes the proof. ]

At this point, we have achieved the broader goal of this section. For any a,b,c € C and domain
size k > 3, either Pl-Holant,({(a, b, c)) is computable in polynomial time, or Pl-Holant({a, b, c)) is
#P-hard, or we can use (a,b, c) to construct (1) (i.e. the reduction Pl-Holant, ({{a,b,c,), (1)} <r
Pl-Holant,((a,b,c)) holds). However, Lemma 11.5.4 is easily generalized and this generalization
turns out to be necessary to obtain our dichotomy.

Recall that connecting f = ((k — 1)(k — 2), —(k — 2),2) to (1) results in an identically zero
signature. This suggests that we consider the more general signature f: a(1)®34+3f for any a € C
and any nonzero 8 € C since this does not change the complexity (as we argue in Corollary 11.5.5).
For any a,b,c € C satisfying B = 0 (cf. (9.2.2)), if « = M and 8 = %, then f = (a,b,c).
We note that the condition 8 = 0 can also be written as (k — 2)(b — ¢) = b — a. We now prove a

dichotomy for the signature f

Corollary 11.5.5. Suppose k > 3 is the domain size and a,b,c € C. Let (a,b,c) be a succinct
ternary signature of type 3. If B = 0, then Pl-Holant, ({a, b, ¢)) is #P-hard unless b = ¢ or k = 3,

in which case, the problem is computable in polynomial time.

Proof. If b = ¢, then by 8 = 0, we have a = b = ¢, which means the signature is degenerate and
the problem is trivially tractable. If x = 3, then a = ¢ and the problem is tractable by case 3 of
Corollary 11.1.3. Otherwise b # c and k > 4.

Since B = 0, it can be verified that

2b+ (k —2)c —b+ec

K

(a,b,c) = (1>®3 -+

1 where f

(k—=1)(k—2),—(k —2),2).



260

We show that Pl-Holant,({(a, b, c)) is #P-hard iff Pl-Holant,(f) is. Since Pl-Holant,(f) is #P-hard
by Lemma 11.5.4, this proves the result.

Let G = (V, E) be a connected planar 3-regular graph with n = |V| and m = |E|. We can
view Holant, (G; (a, b, c)) as a sum of 2" Holant computations using the signatures o(1)®3 and 3.
Each of these Holant computations considers a different assignment of either a(1)®3 or 3f to each
vertex. Since connecting f to (1) gives an identically zero signature, if any connected signature
grid contains both a(1)®3 and Bf, then that particular Holant computation is 0. This is because a

®3 is equivalent to three vertices of degree one connected to the

vertex of degree three assigned (1)
same three neighboring vertices and each assigned (1). There are only two possible assignments
that could be nonzero. If all vertices are assigned a(1)®3, then the Holant is o”x™. Otherwise,

all vertices are assigned 3f and the Holant is 3" Holant, (G; f). Thus, Holant, (G; a(1)®3 + Bf) =

oK™ + " Holant, (G; f). Since 8 # 0, one can solve for either Holant value given the other. [

11.6 Interpolating All Binary Signatures of Type 7

In this section, we show how to interpolate all binary succinct signatures of type 7 in most settings.
We use two general techniques to achieve this goal. In Subsection 11.6.2, we use a generalization
of the anti-gadget technique that creates a multitude of gadgets. They are so numerous that one
is most likely to succeed. In Subsection 11.6.3, we introduce a new technique called Figenvalue
Shifted Triples (EST). These generalize the technique of Eigenvalue Shifted Pairs from [93], and we
use EST to interpolate binary succinct signatures in cases where the anti-gadget technique cannot
handle. There are a few isolated problems for which neither technique works. However, these
problems are easily handled separately in Lemma 11.6.1 in Subsection 11.6.1.

From Section 11.5, every problem fits into one of three cases: either (1) the problem is tractable,
(2) the problem is #P-hard, or (3) we can construct the succinct unary signature (1) of type ;.

Thus, many results in this section assume that (1) is available.
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11.6.1 Specific Cases

For some settings of a,b,c € C, Lemma 11.6.4 and Lemma 11.6.12 do not apply. However, these

settings are easily handled on a case-by-case basis.

Lemma 11.6.1. Suppose k > 3 is the domain size. Let F be a signature set containing the succinct

unary signature (1) of type 71 and any of the following succinct ternary signatures of type T3:

1. (k—2+ir/2(k — 2),k — 2,-2);
2. {(k—2)2 +irVK2 — 4, —2(k — 2),4);
3. (—(2k —3)[2(k — 2) L ik/2(k — 2)], —2(k — 3)(k — 2) L ir\/2(k — 2),4(2K — 3)) with K # 4;
4o (—K%+2,2,2);
5. (k% — 6K +6,—2(k — 3),6);
6. (k—3)(k—2)2 £ir(26 — 3)VKZ — 4, —3(k — 2)® FirVr2 — 4,2(5k — 6));
7. (—(k — 1)[5(k — 2) £ 3ik/2(k — 2)], —(k — 2)(3k — 5) £ ir+/2(k — 2),9x — 10);
8. ((k—1)[(k —2)(26 + 3) £ 36Vk% — 5K + 6], (k — 3)(k — 2) F kK2 — 5k + 6, =5k + 6);
9. (k= 1)[(k —2)(26 — 7) £3ikVK2 — k — 2], —(k — 2)(5k — 7) FirVK2 — k — 2,13k — 14);
10. (1,0, -2) with k = 3;
11. (£iV/2,0,1) with k = 3;
12. (=144v/2,0,1) with k = 3;
13. (=14 3iV/3,0,2) with k = 3;
Then

Pl-Holant,,(F U {{(z,y)}) <r Pl-Holant,(F)

for any x,y € C, where (x,y) is a succinct binary signature of type To.

Proof. In each case, we use the recursive construction in Figure 10.4. We simply state which
gadget we use, the signature of that gadget, and the eigenvalues of its associated recurrence matrix
(cf. Lemma 10.3.2). Then the result easily follows from Corollary 10.3.3 as the eigenvalues have
distinct complex norms.

We use three possible gadgets, which are in Figure 11.6a, Figure 9.7c, and Figure 9.8c. The

signatures for the last two gadgets are given by Lemma 9.2.7 and Lemma 9.2.8 respectively.
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1. For (k — 2 + m\/m,m — 2,-2), we first use the gadget in Figure 9.7c. Let v =
44 \/m Up to a nonzero factor of (772)72#, the signature of the gadget is (—1,1),
which means the eigenvalues are k — 2 and —2. If kK # 4, then these eigenvalues have distinct
complex norms. Otherwise, kK = 4 and we use the gadget in Figure 9.8c. Up to a factor of
4655364, the signature of this gadget is (1, —3), which means the eigenvalues are —8 and 4.

2. For ((k — 2)? & irnvVk2 — 4, —2(k — 2),4), we first use the gadget in Figure 9.7c. Let vy =
+iv/k2 — 4. Up to a nonzero factor of —4(k —2)k>(k? — 4y —8), the signature of this gadget is
(k? — 6K +4, —2(k —4)), which means the eigenvalues are —(x —2)? and k? —4k — 4. If kK > 5,
then these eigenvalues have opposite signs but cannot be the negative of each other. Thus,
they have distinct complex norms. The same conclusion holds for xk = 3 by direct inspection.
Otherwise, kK = 4 and we use the gadget in Figure 9.8c. Up to a factor of 2097152, the
signature of this gadget is (5, 1), which means the eigenvalues are 8 and 4.

3. For (—(2k —3)[2(k — 2) £ir\/2(k — 2)], —2(k — 3) (k — 2) £ ik\/2(k — 2),4(2x — 3)), we have
k # 4. We use the gadget in Figure 9.7c. Let v = :l:i\/m. Up to a nonzero factor of
—4(k—2)k%(3Kk —4)(4K? — 28k +41 —47(25—5)), the signature of the gadget is L (3k—4, K —4),
which means the eigenvalues are k — 2 and 2.

4. For (—k%+2,2,2), we use the gadget in Figure 9.7c. Up to a nonzero factor of (k — 2)x°, the
signature for this gadget is (k? + 2x — 4, —4), which means the eigenvalues are (k — 2)x and
K(k +2).

5. For (k? — 6K + 6, —2(k — 3),6), we use the gadget in Figure 9.7c. Up to a nonzero factor of
(k — 2)K®, the signature for this gadget is (k? + 2k — 4, —4), which means the eigenvalues are
(k —2)k and k(K + 2).

6. For ((k—3)(k—2)%+ir(2k—3)VKZ — 4, —3(k—2)%Firvk2 — 4,2(5k—6)), we use the gadget in
Figure 9.7c. Let v = #iv/k2 — 4. Up to a nonzero factor of (7 —2)%(y+2)%(k—2)k[7K% +60k —
164+8v(3k—10)], the signature of the gadget is (—x*+6x3+4k2—24k416, 2(k3—2k% 8K +8)),
which means the eigenvalues are \; = (k — 2)r (k% + 2k —4) and A = —r(k +2) (k% — 6K +4).
For 3 < k < 5, one can directly check that these eigenvalues have distinct complex norms.

For k > 6, we have Ay < 0, so these eigenvalues have the same complex norm preciously when
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A1 = —\a2. However, A\; + Ao = 43 # 0, so the eigenvalues have distinct complex norms.

For (—(k —1)[5(k — 2) £ 3ik+/2(k — 2)], —(k — 2)(3k — 5) £ ir\/2(k — 2), 9% — 10), we first
use the gadget in Figure 9.7c. Let v = ii\/m. Up to a nonzero factor of —(k —
2)(k — 1)K5[81K2 — 756k + 1252 — 24(9k — 26)7], the signature of this gadget is (5x — 6,k — 6),
which means the eigenvalues are k — 2 and 4. If k # 6, then these eigenvalues have distinct
complex norms. Otherwise, kK = 6 and we use the gadget in Figure 9.8c. Up to a factor
of —17199267840(1169 + 450i/2), the signature of this gadget is (7,13), which means the

eigenvalues are 72 and —6.

. For ((k—1)[(k —2)(2k + 3) £ 36Vk? — 5k + 6], (k — 3)(k — 2) F kK% — Bk + 6, =5k + 6), we

first use the gadget in Figure 9.7c. Let v = £vk2 — 5k + 6. Up to a factor of (k — 2)(k —
1)x5[313k2 — 1500k +1764—24(13x—30)~], the signature of this gadget is (k> —3x2+3, —Kk+3),
which means the eigenvalues are \; = (k — 2)%k and Ay = k(k? — 3k + 1). If kK > 4, these
eigenvalues are positive, so they have the same complex norm preciously when A1 = As.
However, A\ — A2 = —(k—3)k # 0, so the eigenvalues have distinct complex norms. Otherwise,
k = 3 and we use the gadget in Figure 9.8c. Up to a factor of 9565938, the signature of this

gadget is (5,2), which means the eigenvalues are 9 and 3.

. For (k= 1)[(k = 2)(26 = 7) £3ikVK? — k — 2], —(k — 2) (5 — T) FikVK? — Kk — 2,13k — 14),

we use the gadget in Figure 9.7c. Let v = #ivk2 —k —2. Up to a nonzero factor of
(k—2)(k—1)K5[119K% + 76K — T72+ 24(5K — 22)7], the signature of this gadget is (—k> + 7k —
4% —3,2K% — Tk —3), which means the eigenvalues are \| = (k—2)k? and Ay = —k(k?—5k—3).
For 3 < k < 5, one can directly check that these eigenvalues have distinct complex norms.
For k > 6, we have Ay < 0, so these eigenvalues have the same complex norm preciously when
A1 = —Xa. However, A\; + Xy = 3k(k+1) # 0, so the eigenvalues have distinct complex norms.
For (1,0, —2) with k = 3, we use the gadget in Figure 9.7c. Up to a factor of 3, the signature
of this gadget is (11, —4), which means the eigenvalues are 3 and 15.

For (+iv/2,0,1) with x = 3, we use the gadget in Figure 11.6a. The signature of this gadget
is <:|:iﬁ, 1), which means the eigenvalues are 2 + ivV2 and —1 + iv/2.

For (—1 +4/2,0,1) with x = 3, we use the gadget in Figure 11.6a. The signature of this
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gadget is (—1 4 4/2,1), which means the eigenvalues are 14 iv/2 and —2 £ /2.

13. For (—1 4 3i4/3,0,2) with x = 3, we use the gadget in Figure 9.7c. Up to a factor of 72, the
signature of this gadget is %(25i 13v/3, —544+/3), which means the eigenvalues are 5(1+i+/3)
and 2(5 +2v/3). O

11.6.2 E Pluribus Unum

In this subsection, we use Lemma 10.1.3 to prove our interpolation results. The main technical
difficulty is to satisfy the third condition of Lemma 10.1.3, which is to prove that some recurrence
matrix (that defines a sequence of gadgets) has infinite order up to a scalar. When the matrix has
a finite order up to a scalar, we can utilize this failure condition to our advantage by constructing
an anti-gadget (cf. Chapter 5), which is the “last” gadget with a distinct signature (up to a scalar)
in the infinite sequence of gadgets. To make sure that we construct a multitude of nontrivial
gadgets without cancellation, we put the anti-gadget inside another gadget (contrast the gadget in
Figure 11.5 with the gadget in Figure 11.6b). From among this plethora of gadgets, at least one
must succeed under the right conditions.

Although this idea works quite well in that some gadget among those constructed does succeed,
we still must prove that one such gadget succeeds in every setting. We aim to exhibit a recurrence
matrix whose ratio of eigenvalues is not a root of unity. We consider three related recurrence
matrices at once. The next two lemmas consider two similar situations involving the eigenvalues
of three such matrices. When applied, these lemmas show that some recurrence matrix must have
eigenvalues with distinct complex norms, even though exactly which one among them succeeds may

depend on the parameters in a complicated way.

Lemma 11.6.2. Let dy,d1,do, ¥ € C. If dy, d1, and dy have the same argument but are distinct,

then for all p € R, there exists i € {0,1,2} such that |V + d;| # p.

Proof. Assume to the contrary that there exists p € R such that |V +d;| = p for every i € {0,1,2}.
In the complex plane, consider the circle centered at the origin of radius p. Each ¥+ d; is a distinct
point on this circle as well as a distinct point on a common line through ¥. However, the line

intersects the circle in at most two points, a contradiction. O
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Lemma 11.6.3. Let dy,di,do, W € C. If dy, di, and do have the same complex norm but are
distinct and W # 0, then for all p € R, there exists i € {0,1,2} such that |V + d;| # p.

Proof. Let ¢ = |dg|. Assume to the contrary that there exists p € R such that |¥ 4 d;| = p for every
i € {0,1,2}. In the complex plane, consider the circle centered at the origin of radius p and the
circle centered at W of radius ¢. Since ¥ # 0, these circles are distinct. Each ¥ + d; is a distinct

point on both circles. However, these circles intersect in at most two points, a contradiction. [

Now we use Lemma 11.6.2 and Lemma 11.6.3 as well as our generalization of the anti-gadget

technique to establish a crucial lemma.

Lemma 11.6.4. Suppose k > 3 is the domain size and a,b,c,w € C. Let F be a set of signatures
containing the succinct binary signature (w + k — 1L,w — 1) of type 7o and the succinct ternary
signature {a,b,c) of type T3. If the following three conditions are satisfied:
1. w ¢ {0,£1},
2. #0, and
3. at least one of the following holds:
(i) €=0 or
(ii) €% = wB2 for some £ € {0,1} but either €2 # A2 or k # 3,
then

Pl-Holant, (F U {(x,y)}) <r Pl-Holant, (F)
for any x,y € C, where (z,y) is a succinct binary signature of type To.

We use this lemma to establish that various 2-by-2 recurrence matrices have infinite order
modulo scalars. When applied, w will be the ratio of two eigenvalues, one of which is a multiple of

B or B? by a nonzero function of k.

oVo(2
Proof of Lemma 11.6.4. Let ® = %—22 and U = & %22)9‘ . Consider the recursive construction in

Figure 10.4. After scaling by a nonzero factor of x, we assign f = %(w—l—m— 1,w—1) to every vertex.
Let fs be the succinct binary signature of type m for the sth gadget in this construction. We can

express fs as M®[}], where M = % w:izl ()({;;%Z;P} = H 1;“] [49] H 1;”]_1 by Lemma 10.3.2.
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Figure 11.5: Binary gadget that generalizes the anti-gadget technique. The circle
vertices are assigned (a,b,c) while the square and triangle vertices are each assigned
the signature of some gadget.

Then f, = %(ws + Kk — 1,w® — 1). The eigenvalues of M are 1 and w, so the determinant of M is
w # 0. If w is not a root of unity, then we are done by Corollary 10.3.3.
Otherwise, suppose w is a primitive root of unity of order n. Since w # 41 by assumption,

n > 3. Now consider the gadget in Figure 11.5. We assign (a,b,c) to the circle vertices, f, =

%(wT + Kk — 1,w" — 1) to the square vertex, and fs = %(ws + k — 1,w® — 1) to the triangle vertex,
where r,s > 0 are parameters of our choice. By Lemma 9.2.5, up to a nonzero factor of %2, this

gadget has the succinct binary signature
flrs) =2(@w ™ + (k- 1) (W +w’ + ¥+ 1), P — (W +w®+ T +1)+ k)

of type 2. Consider using this gadget in the recursive construction of Figure 10.4. Let f;(r,s) be
the succinct binary signature of type 7o for the tth gadget in this recursive construction. Then
fi(r,s) = f(r,s) and fi(r,s) = (M(r,s))" [}§], where the eigenvalues of M(r,s) are dw™ + x — 1
and w" +w®+ ¥ by Lemma 10.3.2. Thus, the determinant of M (r, s) is (Pw" s +k—1)(w" +w*+ ).
Since ® is either 0 or a power of w by condition 3, the first factor is nonzero for any choice of r and
s. However, for some r and s, it might be that g(r,s) = w" +w® + ¥ = 0.

Suppose ¥ = 0. We consider the two possible cases of ® in order to finish the proof under this

assumption.

1. Suppose ® = 0. Consider the gadget M(0,1). The determinant of M (0,1) is nonzero since
9(0,1) # 0 and the ratio of its eigenvalues is not a root of unity because they have distinct
complex norms. Thus, we are done by Corollary 10.3.3.

2. Suppose & = w* for some ¢ € {0,1}. Consider the gadget M (n—¢,n—¢). The determinant of

M (n—¥¢,n—{) is nonzero since g(n—¥¢,n—¥¢) # 0 and the ratio of its eigenvalues is not a root
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of unity because they have distinct complex norms. Thus, we are done by Corollary 10.3.3.

Otherwise, ¥ # 0. We claim that g(r, s) = 0 can hold for at most one choice of , s € Z;, (modulo
the swapping of  and s). To see this, consider ri, s1, 72, s2 such that g(r1,s;) = 0 = g(re, s2). Then
w4+ Wt = —U = W™ + w2, By taking complex norms and applying the law of cosines, we have
cos 01 = cos b, where §; = arg(w®~"7) is the angle from w" to w® for j € {1,2}. Thus, 6; = 6.
Since ¥ # 0, we have 0; # +m. If §; = 0o, then W (1 4 1) = W™ (1 + €¥1). Since 6; # 4, the
factor 1+ et is nonzero. After dividing by this factor, we conclude that r; = r9 and thus s; = ss.
Otherwise, §; = —63. Then w™ (1 + eiel) =w2(1+ e1) and we conclude that 71 = so and 57 = 9.
This proves the claim.

Suppose n > 4 and let Sop = {(0,0),(1,n — 1),(2,n — 2)} and S; = {(1,1),(2,0),(3,n — 1)}.
Then ¢(r,s) = 0 holds for at most one (r,s) € Sp U Sy. In particular, g(r,s) is either nonzero for
all (r,s) € Sy or nonzero for all (r,s) € S;. Pick j € {0,1} such that g(r,s) is nonzero for all
(r,s) € S;. By Lemma 11.6.2 with d; = (w' + w™*)w’ and p = |Pw? + K — 1], there exists some
(r,s) € S; such that the eigenvalues of M(r,s) have distinct complex norms, so we are done by
Corollary 10.3.3.

Otherwise, n = 3. We consider the two possible cases of ® in order to finish the proof.

1. Suppose ® = 0. Let S; = {(0,4),(1,5+1),(2,7+2)}. Then g(r,s) = 0 holds for at most one

(r,s) € SpUS;. In particular, g(r,s) is either nonzero for all (r,s) € Sy or nonzero for all
(r,s) € Si. Pick j € {0,1} such that g(r,s) is nonzero for all (r,s) € Sj. By Lemma 11.6.3
with d; = (1 +w’)w’ and p = K — 1, there exists some (r, s) € S; such that the eigenvalues of
M (r, s) have distinct complex norms, so we are done by Corollary 10.3.3.

2. Suppose ® = w?* for some ¢ € {0, 1} but either €2 # A% or s # 3. Note that this is equivalent
to ® # ¥ or k # 3. Consider the set S = {(0,0),(0,1),(0,2),(1,1),(1,2),(2,2)}. If there
exists some (r,s) € S such that g(r,s) # 0 and the eigenvalues of M(r,s) have distinct
complex norms, then we are done by Corollary 10.3.3.

Otherwise, for every (r,s) € S, either g(r,s) = 0 or the eigenvalues of M (r, s) have the same
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complex norm. If the latter condition were to always hold, then we would have

240 = w%—l—/@—l‘ = -1+,
’2w2+‘1/‘ = w2£+1+/§—1‘ = ‘—w2+\11‘,and
2w+ V| = w2£+2+n—1‘:]—w+\m,

where each equality corresponds to one of the six M (r, s) having eigenvalues of equal complex
norm for (r,s) € S. Of the six equalities, at most one may not hold since g(r,s) = 0 for at
most one (r,s) € S. Since n = 3, two of the three terms of the form |[w**™ + k — 1| must be

equal, so we can write the stronger condition

‘2w2+\11w£‘ =|lw+r—1 = ‘—w2 +\Ifw£‘
I (11.6.4)

’2w+\11wz‘ = ‘wQ—i—f@—l‘ = ‘—w#—\lfwz‘.

As it is, one of the horizontal equalities in (11.6.4) may not hold. However, even without one
of these equalities, we can still reach a contradiction.

We show that Ww’ € R even if one of the equalities in (11.6.4) does not hold. In fact, either the
left or the right half of the equalities in (11.6.4) hold. In the first case, |2w?+¥w’| = |2w+Tw’|
holds and we get Ww! € R. Similarly in the second case, |—w? + ¥w’| = |—w + ¥w’| holds and
we get Ww! € R as well. Next, we use real and imaginary parts to calculate the complex norms
even if one of the equalities in (11.6.4) does not hold. Either the top half of the equalities
hold and thus |2w? + ¥w’| = |—w? + Tw’|, or the bottom half of the equalities hold and thus

12w 4+ Ww| = |~w + Vw’|. In any case, it readily follows that Ww’ = 1. This implies ¥ = w?¢,
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1 =
(2) (b)

Figure 11.6: Binary gadgets used to interpolate any succinct binary signature of type
To. The circle vertices are assigned (a, b, ¢) and the square vertex is assigned (1).

so we can rewrite (11.6.4) as

V3=lw+r—1=V3
I

\/§:}w2+m—1‘:\/§,

where at most one equation may not hold. This forces x = 3. However, ® = w? = ¥ and

Kk = 3 is a contradiction. O
The previous lemma is strong enough to handle the typical case.

Lemma 11.6.5. Suppose k > 3 is the domain size and a,b,c € C. Let F be a signature set
containing the succinct ternary signature (a,b,c) of type 73 and the succinct unary signature (1) of
type . If

1. %8 #0,

2. €#0,

3. €2 £ B2, and

4. either €2 £ A% or k # 3,
then

Pl-Holant, (F U {(z,y)}) <r Pl-Holant,(F)

for any x,y € C, where (x,y) is a succinct binary signature of type a.

Proof. Let w = %, which is well-defined. Consider the gadget in Figure 11.6a. We assign (a, b, c)

to the circle vertex and (1) to the square vertex. Up to a nonzero factor of %, this gadget has the
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succinct binary signature
%<a+(;@— 1)b,2b+ (5 — 2)c) = {w + K — 1,0 — 1)

of type 7. Then we are done by Lemma 11.6.4 with £ =1 in case (ii) of condition 3. O

If B = 0, then we already know the complexity by Corollary 11.5.5. The other failure conditions

from the previous lemma are:

¢ — B =k[2b+ (k — 2)c] = 0; (11.6.5)

C+ B =2a+ 22k —3)b+ (k —2)%c = 0; (11.6.6)

¢ =0; (11.6.7)

k=3and € —2A =0, or equivalently k=3 and b = 0; (11.6.8)
k=3 and €+ A =0, or equivalently k=3 and 2a + 3b+ 4c = 0. (11.6.9)

Notice that these five failure conditions are linear in a, b, c.

By starting the proof with a different gadget, Lemma 11.6.4 can handle the first three failure
conditions. The last two failure conditions require a new idea, Eigenvalue Shifted Triples, which
we introduce in Subsection 11.6.3. In fact, these two cases are equivalent under an orthogonal
holographic transformation.

The next lemma considers the failure condition in (11.6.5). Note that € = B iff the signature
can be written as (2a, —(k — 2)c, 2¢) up to a factor of 2. The first excluded case in Lemma 11.6.6

is handled by Corollary 11.5.5 and the last two excluded cases are tractable by Corollary 11.1.4.

Lemma 11.6.6. Suppose k > 3 is the domain size and a,c € C. Let F be a signature set containing
the succinct ternary signature (2a, —(k — 2)c, 2¢) of type 13 and the succinct unary signature (1) of
type 1. If

1. 2a # (k — 1)(k — 2)c,

2. 4a # (k? — 6K + 4)c, and

3. c#0,
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then

Pl-Holant,,(F U {(z,y)}) <r Pl-Holant,(F)

for any x,y € C, where (x,y) is a succinct binary signature of type To.

Proof. Note that when 2b = —(k — 2)¢, we have B = € = 2a — (k — 1)(k — 2)c by (11.6.5), which
is nonzero by condition 1 of the lemma. Let wy = 4a® + (k — 2)[4ac + (262 + k — 2)c?] and assume
wg # 0. Then let w = f—j # 0. By conditions 2 and 3, it follows that w # 1. Also we note that
when 2b = —(k — 2)c, we have 22 = 2a + (3k — 2)c and 2€ = 2a — (kK — 1)(k — 2)c. By the same
conditions, 2 and 3, we have €2 # A?. We further assume that w # —1, which is equivalent to
8a? — 4(k — 2)%ac+ (k — 2) (k3 — 2k + 6K — 4)c2 # 0.

Consider the gadget in Figure 11.6b. We assign (2a,—(k — 2)c,2c¢) to the vertices. Up to a
nonzero factor of “2, this gadget has the succinct binary signature

i

w0<4a2+(f€—1)(/@—2)(35—2)02, —(k —2)[4ac — (K2 =6k +4)*]) = (wWH+r—1, w—1)

of type 7. Then we are done by Lemma 11.6.4 with ¢ = 0 in case (ii) of condition 3.
Now we deal with the following exceptional cases.
1. If wg = 0, then 2a = —[Ii -2+ m\/m] c. Up to a nonzero factor of —c¢, we have
—1(2a,—(k—2)c,2¢) = (k—24ir\/2(k — 2), k—2, —2) and are done by case 1 of Lemma 11.6.1.
2. If 8a® — 4(k — 2)%ac + (k — 2)(k® — 2k% 4 6K — 4)c? = 0, then 4a = [(k — 2)% £ irVk2 — 4]c.

Up to a nonzero factor of §, we have
2
Z(2a,—(k —2)c,2¢) = ((k — 2)? £ irnV K2 — 4, —2(k — 2),4)
c

and are done by case 2 of Lemma 11.6.1. O

The next lemma considers the failure condition in (11.6.6). Note that € = —9B iff the signa-
ture can be written as (—2(2x — 3)b — (k — 2)%¢,2b,2c) up to a factor of 2. The first excluded
case in Lemma 11.6.7 is handled by Corollary 11.5.5 and the last excluded case is tractable by

Corollary 11.1.7.
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Lemma 11.6.7. Suppose k > 3 is the domain size and a,b € C. Let F be a signature set containing
the succinct ternary signature (—2(2k — 3)b — (k — 2)2¢,2b,2¢) of type T3 and the succinct unary
signature (1) of type 1. If

1. 2b # —(k —2)c and

2. k#4 or 5b% + 2bc + 2 # 0,
then

Pl-Holant, (F U {(x,y)}) <r Pl-Holant, (F)
for any x,y € C, where (z,y) is a succinct binary signature of type To.

Proof. Note that when 2a = —2(2k — 3)b — (k — 2)%¢, we have B = —€ by (11.6.6) and 2B =
—k[2b + (K — 2)c], which is nonzero by condition 1 of the lemma. Let wy = 8(2k — 3)b? + (k —
2) [8(k — 3)bc + (k* — 6k + 12)c?] and assume wy # 0. Then let w = %’?2)0]2. By condition 1,
w # 0. Tt can be shown that x[2b+ (k —2)c]? = wp is equivalent to (b—¢)[3b+ (k — 3)c] = 0. Thus,
assume b # c and 3b # —(k—3)c. Then w # 1. Also we note that when 2a = —2(2k—3)b— (k—2)2c,
we have 22 = —k[4b + (k — 4)c] and 2€ = k[2b + (k — 2)c]. By the same assumptions, b # ¢
and 3b # —(k — 3)c, we have €2 # 2. Further assume that w # —1, which is equivalent to
2(5k — 6)b + (k — 2)[6(k — 2)bc + (k2 — 4Kk + 6)c?] # 0.

Consider the gadget in Figure 11.6b. We assign (—2(2x — 3)b — (k — 2)2c, 2b, 2¢) to the vertices.

Up to a nonzero factor of %2, this gadget has the succinct binary signature wio (x,y) = (w+r—1,w—1)

of type 19, where

z =44k — 9k + 6)b” + (K — 2) [4(rk — 2)(2K — 3)be + (K® — 6K% + 16K — 12)c?] and

y=—4(k —2) [3b° + (kK — 6)bc — (k — 3)c?] .

Then we are done by Lemma 11.6.4 with ¢ = 0 in case (ii) of condition 3.
Now we deal with the following exceptional cases.

1. If wgp = 0, then we have —4(2x — 3)b = [2(k — 3)(k — 2) £ ir\/2(k — 2)]c but k # 4 by
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condition 2 since otherwise wy = 8(5b% + 2bc + ¢2) # 0. Up to a nonzero factor of 2(Tc_3),

2(2k — 3)

= (=26 =3)[2(k = 2) FirV2(k — 2)], —2(k—3)(k—2) Fir/2(k—2), 4(2k—3))

(—2(2k — 3)b — (k — 2)%¢c, 2b, 2¢)

and are done by case 3 of Lemma 11.6.1.

2. If b = ¢, then up to a nonzero factor of ¢, we have 1(—2(2x — 3)b — (k — 2)%¢,2b,2¢) =
(=K% +2,2,2) and are done by case 4 Lemma 11.6.1.

3. If 3b = —(k—3)c, then up to a nonzero factor of £, we have 2(—2(2k—3)b— (k—2)%c, 2b,2¢) =
(k? — 6K + 6, —2(k — 3),6) and are done by case 5 of Lemma 11.6.1.

4. If 2(5k — 6)b% + (k — 2)[6(k — 2)bc + (k* — 4k + 6)c?] = 0, then —2(5k — 6)b = [3(k — 2)? +

ikVKk?2 — 4|c. Up to a nonzero factor of ot

5”0_ O/ a2k — 3)b— (5 — 2)2c, 26, 2¢)
= ((k—3)(k—2)2+ir(26 —3)VK2 -4, —3(k—22FirVr2—4, 2(5k—6))
and are done by case 6 of Lemma 11.6.1. O

The next lemma considers the failure condition in (11.6.7). Note that € = 0 iff the signature
can be written as (—3(k—1)b— (k—1)(k—2)c, b, c). The excluded case in Lemma 11.6.8 is handled

by Corollary 11.5.5.

Lemma 11.6.8. Suppose k > 3 is the domain size and b,c € C. Let F be a signature set containing
the succinct ternary signature (—3(k —1)b— (k — 1)(k — 2)c, b, ¢) of type T3 and the succinct unary

signature (1) of type 1. If 2b # —(k — 2)c, then

Pl-Holant, (F U {(x,y)}) <r Pl-Holant,(F)

for any x,y € C, where (x,y) is a succinct binary signature of type To.

Proof. Note that when a = —3(k—1)b— (k —2)(k —1)c, we have € = 0 and 28 = —x[2b+ (k —2)(],
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which is nonzero by assumption. Let wg = (95 — 10)b? + (k — 2)[2(3K — 5)bc + (k? — 4k + 5)c?] and

(k—1)[2b4+(k—2)c]?
wo

assume wg # 0. Then let w = . By assumption, w # 0. Assume w # 1, which is
equivalent to —(5x — 6)b% — (k — 3)(k —2)(2b—c)c # 0. Further assume w # —1, which is equivalent
to (13k — 14)b? + (k — 2)[2(5k — T)bc + (2K — Tk + T)c?] # 0.

Consider the gadget in Figure 11.6b. We assign (—3(k—1)b—(k—1)(k—2)c, b, ¢) to the vertices.
Up to a nonzero factor of wy, this gadget has the succinct binary signature wio (r,y) = (w+r—1,w—1)

of type 7o, where

z = (k—1) {33k — 2)b% + (k — 2) [6bc + (k* — 3k + 3)c?] } and

y = —(55 — 6)b* — (kK — 3)(k — 2)(2b — c)c.

Then we are done by Lemma 11.6.4 via case (i) of condition 3.
Now we deal with the following exceptional cases.
1. If wg = 0, then —(9x — 10)b = [(k — 2)(3k — 5) £ ik\/2(k — 2)]c. Up to a nonzero factor of

910> We have

9k — 10
c

= (—(k—1)[5(k — 2) F 3ir/2(k — 2)], —(k—2)(Bk —5) Firy/2(k—2), 9x— 10)

(=3(k —1)b— (k —1)(k — 2)c, b, c)

and we are done by case 7 of Lemma 11.6.1.
2. If —(55—6)b*— (k—3)(k—2)(2b—c)c = 0, then —(55—6)b = [(k—3)(k—2)£KrV K2 — 5k + 6]c.

Up to a nonzero factor of —=—“+, we have

_5/&—6
c

= ((k—1) [(/—; —2)(26+3) F3kV K2 — bk + 6] ,  (k=3)(k—2)£kVK? =Bk +6, —b5K+6)

(=3(k —1)b— (k —1)(k —2)e, b, c)

and are done by case 8 Lemma 11.6.1.
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3. If (13k — 14)b2 + (k — 2)[2(5k — T)bc + (2k% — Tk + 7)c?] = 0, then
—(13k — 14)b = [(k — 2)(5r — T) £ ikV K2 — k — 2]c.

Up to a nonzero factor of we have

__ ¢
13xk—14>

13k — 14
c

= ((k—1) [(Ii —2)(2k = 7) £ 3ikV K2 — Kk — 2] , —(k—=2)(br—T)FirV K? — Kk —2, 13k—14)

(=3(k—1)b— (k—1)(k — 2)c,b,c)

and are done by case 9 of Lemma 11.6.1. O

11.6.3 Eigenvalue Shifted Triples

To handle failure conditions (11.6.8) and (11.6.9) from Lemma 11.6.5, we need another technique.
We introduce an Eigenvalue Shifted Triple, which extends the concept of an Eigenvalue Shifted

Pair.

Definition 11.6.9 (Definition 4.6 in [93]). A pair of nonsingular matrices M, M’ € C?*? is called

an Figenvalue Shifted Pair if M’ = M + 461 for some nonzero § € C, and M has distinct eigenvalues.

Eigenvalue shifted pairs were used in [93] to show that interpolation succeeds in most cases
since these matrices correspond to some recursive gadget constructions and at least one of them
usually has eigenvalues with distinct complex norms. In [93], it is shown that the interpolation
succeeds unless the variables in question take real values. Then other techniques were developed to
handle the real case. We use Eigenvalue Shifted Pairs in a stronger way. We exhibit three matrices
such that any two form an Eigenvalue Shifted Pair. Provided these shifts are linearly independent
over R, this is enough to show that interpolation succeeds for both real and complex settings of the

variables. We call this an Eigenvalue Shifted Triple.

Definition 11.6.10. A trio of nonsingular matrices My, M7, My € C?*2 is called an Figenvalue
Shifted Triple (EST) if My has distinct eigenvalues and there exist nonzero 01,92 € C satisfying
S & R such that My = Mo + 611, and My = My + 6 1.
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If My, My, and My form an Eigenvalue Shifted Triple, then any permutation of the matrices is
also an Eigenvalue Shifted Triple.

The proof of the next lemma is similar to the proof of Lemma 4.7 in [94].

Lemma 11.6.11. Suppose «, 3,061,609 € C. If a # (3, d1,02 # 0, and g—; Z R, then |a| # |B| or
lao+ 81| # |8+ 61| or |+ 02| # |8 + ol

Proof. Assume for a contradiction that |o| = |B|, o+ 01| = |8 + 61|, and |« + da2| = |B + d2|. After
a rotation in the complex plane, we can assume that a = §. Note that all of our assumptions are

unchanged by this rotation. For i € {1,2}, we have

(a+8)(a+6)=|a+ 6
= |6+ [

= (B+6)(B+0;) = (@+ ) (a+ ).

This implies (@—a)(5;—d;) = 0. Since a # 3 = @, we have §; € R. Then g—; € R, a contradiction. [J

The next lemma considers the failure condition in (11.6.8), which is kK = 3 and b = 0, so the
signature has the form (a,0,¢). If a = 0, then the problem is already #P-hard by Theorem 10.2.7.
If ¢ = 0, then the problem is tractable by case 1 of Corollary 11.1.3. If a® = ¢3, then the problem

is tractable by Corollary 11.1.5.

Lemma 11.6.12. Suppose the domain size is 3 and a,c € C. Let F be a signature set containing

the succinct ternary signature {a,0,c) of type T3 and the succinct unary signature (1) of type 71. If

ac # 0 and a® # 3, then
Pl-Holantz(F U {(z,y)}) <r Pl-Holants(F)

for any x,y € C, where (z,y) is a succinct binary signature of type To.

Proof. Assume 2a + ¢ # 0 and let w = 5(222-25) Assume a? 4 2¢? so that w # 0. Further assume

a? + 2ac + 3c¢® # 0 so that w? # 1 as well as a® + ac + 7c? # 0 so that w? # 1. Note that these
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b )

Figure 11.7: Alternative recursive construction to interpolate a binary signature
(cf. Figure 10.4). Circle vertices are assigned (a, b, c) and the square vertex is assigned

(1).

Ns+1

conclusions also require a # ¢ and a® # ¢ respectively.

Consider using the recursive construction in Figure 11.7. The circle vertices are assigned (a, 0, ¢)
and the square vertex is assigned (1). Let z = ¢, which is well-defined by assumption. The succinct
signature of type 7o for the initial gadget Ny in this construction is (a,c). Up to a nonzero factor
of a, this signature is fo = 1(a,c) = (1,2). Then up to a nonzero factor of ¢(2a + c), the succinct

signature of type 7 for the sth gadget in this construction is fy = (w¥, 2z) = M*fy, where

1 a? + 2c2 0 w 0

M:27
c(2a+c) 0 c(2a + c) 0 1

Clearly M is nonsingular. The determinant of [fo M fo] = [¢ %] is 2(1 —w) # 0. If w is not a
root of unity, then we are done by Lemma 10.1.3.

Otherwise, suppose w is a primitive root of unity of order n. By assumption, n > 4. Now
consider the recursive construction in Figure 10.4. We assign fs to every vertex, where s > 0 is a
parameter of our choice. Let g;(s) be the signature of the tth gadget in this recursive construction
when using fs. Then gi(s) = fs and g:(s) = (N(s))" [§], where N(s) = [ ,?%.].

By Lemma 10.3.2, the eigenvalues of N(s) are w®+ 2z and w® — z, which means the determinant
of N(s) is (w®+2z)(w® — z). Each eigenvalue can vanish for at most one value of s € Z,, since both
eigenvalues are linear polynomials in w® that are not identically 0. Furthermore, at least one of the
eigenvalues never vanishes for all s € Z,, since otherwise 1 = |z| = %

Thus, at most one matrix among N(0), N(1), N(2), and N(3) can be singular. Pick distinct

Jyk, € €{0,1,2,3} such that N(j), N(k), and N(¢) are nonsingular. To finish the proof, we show
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that N(j), N(k), and N(¢) form an Eigenvalue Shifted Triple. Then by Lemma 11.6.11, at least one
of the matrices has eigenvalues with distinct complex norms, so we are done by Corollary 10.3.3.

The eigenvalue shift from N(j) to N(k) is §; = w/(w*™J — 1), which is nonzero since j and
0k

k are distinct in Z,. Assume for a contradiction that 5]7@ € R, which is equivalent to arg(d; ;) =
Js
arg(£d;¢). Then we have
arg (M*j - 1) = arg (i(wH - 1)) . (11.6.10)

In the complex plane, any nonzero x — 1 € C with |z| = 1 lies on the circle of radius 1 centered at
(—=1,0). Such z satisfy § < arg(z — 1) < 37” Thus, the argument of z — 1 is unique, even up to
a sign, contradicting (11.6.10). Therefore, M;, My, and M, form an Eigenvalue Shifted Triple as
claimed.
Now we deal with the following exceptional cases.
1. If 2a + ¢ = 0, then up to a nonzero factor of a, we have %(a, 0,c¢) = (1,0,—2) and are done
by case 10 of Lemma 11.6.1.
2. If a4 2¢? = 0, then a = +iv/2¢. Up to a nonzero factor of ¢, we have %(a, 0,c) = (+iv/2,0,1)
and are done by case 11 of Lemma 11.6.1.
3. If a? + 2ac+ 3¢ = 0, then a = ¢(—1+14v/2). Up to a nonzero factor of ¢, we have 1(a,0,c) =
(—=14iv/2,0,1) and are done by case 12 of Lemma 11.6.1.
4. If a®> + ac + 7c® = 0, then 2a = ¢(—1 £ 3iv3). Up to a nonzero factor of §, we have

2(a,0,c) = (—1£3iV/3,0,2) and are done by case 13 of Lemma 11.6.1. O
The next lemma considers the failure condition in (11.6.9). Since this failure condition is just

a holographic transformation of the failure condition in (11.6.8), the excluded cases in this lemma

are handled exactly as those preceding Lemma 11.6.12.

Lemma 11.6.13. Suppose the domain size is 3 and b,c € C. Let F be a signature set containing

the succinct ternary signature (—3b — 4c, 2b,2c¢) of type 13 and the succinct unary signature (1) of
. 1-2-2
type 1. Assume T®3(—3b — 4c,2b,2¢) = (a,b,¢), where T = [—% %—ﬂ If aé # 0 and 6> # é3,

then

Pl-Holants(F U {(x,y)}) <r Pl-Holants(F)
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for any x,y € C, where (z,y) is a succinct binary signature of type To.

Proof. By Lemma 9.2.6 with x = 1 and y = —2, we have b = 0. Thus after a holographic
transformation by T, we are in the case covered by Lemma 11.6.12. Since T is orthogonal after

scaling by %, the complexity of these problems are unchanged by Lemma 3.2.2. O
We summarize this section with the following lemma.

Corollary 11.6.14. Suppose the domain size is k > 3 and a,b,c € C. Let F be a signature set
containing the succinct ternary signature (a,b,c) of type 73 and the succinct unary signature (1) of
type T1. Then

Pl-Holant, (F U {(x,y)}) <r Pl-Holant,(F)

for any x,y € C, where (z,y) is a succinct binary signature of type To, unless
e B5=0 or

o there exist \ € C and T € {I, kI, — 2J,} such that

T®3X(1,0,0), or

T®3)(0,0,1) and k = 3, or
{(a,b,c) =

T®3)\(1,0,w) and k = 3 where w® =1, or

T3Np?, 1, 1) and k = 4 where p = —1 =+ 2i.

Proof. If failure condition (11.6.5), (11.6.6), (11.6.7), (11.6.8), or (11.6.9) holds, then we are done
by Lemma 11.6.6, Lemma 11.6.7, Lemma 11.6.8, Lemma 11.6.12, or Lemma 11.6.13 respectively,
with the various excluded cases listed. If none of (11.6.5), (11.6.6), (11.6.7), (11.6.8), and (11.6.9)

hold, then we are done by Lemma 11.6.5. O

11.7 Puiseux series, Siegel’s Theorem, and Galois theory

This section covers the last stage of our hardness proof, which assumes that all succinct binary

signatures of type 7o are available. Among the ways we utilize this assumption is to build the
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Figure 11.8: Local holographic transformation gadget construction for a ternary signa-
ture.

gadget known as a local holographic transformation (see Figure 11.8), which is the focus of Sub-
section 11.7.1. Then in Subsection 11.7.2, our efforts are largely spent proving that a certain
interpolation succeeds. To that end, we employ Galois theory aided by an effective version of
Siegel’s theorem for a specific algebraic curve, which is made possible by analyzing Puiseux series

expansions.

11.7.1 Constructing a Special Ternary Signature

We construct one of two special ternary signatures. Either we construct a signature of the form
(a, b, by with a # b and can finish the proof with Corollary 10.3.7 or we construct (3(k—1),k—3, —3).
With this latter signature, we can interpolate the weighted Fulerian partition signature.

A key step in our dichotomy theorem occurred back in Section 10.3 through Lemma 10.3.6 with
the Bobby Fischer gadget. To apply this lemma, we need to construct a gadget with a succinct
ternary signature of type 73 such that the last two entries are equal and different from the first.
This is the goal of the next lemma, which assumes B # 0. We will determine the complexity of

the case B = 0 in Corollary 11.5.5 without using the results from this section.

Lemma 11.7.1. Suppose k > 3 is the domain size and a,b,c € C. Let F be a signature set
containing the succinct ternary signature (a,b,c) of type T3 and the succinct binary signature (x,y)

of type 1o for all xz,y € C. If AB # 0, then there exist a’,b' € C satisfying a’ # b’ such that

Pl-Holant(F U {{(d’,b',V')}) <1 Pl-Holant,(F)

where (a', b, V') is a succinct ternary signature of type 3.
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Proof. Consider the gadget in Figure 11.8. We assign (a, b, ¢) to the circle vertex and (x,y) to the
square vertices for some x,y € C of our choice, to be determined shortly. By Lemma 9.2.6, the

succinct ternary signature of type 73 for the resulting gadget is (a’, ¥, ¢), where
d =V =(x—y)?29+ Az —y)] and V—d=(z—y)>*D

with ® = (b—¢)(z —y) + By. We pick 2 = B+ y and y = —(b — ¢) so that © = 0 and thus
b —c = 0. Then the first difference simplifies to a’ —b" = 2AB3 # 0. This signature has the desired

properties, so we are done. O

The previous proof fails when 2l = 0 because such signatures are invariant set-wise under this
type of local holographic transformation. With the exception of a single point, we can use this

same gadget construction to reduce between any two of these points.

Lemma 11.7.2. Suppose k > 3 is the domain size and b,c,s,t € C. Let F be a signature set
containing the succinct ternary signature (3b — 2¢, b, c) of type 73 and the succinct binary signature

(x,y) of type 1o for all xz,y € C. If b# ¢, 3b+ (k —3)c # 0, and 3s+ (k — 3)t # 0, then
Pl-Holant,, (F U {(3s — 2t, s,t)}) <p Pl-Holant,(F),

where (3s — 2t, s,t) is a succinct ternary signature of type Ts.

Proof. Consider the gadget in Figure 11.8. We assign (3b — 2¢, b, ¢) to the circle vertex and (z,y)
to the square vertices for some x,y € C of our choice, to be determined shortly. By Lemma 9.2.6,

the signature of this gadget is f = [z + (x — 1)y](3b — 2¢, b, &), where

b= ba? 4 2[2b + (k — 3)cJzy + [(3k — 5)b + (k2 — 5k + 6)c]y” and

¢ =cx? +2[3b+ (k — 4)cJzy + [(3k — 6)b + (k* — 5k + T)cly>.
We note that the difference b — é nicely factors as

b—e=(b—c)(z—1y)>
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Figure 11.9: Triangle gadget used to construct (3(k — 1),k — 3, —3).

We pick x = y ++/s —t so that b—¢= (b—c)(s —t) is the desired difference s — ¢ up to a nonzero
factor of b—c. Then we want to set ¢ to be (b—c)t. With x = y++/s — t, we can simplify (b—c)t—¢
to

(b—c)t —é= —r[3b+ (k — 3)cJy? — 25 — t[3b + (k — 3)c]y + bt — cs. (11.7.11)

Since k[3b+ (k — 3)c] # 0, (11.7.11) is a nontrivial quadratic polynomial in y, so we can set y such
that this expression vanishes. Then the signature is f = (b—c¢)[z+ (k—1)y|(3s —2t, s, ). It remains

to check that z + (k — 1)y # 0.

If 2 + (k — 1)y = 0, then y = —¥*=t. However, plugging this into (11.7.11) gives

K

(b—c)[3s+ (k — 3)t]
k

# 0,

so x + (k — 1)y is indeed nonzero. O

If A =0 and 3b+ (k — 3)c = 0, then —3(a, b, ¢) simplifies to ¢(3(k — 1),k — 3, —3), which is a
failure condition of the previous lemma. The reason is that this signature is pointwise invariant
under such local holographic transformations. However, a different ternary construction can reach

this point.

Lemma 11.7.3. Suppose k > 3 is the domain size and b,c € C. Let F be a signature set containing
the succinct ternary signature (3b — 2¢,b,¢) of type 13 and the succinct binary signature (z,y) of

type o for every x,y € C. If b # ¢, then

Pl-Holant,,(F U {(3(k — 1),k — 3, —3)}) <r Pl-Holant, (F),

where (3(k — 1),k — 3,—=3) is a succinct ternary signature of type T3.
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Proof. If 3b+ (k — 3)c = 0, then up to a nonzero factor of 3%, (3b — 2¢,b, ) is already the desired
signature. Otherwise, 3b + (k — 3)c # 0. By Lemma 11.7.2, we have (3s — 2¢, s,t) for any s,t € C
satisfying 3s + (k — 3)t # 0.

Consider the gadget in Figure 11.9. We assign (3s — 2t,s,t) to vertices for some s,t € C
satisfying 3s+ (k — 3)t # 0 of our choice, to be determined shortly. By Lemma 9.2.4, the signature

of this gadget is (3s' — 2t', s/, '), where

s = (55 +14)s% 4 (k? + 9k — 42) 5%t + (7K — 33k + 42)st> + (k — 2)(k* — 6K + 713, and

t' = (k+14)s> + 21(k — 2)s%t + 3(3K% — 15k + 14)st? + (8° — 9x* + 23k — 14)t7.

It suffices to pick s and ¢ satisfying 3s + (k — 3)t # 0 such that & =k —3 and ¢/ = —3 up to a
common nonzero factor.

We note that the difference s’ — ¢’ factors as

s —t' = k(s —t)*[4s + (k — 4)t].

We pick s = W so that s’ —t' = k(s —t)? is the desired difference s up to a factor of (s —t)2.
Then we want to set ¢ to be —3(s —t)?. With s = W? we can simplify —3(s —t)? — ¢ to
1
—3(s—t) -t = 6l (k% (k — 2)t* — 3k%(k + 2)t* + 3k(k — 10)t — (K + 26)] . (11.7.12)

Since k > 3, (11.7.12) is a nontrivial cubic polynomial in ¢, so we can set ¢ such that this expression
vanishes. Then (3s' —2t/,s',t') = (s — t)*(3(k — 1),k — 3, —3). It remains to check that s # ¢ and
3s+ (k= 3)t #0.

If s =1¢, then t = % Plugging this into (11.7.12) gives —1, so s # t. If 3s + (k — 3)t = 0, then

t= —%. Plugging this into (11.7.12) gives 1 — k # 0, so 3s + (k — 3)t # 0. O

Remark. We originally proved Theorem 11.1.1 for k = 3. For this lemma with « = 3, we had
picked a specific value for t. When generalizing it to any s > 3, I knew that we had to something

different. For k = 3, it was already very complicated to express the value of t. The loose idea that
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I had was to make the proof nonconstructive so that we didn’t have to explicitly state the value
of t. We noticed that the difference of the succinct signature entries gave a nice expression. This
allows us to be explicit in our first choice (i.e the choice for s) and more implicit in our second
choice (i.e the choice for ¢). It may seem like a simple matter here, but I think that significant

progress on higher domain Holant problems will require nonconstructive ideas like this one.

11.7.2 Dose of an effective Siegel’s Theorem and Galois theory

To finish the last part of our hardness proof, it suffices to show that (3(k —1),x— 3, —3) is #P-hard
for all k > 3. The general strategy is to use interpolation. However, proving that this interpolation

succeeds presents a significant challenge.

Remark. Given a succinct ternary signature of type 73 satisfying 2 = 0, the results in the previous
subsection essentially show that we can construct any succinct ternary signature of type 73 satisfying
2A = 0. We picked (3(k — 1),k — 3,—3) by intuition based on the fact that it is the sole invariant
point of the local holographic transformation gadget construction (see Figure 11.8). It is possible

that another signature might have been easier to prove #P-hard.

Consider the polynomial p(z,y) € Z[x,y] defined by

pz,y) = 2° — 2%y — 2®y* — 2 + 2y’ +¢* — 22> — 2y

=2° — 2y + 1)2° — (y* + 2)2® + y(y — Dz + y*.

We consider y as an integer parameter y > 4, and treat p(x,y) as an infinite family of quintic
polynomials in = with integer coefficients. We want to show that the roots of all these quintic

polynomials satisfy the lattice condition. First, we determine the number of real and nonreal roots.

Lemma 11.7.4. For any integer y > 1, the polynomial p(z,y) in x has three distinct real roots

and two nonreal complex conjugate roots.

Proof. Up to a factor of —4y?, the discriminant of p(z,y) (with respect to x) is

27y — 4y'0 + 726y° — 493y% + 2712y7 — 400y° — 2503y° + 475y* + 956y — 904y? + 460y + 104.
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By replacing y with z + 1, we get

2721 + 9293210 1+ 217127 + 1031628 + 3333427 + 773982 + 12738327

+1419162* + 10209723 + 4437322 + 103362z + 1156,

which is positive for any z > 0. Thus the discriminant is negative.
Therefore, p(x,y) has distinct roots in x for all y > 1. Furthermore, with a negative discrim-
inant, p(z,y) has 2s nonreal complex conjugate roots for some odd integer s. Since p(x,y) is a

quintic polynomial (in z), the only possibility is s = 1. O

We suspect that for any integer y > 4, p(x,y) is in fact irreducible over Q as a polynomial in
2. When considering y as an indeterminate, the bivariate polynomial p(z,y) is irreducible over Q
and the algebraic curve it defines has genus 3, so by Theorem 1.2 in [108], p(z,y) is reducible over
Q for at most a finite number of y € Z. For any integer y > 4, if p(x,y) is irreducible over Q as a

polynomial in z, then its Galois group is S5 and its roots satisfy the lattice condition.

Lemma 11.7.5. For any integer y > 4, if p(x,y) is irreducible in Q[z], then the roots of p(z,y)

satisfy the lattice condition.

Proof. By Lemma 11.7.4, p(z,y) has three distinct real roots and two nonreal complex conjugate
roots. With three distinct real roots, we know that not all the roots have the same complex norm.
It is well-known that an irreducible polynomial of prime degree n with exactly two nonreal roots
has S,, as a Galois group over Q (for example Theorem 10.15 in [116]). Then we are done by

Lemma 11.3.5. O
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We know of just five values of y € Z for which p(zx,y) is reducible as a polynomial in x:

(x—1)(2* + 23 +222 —z +1) y=-—1
22(z3 — 2 - 2) y=20
p(z,y) = (x+1)(z* — 23 =222 — 2z +1) y=1

(x—1)(2? -2 —4) (22 +22+2) y=2

(x—3)(x* + 32 + 222 — 50 —9) y=3.

These five factorizations also give five integer solutions to p(x,y) = 0. It is a well-known theorem
of Siegel [115] that an algebraic curve of genus at least 1 has only a finite number of integral points.
For this curve of genus 3, Faltings’ Theorem [66] says that there can be only a finite number of
rational points. However these theorems are not effective in general. There are some effective
versions of Siegel’s Theorem that can be applied to our polynomial, but the best effective bound
that we can find is over 102%:0% [140] and hence cannot be checked in practice.

However, it is shown in the next lemma that in fact these five are the only integer solutions. In
particular, for any integer y > 4, p(z,y) does not have a linear factor in Z[z|, and hence by Gauss’s
Lemma, also no linear factor in Q[z]. The following proof is essentially due to Aaron Levin [100].
We thank Aaron for suggesting the key auxiliary function go(x,y) = % +y — 22+ 1, as well as
for his permission to include the proof here. We also thank Bjorn Poonen [111] who suggested a

similar proof. After the proof, we will explain certain complications in the proof.

Lemma 11.7.6. The only integer solutions to p(z,y) = 0 are (1,—1), (0,0), (—=1,1), (1,2), and

(3,3).

Proof. Clearly these five points are solutions to p(x,y) = 0. For a € Z with —3 < a < 17, one can
directly check that p(a,y) = 0 has no other integer solutions in y.

Let (a,b) € Z? be a solution to p(x,y) = 0 with a # 0. We claim a | b*>. By definition of p(z,y),
clearly a | b®. If p is a prime that divides a, then let ordy(a) = e and ord,(b) = f be the exact

orders with which p divides a and b respectively. Then f > 1 since 3f > e and our claim is that
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2f > e. Suppose for a contradiction that 2f < e. From p(a,b) = 0, we have
a’(a® —2ab—a —b* —2) = —b> — ab(b — 1).
The order with respect to p of the left-hand side is
ord, (a®(a® — 2ab — a — b* — 2)) > ord,, (a®) = 2e.

Since p is relatively prime to b — 1, ord, (ab(b—1)) = e+ f > 3f, and therefore the order of the

right-hand side with respect to p is
ord,, (—b* — ab(b — 1)) = ord,(b*) = 3f.

However, 2e > 3f, a contradiction. This proves the claim.

Now consider the functions g;(z,y) = y—2? and g2(z,y) = y;—}—y—xQ—}—l. Whenever (a,b) € Z?
is a solution to p(z,y) = 0 with a # 0, g1(a,b) and ga2(a,b) are integers. However, we show that if
a < —3 or a > 17, then either g;(a,b) or g2(a,b) is not an integer.

Let co = —(z—1)x, ¢ = —x(22%+1), and ¢y = (23 —2—2) so that p(z, y) = y3+c2y®+c1y+co.

Then the discriminant of p(x,y) with respect to y is

disc, (p(z,y)) = e3¢ — 4t — dcyeg — 27cd + 18cacico

= (z — 1)a3(42” + 52 + 2° + 452% + 1512° + 16322 + 67z — 4). (11.7.13)
Suppose x < —3. Replacing x with —z — 1 in (11.7.13) gives
—(z4+1)3(2 +2) (427 4 2328 + 5525 + 2521 4 2123 + 3922 + 172 + 14).

This is clearly negative (for z > 0), so (11.7.13) is negative. Thus p(z,y) only has one real root
as a polynomial in y. Let yi(z) be that root and consider y; () = 22 + 227! and y;{ () =

22 + 2271 4+ 2272, We have p(z,y; (7)) = =222 + 6 + 421 + 8273 < 0. Also p(z,y; (z)) =
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6+ 18271 + 16272 + 12273 + 24274 + 24275 4+ 8276 > 0. Hence y; (z) < y1(z) < y{ (z), and all

three are positive since y; (z) is positive. Then for x < —3,
—1< 207! = gi(w,y7 (2) < g1(@,91(2)) < g1(z, 9 (x)) = 227" + 2272 <0,

so g1(x,y1(x)) is not an integer. Therefore, y; (), the only real root for any integer z < —3, is not
an integer.

Now suppose x > 17. Then (11.7.13) is positive and there are three distinct real roots. Similar
to the previous argument, we have p(x,y; (z)) < 0 and p(z,y; (z)) > 0. Hence there is some root
y1(z) in the open interval (y; (x),y; (x)). All three terms y; (z) < yi(z) < yi (z) are positive

because y; (x) > 0. Then
0< 227! = gi(z,yy (z)) < gi(z,y1(x)) < gl(x,yf(x)) =2 V2% <1,

so g1(x,y1(x)) is not an integer.

There are two more real roots. Consider

sp_ L oL ap 65 up 5o

Yy (x) = /% — 3% + g% 138 x and
1 1 65
oo o3/2 2o b i 99 1
v (z) == PR 1287

Replacing = with (z + 2)? in

2495 5, 1087 g, 19569 8579 ., 126847 1452419 )

- — 929/2 _ _
p(x,yp (¥)) = 22 512 512 © 16384"  16384" 39768 131072 ©
17 _y 2871103 4 12675 ., 195 . 4
2L bttt B Nt 8
9567 T 2007152" 8192 * 32" v
gives
4194304211 + 82055168210 + 72280883227 + 377460518428
1
0TI T2 |t 1293514918427 + 3037518713625 + 494891640802 + 5537293488024 | ,

+ 412383740792 4+ 1943170137022 + 54654018442 + 812262392
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which is clearly positive (z > 0). Thus, p(z,y; (x)) > 0. Also

pla.y; (x) =

512 512 16384" " 16384" 32768 T 131072° 2097152"
<0.

Hence there is some root y2() in the open interval (v (), y5 (z)). All three terms y, (z) < y2(z) <
Yo () are positive because y; (z) > 0. Hence, for = > 17,

512 2 16384° T 32

= o( 17 (1)) < g, 92(2)) < (a1 (1)) =~ 4 o g2

5127 Tiezmat <Y

s0 ga(x,y2(x)) is not an integer.

Finally, consider

1 65
— _ 3/2 _ 1/2 Y —1/2_ —1
Yy (x) x 5%~ 3 + 128 x and
11 65 1
+ — _ 3/2_7 = 1/2 Y 71/2_ 1
yg (2) = —= T8 128 2
We have
o W71, 447 5, 11377 G013, 94079 339331 _,, 61 _,
Plys (7)) = = 552" — 55 16384 16384”32768  131072" 512"
511807
_ 3212675 5 195 5 3
2097152 16384 128

< 0.

Replacing = with (z + 3)? in

959 127 7281 13309 53119 77699
+ — 5/2_7 2_7 3/2_ _ 1/2 _

p(,ys (2)) == 5127 5127 16384 ~ 16384" 32768 131072"

1024 2097152 327683 512 g

—-1/2
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gives

20971522 + 65277952210 + 91972812829 + 77369690882°
1

2097152(z + 3)0

+ 4313733260827 4+ 1671754714245 + 4587974356002° + 8898073359202% | ,
+119178160163323 + 104569196036122 + 5377714283312 + 121660965323

which is clearly positive (z > 0). Thus, p(z,y3 (z)) > 0. Hence there is some root y3(z) in
the open interval (y3 (z),v5 (z)). All three terms y; (¥) < y3(z) < y3 (z) are negative because

y4 () < 0. Furthermore, the partial derivative %;C’y) =227 'y+1 and % =221 > 0. Thus

9g2(zy)  9g2(z,y)

5 < oy |y:y;($): —2z1/2 — %w‘l/Q + %m_3/2 — 272 <0, for all y € (—o0,y3 (z)]. Thus,

g2(z,y) is decreasing monotonically in y over the interval (—oo, y3 (z)]. Then

4/2_&1%71_’_11,73/2 4225 5 65 ~5/2 4 L 3

0<w 512 8 16384 128 1

= ga2(w, 95 () < g2(2,3(2)) < ga(, y5 (2))

—9p—1/2 _ ﬁxq i }x—:&/z 4225 5 @x 5/2

-3
1
512 1 163847 64 tro<d

s0 g2(7,y3(z)) is not an integer. To complete the proof, notice that the intervals (y; (z),y; (7)),
(y5 (%), 95 (%)), and (y3 (x),y5 (x)) are disjoint. Therefore, we have shown that none of the three

roots is an integer for any integer z > 17. O

Remark. One can obtain the Puiseux series expansions for p(z,y), which are

y(z) =22 +227 1 + 2072 — 627 — 18277+ O(z7F) for z € R,
1 1 65 1471

yo(z) = 2?2 — 2% + gazl/z - mx_lﬂ —z - mx_g/Z — 2724 0(z7%?) for x > 0, and
1 1 65 1471

y3(z) = —a®/? — 2%~ g(L‘l/Z ﬁaflm —z 1+ @w’?’m — 2724 0(x7%?) for x > 0.

These series converge to the actual roots of p(x,y) for large x. The basic idea of the proof—called
Runge’s method—is that, for example, when we substitute yo(x) in g2(z,y), we get ga(x, y2(z)) =
O(z~'/?), where the multiplier in the O-notation is bounded both above and below by a nonzero

constant in absolute value. Thus for large x, this cannot be an integer. However, for integer
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solutions (x,y) of p(z,y), this must be an integer.
We note that the expressions for the y; (z) and y; (z) are the truncated or rounded Puiseux
series expansions. The reason we discuss y; (z) and y; () is because we want to prove an absolute

bound, instead of the asymptotic bound implied by the O-notation.

By Lemma 11.7.6, if p(x, y) is reducible over Q as a polynomial in x for any integer y > 4, then
the only way it can factor is as a product of an irreducible quadratic and an irreducible cubic. The

next lemma handles this possibility.

Lemma 11.7.7. For any integer yo > 4, if p(x,y0) is reducible over Q, then the roots of p(z,yo)

satisfy the lattice condition.

Proof. Let q(z) = p(x,yp) for a fixed integer yo > 4. Suppose that g¢(x) = f(z)g(x), where
f(x),g(x) € Q[x] are monic polynomials of degree at least 1. By Lemma 11.7.6, the degree of each
factor must be at least 2. Then without loss of generality, let f(z) and g(z) be quadratic and cubic
polynomials respectively, both of which are irreducible over Q. By Gauss’ Lemma, we can further
assume f(z),g(x) € Z[z].

Let Q¢ and Qg denote the splitting fields over Q of f and g respectively. Suppose «, 3 are the
roots of f(z) and +,d, € are the roots of g(x). Of course none of these roots are 0. Suppose there

exist , j, k, m,n € Z such that

alfl = 4k5me and i+ j=k+m+n. (11.7.14)

We want to show that t =j=k=m=n=0.

We first show that if i = j and k = m = n, theni = j =k = m = n = 0. By (11.7.14),
we have (o)’ = (y0¢)F and 2i = 3k. Suppose i # 0, then also k # 0. We can write i = 3t
and k = 2t for some nonzero t € Z. Let A = aff and B = ~de. Then both A and B are
integers and AB = y3. From A% = B? we have A> = +B2 Then y§ = A2B? = £A5, and
since yo > 3, there is a nonzero integer s > 1 such that yg = s°. This implies A = +s% and
B = +5° (with the same + sign). Then f(z) = 2% + ciz & 5, g(z) = 2% + cha? + cjz £+ 57, and

q(r) = 25 — (28° + 1)a® — (s'0 + 2)22 + s5(s® — 1)z + s'°. We consider the coefficient of z in
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q(z) = f(z)g(x). This is s — 5% = £¢}s% £ ¢15°. Since s > 1, there is a prime p such that p* | s
and pUt! [ s, for some u > 1. But then p%* divides s® = s!0 4 ¢|s% 4 ¢;5”. This is a contradiction.
Hencei=jand k=m=nimplyi=j7j=k=m=n=0.

Now we claim that w = «/f is not a root of unity. For a contradiction, suppose that w is a
primitive dth root of unity. Since w € Qy, which is a degree 2 extension over Q, we have ¢(d) | 2,
where ¢(-) is Euler’s totient function. Hence d € {1,2,3,4,6}. The quadratic polynomial f(z) has

the form 22 — (1 + w)Bz + wp? € Z[z]. Hence r = (1:;) € Q. We prove the claim separately

according to whether r = 0 or not.

If » =0, then w = —1 and d = 2. In this case, f(x) has the form 22 + a for some a € Z. It
is easy to check that ¢(z) has no such polynomial factor in Z[z] unless yo = 0. In fact, suppose
22+ a | q(x) in Z[z]. Then q(z) = (2% + a)(23 + bz + ¢) since the coefficient of z* in ¢(x) is 0.
Alsoa+b=—2yo+ 1), c = —(y2 +2), ab=yo(yo — 1) and ac = y3. It follows that a and b are
the two roots of the quadratic polynomial X2 + (2yo + 1)X + y2 — yo € Z[X]. Since a,b € Z, the
discriminant 8yo + 1 must be a perfect square, and in fact an odd perfect square (22 — 1)2 for some
z € Z. Thus yg = z(z — 1) /2. By the quadratic formula, a = —yy + z — 1 or —yp — 2. On the other
hand, a = ac/c = —y3/(y? + 2). In both cases, this leads to a polynomial in z in Z[z] that has no
integer solutions other than z = 0, which gives yo = 0.

Now suppose © # 0. Plugging » back in f(x), we have f(z) = 22 — (2 +w + w )r lz +
(24w +w Hr 2 The quantity 2 + w +w™' = 4,1,2,3 when d = 1,3,4,6 respectively. Since
(2 +w+w 1)r~2 € Z, the rational number 7~ must be an integer when d = 3,4,6 and half an
integer when d = 1. In all cases, it is easy to check that a polynomial f(z) of the specified form
does not divide g(x) unless y = 0 or y = —1. Thus, we have proved the claim that w = «/f is not
a root of unity.

Next consider the case that f(z) is irreducible over Qq. Let E be the splitting field of f over
Qq. Then [E : Q4] = 2. Therefore, there exists an automorphism 7 € Gal(E£/Qy) that swaps a and
B but fixes Qg and thus fixes 7, d, € pointwise. By applying 7 to (11.7.14), we have al Bt = ~ykgmen,
Dividing by (11.7.14) gives (a/3)7~% = 1. Since a/f is not a root of unity, we get i = j. Hence
we have (af)! = y*§™e". The order of Gal(Q,/Q) is [Q, : Q], which is divisible by 3. Thus
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Gal(Qg/Q) C S3 contains an element of order 3, which must act as a 3-cycle on +,d,e. Since
af € Q, applying this cyclic permutation gives (a3)" = 78", Therefore yF~m§m"enF = 1.
Notice that (kK —m) 4+ (m —n) + (n — k) = 0.

It can be directly checked that q(x) is not divisible by any z3 + ¢ € Z[z], and therefore by
Lemma 11.3.4, the roots v, d, € of the cubic polynomial g(x) satisfy the lattice condition. Therefore,
k=m =mn. Again, we have shown that i=jand k=m=nimplyi=j=k=m=n=0.

The last case is when f(z) splits in Qg[z]. Then Qy is a subfield of Qy, and 2 = [Q; : Q]|[Qq : Q).
Therefore [Qg : Q] = 6 and Gal(Q,/Q) = S3. Since Qy is normal over Q, being a splitting field
of a separable polynomial in characteristic 0, by the fundamental theorem of Galois theory, the
corresponding subgroup for Q¢ is Gal(Qg/Qy), which is a normal subgroup of Sz with index 2.
Such a subgroup of S3 is unique, namely As. In particular, the transposition 7/ that swaps v and
d but fixes € is an element in Gal(Qg/Q) = S3 but not in Gal(Q,/Qs) = A3z. This transposition
must fix a and S setwise but not pointwise. Hence, it must swap « and S.

By applying 7/ to (11.7.14), we have o/’ = y™6F¢". Then dividing these two equations gives
(a/B)=3 = (6/y)™*. Similarly, by considering the transposition that switches v and ¢ and fixes
8, we get (a/B)"7 = (y/€)F~™. By combining these two equations, we have y»~™§m kek—n = 1,
Note that (n —m)+ (m —k) + (k—n) = 0.

As we noted above, the roots of the irreducible g(z) satisfy the lattice condition, so we conclude
that k = n = m. From (a/B)" 7 = (6/7)™ % = 1, we get i = j since a/#3 is not a root of unity. We

conclude that i = j = k =m =n = 0, so the roots of ¢(z) satisfy the lattice condition. O

Even though p(z,3) = (z — 3)(2* + 322 + 222 — 52 — 9) is reducible, its roots still satisfy the
lattice condition. To show this, we use two standard results from Algebra, Theorem 11.7.8 and

Lemma 11.7.9. The first is a well-known theorem of Dedekind.

Theorem 11.7.8 (Theorem 4.37 [84]). Suppose f(z) € Z[z] is a monic polynomial of degree n.
For a prime p, let fy(x) be the corresponding polynomial in Z,|x]. If fy(x) has distinct roots and
factors over Zplz] as a product of irreducible factors with degrees di,ds,...,d., then the Galois

group of f over Q contains an element with cycle type (di,da,...,d;).
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With the second result, we can show that % 4 323 + 222 — 52 — 9 has Galois group S4 over Q.

Lemma 11.7.9 (Lemma on page 98 in [69]). For n > 2, let G be a subgroup of S,. If G is

transitive, contains a transposition, and contains a p-cycle for some prime p > n/2, then G = S,,.

Theorem 11.7.10. The roots of p(z,3) = (z — 3)(x* + 323 + 222 — 52 — 9) satisfy the lattice

condition.

Proof. Let f(z) = 2* + 323 + 222 — 52 — 9 and let Gy be the Galois group of f over Q. We
claim that Gy = S4. As a polynomial over Zs, f(z) = zt + 323 4+ 222 + 1 is irreducible, so
f(x) is also irreducible over Z. By Gauss’ Lemma, this implies irreducibility over Q. Over Zi3,
f(x) factors into the product of irreducibles (22 4+ 7)(z + 6)(z + 10) and clearly has distinct roots,
so by Theorem 11.7.8, Gy contains a transposition. Over Zs, f(z) factors into the product of
irreducibles (23 + 2z + 1) and has distinct roots because its discriminant is 1 # 0 (mod 3), so by
Theorem 11.7.8, Gy contains a 3-cycle. Then by Lemma 11.7.9, Gy = S4.

Let «, 8,7, d be the roots of f(x). Suppose there exist i, j, k, ¢, n € Z satisfyingn =i+ j+k+/
such that 3" = o/77*§¢. Now G ¢ =S4 contains the 4-cycle (1 2 3 4) that cyclically permutes the

roots of f(x) but fixes Q. We apply it zero, one, two, and three times to get

3" =o' Iy,
= By75"%at,
= fyidjozkﬁg, and
— §alghat.
Then 3" = (afBy6)HHr+t = (—9)i+i+k+L Since n = i + j + k + £, this can only hold when n = 0.
Thus, it suffices to show that the roots of f(z) satisfy the lattice condition. By the contrapositive

of Lemma 5.5.5, the roots of f(z) do not all have the same complex norm. Then we are done by

Lemma 11.3.5. O
From Lemma 11.7.5, Lemma 11.7.7, and Theorem 11.7.10, we obtain the following Theorem.

Theorem 11.7.11. For any integer yo > 3, the roots of p(x,yo) satisfy the lattice condition.
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Figure 11.10: Quaternary gadget used in the interpolation construction below. All
vertices are assigned (3(k — 1),k — 3, —3).

We use Theorem 11.7.11 to prove Lemma 11.7.12.

Lemma 11.7.12. Suppose k > 4 is the domain size. Then Pl-Holant,((3(x — 1),k — 3,—3)) is
#P-hard.

Proof. Let (2,0,1,0,0,0,1,0,0) be a succinct quaternary signature of type 74. We reduce from
Pl-Holant,((2,0,1,0,0,0,1,0,0)), which is #P-hard by Corollary 11.5.2.

Consider the gadget in Figure 11.10. We assign (3(k — 1),k — 3,—3) to the vertices. By
Lemma 9.2.3, the signature of this gadget is f = <f} },fﬁ,f} g,f%g,f

to a nonzero factor of k, where

fig=r=3

fi% =2k — 3,
fig=r=3

fﬁ =2k — 3,
fig=r=3
fiy=(5=3)(r+1),
fir=r—3, and
i3 =3

Now consider the recursive construction in Figure 11.11. We assign f to every vertex. Up to a
nonzero factor of k°, let g5 be the succinct signature of type 74 for the sth gadget in this construction.

Then gy = (1,0,0,0,0,0,1,0,0) and gs = M?gp, where M is the matrix in Table 11.3.
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[ (8T+%6—¢5g)(e—¥2)  (8—2)(c—)(g—¥)z— (T—3)z(e—*) (e—)(e—)9 (e—)g (=) (e—*)9 (e—)¢ (e—%g)(e—)y— 2(6—%)
(T—>)(e—2)¢ (g—27)(z—)(g—*)g— (T—2)z(g—) (z—x)(g—>)9 (=g 98+¥08— ¥+ (e—2)¢ (g—xz)(g—)y— (=)
(t—*)(e—)g (e—>2)(g—)(e—*)g— (1—%)z(e—) (e—*)(e—*)9 (e—*)¢ (t—*)(e—*)9 6—HE+ e (e—%g)(e—)7— 2(&—%)
(e—%)g(e—)¢ (6—g)(c—)(e—)c— (1—=%)g(e—) 9g+40g— 49+ (e—*)e (t—2)(g—*)9 (e—2)g (e—g)(e—>)%— 2(e—)
(e—*)g(e—)g (6—+2)(c—)(e—)g— (1—3)z(e—) (e—)(e—*)9 6—HE+ g (e—*)(e—*)9 (e—%)g (e—g)(e—>)¥— (e—%)

(6—2) (a—)(e—)— (T—¥2e+o5TT—g¥)(e—¥)  (1—%)(g—™)g  (e—¥2)(c—¥)(e—*)z— (e—¥2)(e—¥)— (g—¥)(c—¥)(e—)z— (—¥2)(e—)— (ST—¥0e+7T—¢¥)z  (1—%)(g—*)g
(1—*)(g—*)g(e—>) (1= (g—*)(e—>)9 6—HLE+¥90— 6 (1—%)(e—¥)g(e—*) (I—¥)g(e—>) (I—)(C—*)z(e—)T (1—%)z(e—*) (1= (e—)eT (e—7)(e—2)
(e—4g)(c—)4(g—2)— @Tz%izidzvﬁév 1= (g—)e  (e—%g)(c—2)(e—)g— (6—T)(e—)— (6—¥2)(c—)(e—)z— (€—T)(e—¥)— 9£—¥09+ ¥8c—¢¥e  (I—)(g—%)¢

| (1) (5—)e(e—) T (e—)9  (e—¥p)(e—¥e)(1—) (1—*)(c—)(e—)g (1-¥)g(e—>) (1—)(@—3)g(e—*)g (1) (e—¥) (1) (g—)zT  (6—46+:4)(1—) |

‘717, 11 ewwor Jo jooxd o1} Ul UOIPONIISUOD SAISINDDIL 1) I0] XLIJRU 9OUSILINDAY ¢ TT 9[qe],
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No Noy1

Figure 11.11: Recursive construction to interpolate the weighted Eulerian partition
signature. The vertices are assigned the signature of the gadget in Figure 11.10.

The row vectors

(07070a Oa _1707070a 1)7
(0,-1,0,1,—1,0,0,1,0),
(-1,0,1,0,—1,0,1,0,0), and

(07 07 Oa Oa _17 17 07 01 0)

are linearly independent row eigenvectors of M, all with eigenvalue 2, that are orthogonal to the
initial signature go. Note that our target signature (2,0, 1,0,0,0,1,0,0) is also orthogonal to these
four row eigenvectors.

Up to a factor of (x — x3)%, the characteristic polynomial of M is
h(z, k) = 2° — k(25 — 1)a® — k2 (k? — 26 + 3)2% + (k — 2)(k — D)2z + (k — 1)*K1°.

Since h(k3, k) = (k — 3)k'T and k > 4, we know that x is not a root of h(z, k) as a polynomial in
x. Thus, none of the remaining eigenvalues are 3. The roots of h(x, k) satisfy the lattice condition

iff the roots of

h(z, k) = %h(f;:&x, k)= — 2k — 1) — (k* =26+ 3)2* + (k — 2)(k — Dz + (K — 1)?

satisfy the lattice condition. In h(z, %), we replace k by y + 1 to get p(z,y) = ° — (2y + 1)2® —
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Figure 11.12: Square gadget used to construct the weighted Eulerian partition signa-
ture.

(y? +2)2? + (y — 1)yz +y>. By Theorem 11.7.11, the roots p(z, o) satisfy the lattice condition for
any integer yg > 3. Thus, the roots of B(x, k) satisfy the lattice for any x > 4. In particular, this

3

means that the five eigenvalues of M different from x° are distinct, so M is diagonalizable.

The 5-by-5 matrix in the upper-left corner of [gog Mgy ... M8g] is

1 9(k—1)%6  (k—1)r*(k3=3r2+116+3) (k—1)r7 (K3 +1262—115+6) (k—1)K10(k?+4K3—4r>+445—33)

03(k=3)(k—1)r  —(k—3)x*(K2—2k—1) (k—3)KT (3K%—3K+2) (k—3)r!10(K3—4r2+16K—11)
0 9(k—1)2k  w(k*—4r3+6k2+4k—3)  KT(15k3-28K2+11k—6) K1O(KP+3k1—22k3+72k2—83K+33)
0 3(k—=3)(k—1)k  —(k—3)(k—1)r*(k+1) 2(5—3)&7(2ﬁ2—n+1) (H—S)(H—l)ﬁlo(/iQ—GH-‘rll)
0 (k—3)2%k (k—3)K*(k+1) (5—3)&7(H2—n+2) (n—3)nlo(n3—2n2+1ﬂn—1l)

Its determinant is (k — 3)3(k — 1)2x%0(k* + k3 + 17k2 + 3k + 2), which is nonzero since k > 4.
Thus [go Mgy ... M8®go] has rank at least 5, so by Lemma 11.3.2, gq is not orthogonal to the five
remaining row eigenvectors of M.

Therefore, by Lemma 11.3.6, we can interpolate (2,0,1,0,0,0,1,0,0), so we are done. ]

When x = 3, (3(k— 1),k — 3, —3) simplifies to —3(—2,0, 1). We have a much simpler proof that

this signature is #P-hard.
Lemma 11.7.13. Suppose the domain size is 3. Then Pl-Holant3({—2,0, 1)) is #P-hard.

Proof. Let g = (2,0,1,0,0,0,1,0) be a succinct quaternary signature of type 74. We reduce from
Pl-Holants(g), which is #P-hard by Corollary 11.5.2.
Consider the gadget in Figure 11.12. The vertices are assigned (—2,0,1). Up to a factor of 9,

the signature of this gadget is g, as desired. O

We summarize this section with the following result. With all succinct binary signatures of type
To available as well as the succinct unary signature (1) of type 71, any succinct ternary signature

(a,b,c) of type 13 satisfying B # 0 is #P-hard.
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Lemma 11.7.14. Suppose k > 3 is the domain size and a,b,c € C. Let F be a signature set
containing the succinct ternary signature {(a,b,c) of type 73, the succinct unary signature (1) of
type 71, and the succinct binary signature (x,y) of type 1o for all x,y € C. If B # 0, then
Pl-Holant,(F) is #P-hard.

Proof. Suppose 24 # 0. By Lemma 11.7.1, we have a succinct ternary signature (a’, b, ') of type
73 with a’ # b'. Then we are done by Corollary 10.3.7.

Otherwise, A = 0. Since B # 0, we have b # c¢. By Lemma 11.7.3, we have the signature
(3(k — 1),k — 3,-3). If Kk > 4, then we are done by Lemma 11.7.12. Otherwise, k = 3 and we are

done by Lemma 11.7.13. O

11.8 Main Result

Now we can prove our main dichotomy theorem.

Theorem 11.8.1. Suppose k > 3 is the domain size and a,b,c € C. Let (a,b,c) be a succinct
ternary signature of type 3. Then Pl-Holanty appa({a, b, c)) is #P-hard unless at least one of the
following holds:

1.a=b=c;

2.a=cand k= 3;
there exists A\ € C and T € {1, kI, — 2J} such that

3. {a,b,c) = T3\(1,0,0);

4. {a,b,c) = T3\1,0,w) and k = 3 where w3 = 1;

5. {a,b,c) = T3\(u?, 1, 1) and k = 4 where p = —1 + 2i;

in which case, the computation can be done in polynomial time.

Proof. The signature in case 1 is degenerate, which is trivially tractable. Case 2 is tractable by case 3
of Corollary 11.1.3. Case 3 is tractable by Corollary 11.1.4. Case 4 is tractable by Corollary 11.1.5.
Case 5 is tractable by Lemma 11.1.6.

Otherwise, (a,b,c) is none of these tractable cases. If 8 = 0, then we are done by Corol-

lary 11.5.5, so assume that B # 0. If a + (k — 1)b = 0 and b? — 4bc — (k — 3)c? = 0, then we are
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done by Lemma 11.5.3, so assume that a + (k — 1)b # 0 or b? — 4bc — (k — 3)c? # 0.

If a+ (k — 1)b # 0, then we have the succinct unary signature (1) of type 71 by Lemma 11.5.1.
Otherwise, a + (kK — 1)b = 0 and b — 4bc — (k — 3)c® # 0. Since B # 0, we have 2b + (k — 2)c # 0.
Then again we have (1) by Lemma 11.5.1. Thus, in either case, we have (1).

By Corollary 11.6.14, we have all binary succinct signatures (z,y) for any =,y € C. Then we

are done by Lemma 11.7.14. O

11.9 Closing Thoughts

Lattice condition with two terms When ¢ = 2, Definition 11.3.3, the lattice condition, says
that % is not a root of unity. It is often difficult to satisfy the lattice condition in this case. See,
for example, the proof of Lemma E.2 in [27]. Instead, it is often easier to show that the norm of
% is not 1.

To compensate for this weaker conclusion though, one can try a few recursive gadget construc-
tions, each of which define their own A\; and A2 values (cf. Section 6.2 and Section 11.3), and consider

when all ratios are of norm 1. Specifically, it often suffices to consider three recursive constructions.

See, for example, the applications of Lemma 11.6.2, Lemma 11.6.3, and Lemma 11.6.11.

Further generalizing interpolation 1 am quite satisfied with the level of generality in the
interpolation result of Lemma 11.3.6. However, there is still room for improvement.

The first improvement is simple. Intuitively, in the proof of Lemma 11.3.6, the condition that
s is orthogonal to a certain row eigenvector r is functionally equivalent to r having eigenvalue 0.

Thus, condition 2 can be relaxed to

s is not orthogonal to exactly ¢ of these linearly independent row eigenvectors of M

with nonzero eigenvalues A1,..., Ay
with the corresponding conclusion being

for any succinct signature f of type 7 that is orthogonal to the n — ¢ of these linearly

independent eigenvectors of M to which either s is also orthogonal or the corresponding
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eigenvalue is 0.

Note that the changes here are only the addition of text, which have been emphasized.

The second improvement is more complicated. For simplicity, consider the case where s is
orthogonal to every row eigenvector. Then the three conditions imply that all eigenvalues are
distinct. However, this is not necessary. If some eigenvalues are the same, then the same conclusion
might hold if their eigenvectors are linearly dependent (i.e. the eigenvalues are in the same Jordan
block). For example, see Section 6.2, especially Lemma 6.2.4 and the paragraph that precedes it.
I am not sure what the proper generalization should be; I leave this as an open problem.

Even with these generalizations in mind, I consider Lemma 11.3.6 to be sufficiently strong for
now. Instead, I believe that an important tool for future progress on the complexity of Holant
problems will be new ways to satisfy condition 3, the lattice condition. The proof of Lemma E.2

in [27] is already one such example.

Computing Puiseux series The proof of Lemma 11.7.6 used (truncations of) the Puiseux series

yi(z)=a? +227 1 + 2272 — 6274 — 1827° + O(2™°) for z € R,
1 1 65 1471
yo(x) = 2%/ — 2% + §$1/2 - mm_lﬂ —z 7t — @m_g/g — 2724+ 07%?) for > 0, and
1 1 65 1471
ys(z) = —a®/? — 2%~ gazl/z + maflﬂ —x 4 @373/2 — 2724 0(7%?) for z > 0.
for
p(z,y) = 2° — 203y — 2% — 2%y — 22% + 23® — xy + 1>

Mathematica can compute these (using SERIES), but let me explain how one can do this by hand.
We want to understand the roots of p(z, y) for large x and y. Since series expansions are simplest

when done at 0 (or (0,0) in this case), we invert = and y and clear denominators to get

q(z,y) = 2°yp(x y 1) = 2° — 2ty? + 2ty — 22%y° — 2Py — 2%y — 2277 + o

To obtain our initial approximation for each root, we use Newton’s polygon. My understanding
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Figure 11.13: Carrier and Newton polygon of q.

for how to do this comes from [11, Section 8.3]. Let f be a polynomial in = and y. The carrier of
f, denoted by A(f), is the set of pairs of exponents («, ) for its monomials caﬁxayﬁ with nonzero
coefficients (i.e. co g # 0). Then the Newton polygon of f is the convex hull of A(f).

The carrier of ¢ is

A<q) = {(57 O)’ (4’ 2)7 <47 1)7 (37 3)7 (37 1)7 (27 3)7 (27 2)7 (07 3)}7

which is plotted in Figure 11.13 along with the Newton polygon of q. We use the lower envelope
to obtain the initial approximations.! The lower envelope is comprised of the line segment from
(0,3) to (3,1) and the line segment from (3,1) to (5,0). The slope of the first line segment is —2,

3/2 for some t € C. We solve for ¢ by

which says that an initial approximation for a root is y = tx
summing the monomials involved in this line segment and setting them equal to 0. In this case, we
get

v — 2By = (ta:3/2)3 — 953(151‘3/2) = txg/Q(t2 —-1)=0,

for which the nonzero solutions are ¢t = 4+1. Therefore, initial approximations for two roots are

y = +a3/2. The slope of the second line segment is —%, which says that an initial approximation a

! Alternatively, we could have used the upper envelope for the Newton polygon of p.
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root is y = ta? for some t € C. Then
2 — a3y =2 — 23 (ta?) = 25t — 1) = 0,
for which the only solution is t = 1. Therefore, a third initial approximation for a root is y = x2.
Now we improve each approximation using Newton’s method. For this setting with two vari-

ables, Newton’s method takes an initial approximation y.q(z) and obtains a better approximation

Ynew () according to the equation

p(x, Yol ()

Ynew (Z) = Yola(z) — Oyp(z, Youa ()

Since the numerator and denominator in the fraction are polynomials® in z, we do not expect
to have cancellations in the fraction. However, we are only looking for an approximation, so we
can ignore all terms of lower order in the denominator so that the fraction can be expressed with

denominator 1. Using the initial approximation y,1q(x) = 2 gives

(2, Yola(x))
6yp($, Yold (x))
25 — 223yga(z) —

ynew(x) = yold(:n) -

3 — 2%yo1a(7)? — 22% + 2Yo1a(2)? — 2Yo1a () + Yora(z)?

—22% — 22%Yo1a () + 22Yo1a () — T + 3Yora(2)?

= Yold (SC) -

5  —23 — 222
=TT A,
Tt -

~ a4+ 207 + 2072,

Our initial approximation was the first term of y;(x), and now we have the first three terms of
y1(z). We knew that we would get the second term from this application of Newton’s method, but
I would say that we were lucky by also getting the third term. This does not happen in general.
For example, applying Newton’s method starting with y,1q(x) = 2 4+ 22~! (and ignoring terms of

lower order in the denominator) gives

Ynew (T) ~ 2242 2072 — 6 — 4270 — 8277,

1/n

2 Actually, Laurent polynomials in x for some positive integer n.
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but the correct coefficient of 275 is 18 (and the coefficients for x=6 and =7 are also incorrect). To
be certain about each term in the new approximation, I prefer to ignore terms of lower order in
the numerator of the fraction as well. Throwing away this information will drastically slow down
the convergence rate of Newton’s method, but I only want to compute the first few terms, so this

is not a problem.
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Chapter 12

Conclusion

This dissertation contains dichotomy theorems for several classes of Holant problems, but the com-
plexity remains unknown for many counting problems. One way to make fundamental progress
would be to obtain a better understanding of which points satisfy the lattice condition (Defini-
tion 11.3.3). For example, it is extremely easy to apply Lemma 11.3.4. Is there a similarly useful

characterization of the irreducible quartic polynomials with rational coefficients?

12.1 Future Progress on the Complexity of Holant Problems

The most pertinent question about the complexity of Holant problems involves asymmetric signa-
tures. Symmetric signatures have many nice properties, but they lack the property of being closed
under gadget constructions. Thus far, the majority of progress on Holant problems with symmetric
signatures has managed to avoid addressing the complexity of Holant problems with asymmetric
signatures.!

It is natural to consider Holant problems over regular graphs (by, for example, considering a
Holant problem in which only a single signature is available). The existing proof techniques also
work quite well for planar graphs. (Intuitively, the reason for this is that the simplest gadget

constructions are often the most useful in proving the hardness of a dichotomy theorem, and simple

gadgets are usually planar.) In contrast, little is known about the complexity of bipartite Holant

1A notable exception is Lemma 6.5.2.
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problems (since simple gadgets are usually not bipartite).

A tough road lies ahead for anyone who considers Holant problems over higher domain sizes
(than the Boolean domain). The success we had in Chapter 10 and Chapter 11 with higher domain
Holant problems can be partially attributed to the fact that we considered a single signature with
higher degree of symmetry. Here are two specific difficulties. First, it might be that a higher
domain Holant problem is properly viewed as a Holant problem with a smaller domain size via a
holographic transformation. See the proof of Lemma 11.5.4 for an example of this. Second, higher
domain signatures can express tractable signatures that are a sum of tractable signatures. The
proof of Corollary 11.5.5 contains a simple example of this. In special cases, this can also happen
via a sum of (two) tractable signatures defined over disjoint domain elements. I also expect there

to be further difficulties that we have yet to encounter.

12.2 Future Progress on the Complexity of Graph Polynomials

One way I envision progress being made on the complexity of Holant problems is through progress
on the complexity of evaluating related graph polynomials. Chief among them is the transition
polynomial [85] (for 4-regular graphs) and its generalizations [65, 63] (to Eulerian graphs and all
graphs respectively). In particular, Lemma 10.2.2 has been partially generalized by Theorem 4.2
in [62]. Specifically, this result can be used to show (with a proof similar to that of Lemma 10.2.5)
that the transition polynomial has a significant overlap with Holant problems. By extending these
results to the two generalizations of the transition polynomial, one would find that the overlap with
Holant problems increases all the more.

There are a handful of results about the complexity of evaluating graph polynomials. I conclude

by listing in Table 12.1 all such results of which I am aware.



Table 12.1: Summary of results about the complexity of evaluating graph polynomials.

Graph Polynomial | Field (lifaigllcﬁ?rfss D?cohrzfifx?;? Reference
- Yes [86]

Tutte C planar Yes [138]
planar bipartite Yes [137]

Weighted Matching | R - No 3]
Bollobés-Riordan Q - No 8]
Edge Elimination Q - No [78]
trivariate Ising Q | simple planar bipartite No [90]
Q - Yes 7

Cover Q Planar No H
Geometric Cover % Pla_nar iz: %
Domination Q - No [123]
Interlace Q - No [9, 10]
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